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PREFACE 


While teaching an intermediate level university course in mathematics of 
investment over a number of years, I found an increasing need for a 
textbook that provided a thorough and modern treatment of the subject, 
while incorporating theory and applications. This book is an attempt (as a 
7" edition, it must be a seventh attempt) to satisfy that need. It is based, to 
a large extent, on notes that I have developed while teaching and my use of 
a number of textbooks for the course. The university course for which this 
book was written has also been intended to help students prepare for the 
mathematics of investment topic that is covered on one of the professional 
examinations of the Society of Actuaries and the Casualty Actuarial 
Society. A number of the examples and exercises in this book are taken or 
adapted from questions on past SOA/CAS examinations. 


As in many areas of mathematics, the subject of mathematics of 
investment has aspects that do not become outdated over time, but rather 
become the foundation upon which new developments are based. The 
traditional topics of compound interest and dated cashflow valuations, and 
their applications, are developed in the first five chapters of the book. In 
addition, in Chapters 6 to 10, a number of topics are introduced which 
have become of increasing importance in modern financial practice over 
the past number of years. The past three decades or so have seen a great 
increase in the use of derivative securities, particularly financial options. 
The subjects covered in Chapters 6 to 9, such as the term structure of 
interest rates, interest rate swaps and forward contracts, form the 
foundation for the mathematical models used to describe and value 
derivative securities, which are introduced in Chapter 10. This 7" edition 
expands on and updates the 6^ edition's coverage of measures of duration 
and convexity, interest rate swaps and topics in fixed income securities. 


The purpose of the methods developed in this book is to facilitate financial 
valuations. This book emphasizes a direct calculation approach, assuming 
that the reader has access to a financial calculator with standard financial 
functions. 
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The mathematical background required for the book is a course in calculus 
at the freshman level. Chapters 8 and 10 cover a couple of topics that 
involve the notion of probability, but mostly at an elementary level. A very 
basic understanding of probability concepts should be sufficient 
background for those topics. 


The topics in the first five Chapters of this book are arranged in an order 
that is similar to traditional approaches to the subject, with Chapter 1 
introducing the various measures of interest rates, Chapter 2 developing 
methods for valuing a series of payments, Chapter 3 considering 
amortization of loans, Chapter 4 covering bond valuation, and Chapter 5 
introducing the various methods of measuring the rate of return earned by 
an investment. 


The content of this book is probably more than can reasonably be covered 
in a one-semester course at an introductory or even intermediate level, but 
it might be possible for the FM Exam material to be covered in a one- 
semester course. At the University of Toronto, the contents of this books 
are covered in two consecutive one-semester courses at the Sophomore 
level. 


I would like to acknowledge the support of the Actuarial Education and 
Research Foundation, which provided support for the early stages of 
development of this book. I would also like to thank those who provided 
so much help and insight in the earlier and current editions of this book: 
John Mereu, Michael Gabon, Steve Linney, Walter Lowrie, Srinivasa 
Ramanujam, Peter Ryall, David Promislow, Robert Marcus, Sandi Lynn 
Scherer, Marlene Lundbeck, Richard London, David Scollnick and Sam 
Cox. I would like to thank Robert Alps particularly for providing me with 
some the insights on duration that have been included in the expanded 
coverage of that topic in this edition. 


I would like to acknowledge ACTEX Learning for their great support for 
this book over the years and particularly for their editorial and technical 
support. 


Finally, I am grateful to have had the continuous support of my wife, Sue 
Foster, throughout the development of each edition of this book. 


Samuel A. Broverman, ASA, Ph.D. University of Toronto, October 2017 


CHAPTER 1 


INTEREST RATE MEASUREMENT 


"Money makes the world go round, the world go round, the world go round. " 
— Fred Ebb, lyricist for the 1966 Broadway musical "Cabaret" 


1.0 INTRODUCTION 


Almost everyone, at one time or another, will be a saver, borrower, or in- 
vestor, and will have access to insurance, pension plans, or other financial 
benefits and liabilities. There is a wide variety of financial transactions 
in which individuals, corporations, or governments can become involved. 
The range of available investments is continually expanding, accompanied 
by an increase in the complexity of many of these investments. 


Financial transactions involve numerical calculations, and, depending 
on their complexity, may require detailed mathematical formulations. It is 
therefore important to establish fundamental principles upon which these 
calculations and formulations are based. The objective of this book is to 
systematically develop insights and mathematical techniques which lead 
to these fundamental principles upon which financial transactions can be 
modeled and analyzed. 


The initial step in the analysis of a financial transaction is to translate a ver- 
bal description of the transaction into a mathematical model. Unfortunately, 
in practice, a transaction may be described in language that is vague and 
which may result in disagreements regarding its interpretation. The need for 
precision in the mathematical model of a financial transaction requires that 
there be a correspondingly precise and unambiguous understanding of the 
verbal description before the translation to the model is made. To this end, 
terminology and notation, much of which is in standard use in financial and 
actuarial practice, will be introduced. 


A component that is common to virtually all financial transactions is in- 
terest, the "time value of money." Most people are aware that interest 
rates play a central role in their own personal financial situations as well 
as in the economy as a whole. Many governments and private enterprises 
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employ economists and analysts who make forecasts regarding the level 
of interest rates. 


The U.S. Federal Reserve Board sets the “federal funds discount rate,” a 
target rate at which banks can borrow and invest funds with one another. 
This rate affects the more general cost of borrowing and also has an ef- 
fect on the stock and bond markets. Bonds and stocks will be considered 
in more detail later in the book. For now, it is not unreasonable to accept 
the hypothesis that higher interest rates tend to reduce the value of other 
investments, if for no other reason than that the increased attraction of 
investing at a higher rate of interest makes another investment earning a 
lower rate relatively less attractive. 


Irrational Exuberance 


After the close of trading on North American financial markets on 
Thursday, December 5, 1996, U.S. Federal Reserve Board chairman 
Alan Greenspan delivered a lecture at The American Enterprise Insti- 
tute for Public Policy Research. 


In that speech, Mr. Greenspan commented on the possible negative 
consequences of “irrational exuberance” in the financial markets. 


The speech was widely interpreted by investment traders as indicating 
that stocks in the U.S. market were overvalued, and that the Federal 
Reserve Board might increase U.S. interest rates, which might affect 
interest rates worldwide. 


Although U.S. markets had already closed, those in the Far East were 
just opening for trading on December 6, 1996. Japan's main stock 
market index dropped 3.2%, the Hong Kong stock market dropped 
almost 3%, As the opening of trading in the various world markets 
moved westward throughout the day, market drops continued to occur. 
The German market fell 4% and the London market fell 2%. When the 
New York Stock Exchange opened at 9:30 AM EST on Friday, De- 
cember 6, 1996, it dropped about 2% in the first 30 minutes of trading, 
although the market did recover later in the day. 


Source: 
http://www. federalreserve.gov/boarddocs/speeches/1996/19961205.htm 
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The variety of interest rates and the investments and transactions to which 
they relate is extensive. Figure 1.1 provides a snapshot of a variety of cur- 
rent and historic interest rates as of April 17, 2017 and is an illustration of 
just a few of the types of interest rates that arise in practice. Libor refers to 
the London Interbank Overnight Rate, which is an international rate 
charged by one bank to another for very short term loans denominated in 
U.S. dollars. The prime rate is the interest rate that banks charge their most 
creditworthy customers. An ARM is an Adjustable Rate Mortgage, which 
is a mortgage loan whose interest rate is periodically reset based on changes 
in market interest rates. 


KEY RATES (in %) 

April March April April April 

2017 2017 2016 2007 1992 
Fed Reserve Target Rate| — 0.91 0.91 0.37 5.20 3.75 
3-Month Libor 1.15 145 0.63 5.35 4.06 
Prime Rate 4.00 3.75 3.50 8.25 6.50 
AAA Average 20-Year 
Corporate Bond Yields 3.54 3.73 3.62 547 8.33 
High Yield Bonds 5.85 5.96 7.93 7.41 
MORTGAGE RATES provided by Bankrate.com 

April March April April April 

2017 2017 2016 2007 1992 
15-Year Mortgage 3.36 3.50 2.86 5.89 8.38 
30-Year Mortgage 4.08 4.30 3.58 647 8.76 
1-Year ARM 3.18 3.28 2.84 5.92 6.15 
U.S. TREASURIES 
Bills 

Maturity Current 
Coupon | Date Discount Rate* 

3-Month N.A. 07/20/2017 .20728 
12-Month |N.A. 03/29/2018 | 1.03639 


*This term will be defined in Section 1.5 
FIGURE 1.1 


To analyze financial transactions, a clear understanding of the concept of 
interest is required. Interest can be defined in a variety of contexts, and 
most people have at least a vague notion of what it is. In the most common 
context, interest refers to the consideration or rent paid by a borrower of 
money to a lender for the use of the money over a period of time. 
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This chapter provides a detailed development of the mechanics of interest 
rates: how they are measured and applied to amounts of principal over time 
to calculate amounts of interest. A standard measure of interest rates will 
be defined and two commonly used growth patterns for investment, sim- 
ple and compound interest, will be described. Various alternative standard 
measures of interest, such as nominal annual rate of interest, rate of dis- 
count, and force of interest, are discussed. A general way in which a finan- 
cial transaction is modeled in mathematical form will be presented using 
the notions of accumulated value, present value, and equation of value. 


1.1 INTEREST ACCUMULATION AND 
EFFECTIVE RATES OF INTEREST 


An interest rate is most typically quoted as an annual percentage. If 
interest is credited or charged annually, the quoted annual rate, in 
decimal or fraction form, is multiplied by the amount invested or loaned 
to calculate the amount of interest that accrues over a one-year period. It 
is generally understood that as interest is credited or paid, it is reinvested. 
This reinvesting of interest leads to the process of compounding interest. 
The following example illustrates this process. 


EXAMPLE 1.1 (Compound interest calculation) 


The current rate of interest quoted by a bank on its savings account is 9% per 
annum (per year), with interest credited annually. Smith opens an account 
with a deposit of 1000. Assuming that there are no transactions on the ac- 
count other than the annual crediting of interest, determine the account bal- 
ance just after interest is credited at the end of 3 years. 


SOLUTION 


After one year the interest credited will be 1000x.09 = 90, resulting in a 
balance (with interest) of 1000--1000x.09 =1000(1.09) 21090. It is 
standard practice that this balance is reinvested and carns interest in thc 
second year, producing an interest amount of 1090x.09 — 98.10, and a 
total balance of 


1090--1090x.09 = 1090(1.09) = 1000(1.09)? = 1188.10 
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at the end of the second year. The balance at the end of the third year will be 
1188.10 +1188.10x.09 = (1188.10)(1.09) = 1000(1.09) = 1295.03. 


The following time diagram illustrates this process. 


0 1 2 3 
T T T T 
1000 1000x.09=90 1090x.09=98.10 1188.10.09 106.93 
Deposit Interest Interest Interest 
Total 1000+90 1090+98.10 1188.10+106.93 
=1090 =1188.10 =1295.03 
=1000x1.09 — =10901.09 =1188.10x1.09 
-1000(1.09) ^ =1000(1.09)° 
FIGURE 1.2 a 


It can be seen from Example 1.1 that with an interest rate of i per annum 
and interest credited annually, an initial deposit of C will earn interest of 
Ci for the following year. The accumulated value or future value at the 
end of the year will be C 4 Ci 2 C(1«i). If this amount is reinvested and 
left on deposit for another year, the interest earned in the second year 
will be C(1+i)i, so that the accumulated balance is C(1--i)  C(14- i)i 
=C(l+i) at the end of the second year. The account will continue to 
grow by a factor of 1+i per year, resulting in a balance of C(1--i)" at 
the end of n years. This is the pattern of accumulation that results from 
compounding, or reinvesting, the interest as it is credited. 


0 1 2 n-l n 
t — f d o. T T 
G Ci C(l+i)i C(-iy-?i Citi 
Deposit Interest Interest Interest Interest 
T T m 1 
C+Ci CM) Cy"? casi 
Total = C(I+i) «Cei — «Cy? xui 
TC)"; 


= Cy = CQ)" . 
= Cei 


FIGURE 1.3 
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In Example 1.1, if Smith were to observe the accumulating balance in the 
account by looking at regular bank statements, Smith would see only one 
entry of interest credited each year. If Smith made the initial deposit on 
January 1, 2017 then Smith would have interest added to his account on 
December 31 of 2017 and every December 31 after that for as long as the 
account remained open, 


The rate of interest may change from one year to the next. If the interest 
rate is i, in the first year, i, in the second year, and so on, then after n 
years an initial amount C will accumulate to C(1+i,)(1+i,)---(+i,), 
where the growth factor for year t is 1+i, and the interest rate for year t 
is i. Note that “year /" starts at time ¢—1 and ends at time t. 


EXAMPLE 1.2_§ (Average annual rate of return) 


The excerpts below are taken from the 2016 year-end report of National 
Bank Global Equity Fund, a fund managed by a Canadian mutual fund 
company. The excerpts below focus on the performance of the fund and 
the Dow Jones Industrial Average during the five year period ending De- 
cember 31, 2016. The Dow Jones Industrial Average is a price-weighted 
average of stocks traded on major American stock exchanges. 


Annual Rate of Return 
2016 2015 2014 2013 2012 

NB Global Equity 0.00% 18.08% 13.38% 33.57% 14.14% 
Dow Jones Ind. Avg. 13.42% -2.23% 7.52% 26.50% 7.26% 

Average Annual Return 

1yr. % 2yr.% 3 yr.% Syr% 
NB Global Equity 0.00% 8.66% 10.21% 15.34% 
Dow Jones Ind. Avg. 13.42% 5.30% 6.04% 10.10% 

FIGURE 1.4 


For the five year period ending December 31, 2016, the total compound 
growth in the Global Equity Fund can be found by compounding the an- 
nual rates of return for the 5 years. 


(1+0.00)(1+ .1808)(1+.1338)(1+.3357)(1+.1414) = 2.0411 


This would be the value on December 31, 2016 of an investment of 1 
made into the fund on January 1, 2012. 


This five year growth can be described by means of an average annual re- 
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turn per year for the five-year period. In practice the phrase "average an- 
nual return" refers to an annual compound rate of interest for the period of 
years being considered. The average annual return would be i, where 
(Leif 22.0411. Solving for ; results in a value of i —.1534. This is the 
average annual return for the five year period ending December 31, 2016. 
For the Dow Jones average, an investment of 1 made January 1, 2012 
would have a value on December 31, 2016 of 


(14-1342)(1—.0223)(14-.0752)(14-2650)(14-.0726) = 1.6178 


Solving for i in the equation (1+i)° — 1.6178 results in i = .1010, ora 5- 
year average annual return of 10.10%. 


The Global Equity Fund is described on the National Bank website as 
follows: “The fund's investment objective is to achieve long-term capital 
growth. It builds a diversified portfolio of common and preferred shares 
listed on recognized stock exchanges." 


The Dow Jones Industrial Average is a stock index of 30 large publicly 
owned U.S. companies. a 


1.1.1 EFFECTIVE RATES OF INTEREST 


In practice, interest may be credited or charged more frequently than once 
per year. Many bank accounts pay interest monthly and credit cards gener- 
ally charge interest monthly on unpaid balances. If a deposit is allowed to 
accumulate in an account over time, the algebraic form of the accumulation 
will be similar to the one given earlier for annual interest. At interest rate j 
per compounding period, an initial deposit of amount C will accumulate to 
C(l+j)" after n compounding periods. (It is typical to use i to denote an 
annual rate of interest, and in this text j will often be used to denote an in- 
terest rate for a period of time other than a year.) 


At an interest rate of .75% per month on a bank account, with interest cred- 
ited monthly, the growth factor for a one-year period at this rate would be 
(1.0075)? 21.0938. The account earns 9.38% over the full year and 
9.38% is called the annual effective rate of interest earned on the account. 
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Definition 1.1 — Annual Effective Rate of Interest 


The annual effective rate of interest earned by an investment during a 


one-year period is the percentage change in the value of the investment 
from the beginning to the end of the year, without regard to the invest- 
ment behavior at intermediate points in the year. 


In Example 1.2, the annual effective rates of return for the fund and the 
index are given for years 2012 through 2016. Comparisons of the perfor- 
mance of two or more investments are often done by comparing the re- 
spective annual effective interest rates earned by the investments over a 
particular year. The mutual fund earned an annual effective rate of interest 
of 13.38% for 2014, but the Dow index earned 7.52%. For the 5-year peri- 
od from January 1, 2012 to December 31, 2016, the mutual fund eamed an 
average annual effective rate of interest of 15.34%, but the Dow index av- 
erage annual effective rate was 10.10%. 


Equivalent Rates of Interest 

If the monthly compounding at .75% described earlier continued for 
another year, the accumulated or future value after two years would be 
C(1.0075)^ = C(1.0938)". We see that over an integral number of years a 


month-by-month accumulation at a monthly rate of .75% is equivalent to 
annual compounding at an annual rate of 9.38%; the word “equivalent” is 
used in the sense that they result in the same accumulated value. 


Definition 1.2 - Equivalent Rates of Interest 


Two rates of interest are said to be equivalent if they result in the same 
accumulated values at each point in time. 


1.1.2 COMPOUND INTEREST 


When compound interest is in effect, and deposits and withdrawals are 
occurring in an account, the resulting balance at some future point in 
time can be determined by accumulating all individual transactions to 
that future time point. 
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EXAMPLE 1.3. (Compound interest calculation) 


Smith deposits 1000 into an account on January 1, 2011. The account cred- 
its interest at an annual effective interest rate of 5% every December 31. 
Smith withdraws 200 on January 1, 2013, deposits 100 on January 1, 2014, 
and withdraws 250 on January 1, 2016. What is the balance in the account 
just after interest is credited on December 31, 2017? 


SOLUTION 


One approach is to recalculate the balance after every transaction. 


On December 31, 2012 the balance is 1000(1.05)? 1102.50; 

on January 1, 2013 the balance is 1102.50—200 = 902.50; 

on December 31, 2013 the balance is 902.50(1.05) — 947.63; 

on January 1, 2014 the balance is 947.63+100 = 1047.63; 

on December 31, 2015 the balance is 1047.63(1.05)? 2 1155.01; 

on January 1, 2016 the balance is 1155.01—250 — 905.01; and 

on December 31, 2017 the balance is 905.01(1.05)? 2997.77. 

An alternative approach is to accumulate each transaction to the December 


31, 2017 date of valuation and combine all accumulated values, adding 
deposits and subtracting withdrawals. Then we have 


1000(1.05)’ —200(1.05) +100(1.05)* —250(.05 = 997.77 


for the balance on December 31, 2017. This is illustrated in the following 
time line: 


1/1/11 1/1/13 vina +s anne = 12/31/17 
+1000 (initial Deposit) —— 1000(1 105)" 
-200 — > -200(1.05)° 
+100 — >  100(.05)* 


-250 — -250(.05y 
Total = 1000(1.05)’ —200(1.05)5 +100(1.05)* —250(1.05)? = 997.77. 
FIGURE 1.5 g 
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The pattern for compound interest accumulation at rate i per period results 
in an accumulation factor of (1+i)" over m periods. The pattern of in- 
vestment growth may take various forms, and we will use the general ex- 
pression a(n) to represent the accumulation (or growth) factor for an 
investment from time 0 to time 7. 


Definition 1.3 — Accumulation Factor and 
Accumulated Amount Function 


a(t) is the accumulated value at time ¢ of an investment of 1 made at 
time 0 and is defined as the accumulation factor from time 0 to time t. 


The notation A(t) will be used to denote the accumulated amount of 
an investment at time /, so that if the initial investment amount is 
A(0), then the accumulated value at time ¢ is A(t)=A(0)xa(t). 
A(t) is the accumulated amount function. 


Compound interest accumulation at rate i per period can be defined 
with ¢ as any positive real number. 


Definition 1.4 — Compound Interest Accumulation 


At effective rate of interest i per period, the accumulation factor from 
time 0 to time / (periods) is 


a(t) = (iy (1.1) 


The graph of compound interest accumulation is given in Figure 1.6. 
a(t) 


Graph of (1+ i) 


FIGURE 1.6 
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In Example 1.1, if Smith closed the account in the middle of the fourth year 
(3.5 years after the account was opened), the accumulated or future value at 
time ż=3.5 would be 1000(1.09)?? = 1000(1.09) (1.09)? = 1352.05, 
which is the balance at the end of the third year followed by accumulation 
for onc-half more year to the middle of the fourth year. 


In practice, financial transactions can take place at any point in time, and it 
may be necessary to represent a period which is a fractional part of a year. A 
fraction of a year is generally described in terms of either an integral number 
of m months, or an exact number of d days. In the case that time is measured 
in months, it is common in practice to formulate the fraction of the year / in 


the form ¢ =f) even though not all months are exactly b ofa year. In the 
case that time is measured in days, ¢ is often formulated as tox (some 
investments use a denominator of 360 days instead of 365 days, in which 


zo 
case t=3G)- 
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The Magic of Compounding 


Investment advice newsletters and websites often refer to the “magic” 
of compounding when describing the potential for investment accumu- 
lation, A phenomenon is magical only until it is understood. Then it’s 
just an expected occurrence, and it loses its mystery. 


A value of 10% is often quoted as the long-term historical average re- 
turn on equity investments in the U.S. stock market. Based on the his- 
torical data, the 30-year average return (excluding dividends) was 
8.0% on the Dow Jones index from the start of 1980 to the end of 
2010. During that period, the average annual return in the 1980s was 
10.3%, in the 1990s it was 15.4%, and in the 2000's it was —1.096. 
The 2000s were not as magical a time for investors as the 1990s. The 
average annual return on the index for the seven year period from the 
start of 2010 to the end of 2016 was 9.56%. 


In the 1980s heyday of multi-level marketing schemes, one such 
scheme promoted the potential riches that could be realized by market- 
ing "gourmet" coffee in the following way. A participant had merely 
to recruit 6 sub-agents who could sell 2 pounds of coffee per week. 
Those sub-agents would then recruit 6 sub-agents of their own. This 
would continue to an ever increasing number of levels. The promo- 
tional literature stated the expected net profit earned by the “top” agent 
based on each number of levels of 6-fold sub-agents that could be re- 
cruited. The expected profit based on 9 levels of sub-agents was of the 
order of several hundred thousand dollars per week. There was no in- 
dication in the brochure that to reach this level would require over 


10,000,000 (6°) sub-agents. Reaching that level would definitely re- 
quire some compounding 


When considering the equation X(1+i)'=Y, given any three of the four 
variables X,Y,i,t, it is possible to find the fourth. If the unknown variable 


pn 
Une) 


log function). If the unknown variable is the interest rate i, then solving for i 


Vr 
results in i = (4) —1. Financial calculators have functions that allow 


is t, then solving for this time factor results in t = (In is the natural 


you to enter three of the variables and calculate the fourth. 
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1.1.3 SIMPLE INTEREST 


When calculating interest accumulation over a fraction of a year or when 
executing short term financial transactions, a variation on compound in- 
terest commonly known as simple interest is often used. At an interest 
rate of i per year, an amount of | invested at the start of the year grows to 
1+i at the end of the year. If represents a fraction of a year, then under 
the application of simple interest, the accumulated value at time £ of the 
initial invested amount of 1 is as follows. 


Definition 1.5 — Simple Interest Accumulation 


The accumulation function from time 0 to time ¢ at annual simple in- 


terest rate i, where ¢ is measured in years is 


a(t) = l-it. 


As in the case of compound interest, for a fraction of a year, ¢ is usually 
either m/12 or d/365. The following example refers to a promissory note, 
which is a short-term contract (generally less than one year) requiring the 
issuer of the note (the borrower) to pay the holder of the note (the lender) a 
principal amount plus interest on that principal at a specified annual interest 
rate for a specified length of time. At the end of the time period the pay- 
ment (principal and interest) is due. Promissory note interest is calculated 
on the basis of simple interest. The interest rate earned by the lender is 
sometimes referred to as the yield rate earned on the investment. As con- 
cepts are introduced throughout this text, we will see the expression “yield 
rate” used in a number of different investment contexts with differing 
meanings. In each case it will be important to relate the meaning of the 
yield rate to the context in which it is being used. 


EXAMPLE 1.4_Ẹ (Promissory note and simple interest) 


On January 31, Smith borrows 5000 from Brown and gives Brown a prom- 
issory note. The note states that the loan will be repaid on April 30 of the 
same year, with interest at 12% per annum. On March 1, Brown sells the 
promissory note to Jones, who pays Brown a sum of money in return for 
the right to collect the payment from Smith on April 30. Jones pays Brown 
an amount such that Jones’ yield (interest rate earned) from March | to the 
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maturity date can be stated as an annual rate of interest of 15%. 


(a) 
(b) 


(c) 


Determine the amount Smith was to have paid Brown on April 30. 


Determine the amount that Jones paid to Brown and the yield rate 
(interest rate) Brown earned, quoted on an annual basis. Assume all 
calculations are based on simple interest and a 365 day year. 


Suppose instead that Jones pays Brown an amount such that Jones’ 
yield is 12%. Determine the amount that Jones paid. 


SOLUTION 


(a) 


(b) 


The payment required on the maturity date April 30 is 
5000[ 1 + (12)(83)] = 5146.30 (there are 89 days from January 31 to 


April 30 in a non-leap year; financial calculators often have a function 
that calculates the number of days between two dates). 

Let X denote the amount Jones pays Brown on March 1. We will de- 
note by jų the annual yield rate earned by Brown based on simple in- 


terest for the period of 1, =% years from January 31 to March 1, 
and we will denote by j, the annual yield rate earned by Jones for 
the period of t, =% years from March 1 to April 30. Then 
X —5000(1--/, x jj) and the amount paid on April 30 by Smith is 


X(I-t5 x j;) 25146.30. The following time-line diagram indicates 
the sequence of events. 


January 31 March 1 April 30 
} + t 
Smith borrows Brown receives Jones receives 
5000 from Brown X from Jones 5146.30 from Smith 
FIGURE 1.7 


We are given j,=.15 (the annualized yield rate earned by Jones) and 


we can solve for X from X — 314630 -5146.30 _ = 5922.46. Now 
box (Sys 


that X is known, we can solve for j} from 
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X = 5022.46 = 50001+4 x jj) = 5000 (195 j) 
to find that Brown's annualized yield is j, =.0565. 


(c) If Jones’ yield is 12%, then Jones paid 


— 5146.30 _ 5146.30 


= — = AU = 5046.75. o 
6x5 1+8) 


In the previous example, we see that to achieve a yield rate of 15% Jones 
pays 5022.46 and to achieve a yield rate of 12%, Jones pays 5046.75. This 
inverse relationship between yield and price is typical of a fixed-income 
investment. A fixed-income investment is one for which the future payments 
are predetermined (unlike an investment in, say, a stock, which involves 
some risk, and for which the return cannot be predetermined). Jones is in- 
vesting in a loan which will pay him 5146.30 at the end of 60 days. If the 
desired interest rate for an investment with fixed future payments increases, 
the price that Jones is willing to pay for the investment decreases (the less 
paid, the better the return on the investment). An alternative way of describ- 
ing the inverse relationship between yield and price on fixed-income in- 
vestments is to say that the holder of a fixed income investment (Brown) 
will see the market value of the investment decrease if the yield rate to ma- 
turity demanded by a buyer (Jones) increases. This can be explained by not- 
ing that a higher yield rate (earned by Jones) requires a smaller investment 
amount (made by Jones to Brown) to achieve the same dollar level of inter- 
est payments. This will be seen again when the notion of present value is 
discussed later in this chapter. Note that most banks use a 365 day count 
even in the case of a leap year. 


1.1.4 COMPARISON OF COMPOUND INTEREST 
AND SIMPLE INTEREST. 


From Equations 1.1 and 1.2, it is clear that accumulation under simple 
interest forms a linear function whereas compound interest accumulation 
forms an exponential function. This is illustrated in Figure 1.8 with a 
graph of the accumulation of an initial investment of 1 at both simple and 
compound interest. 
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a(t) 


FIGURE 1.8 


From Figure 1.8, it appears that simple interest accumulation is larger than 
compound interest accumulation for values of £ between 0 and 1, but com- 
pound interest accumulation is greater than simple interest accumulation for 
values of f greater than 1. Using an annual interest rate of i —.08, we have, 
for example, at time t —.25, 

L+it = 1+(.08)(.25) 21.02 > 1.0194 - (1.08)5. =(1+i)', 
and at ¢=2 we have 

1+it = 14(.08)(2) = 1.16 < 1.1664 = (1.08)? =(1+i)'. 

The relationship between simple and compound interest is verified alge- 
braically in an exercise at the end of this chapter. 


In practice, interest accumulation is often based on a combination of 
simple and compound interest. Compound interest would be applied over 
the completed (integer) number of interest compounding periods, and 
simple interest would be applied from then to the fractional point in the 
current interest period. For instance, under this approach, at annual rate 
9%, over a period of 4 years and 5 months, an investment would grow by 


a factor of (1.09)4 x[i + $«»] = 1.4645. 


1.1.5 ACCUMULATED AMOUNT FUNCTION 


When analyzing the accumulation of a single invested amount, the value of 
the investment is generally regarded as a function of time. For example, 
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A(t) is the value of the investment at time ż, with ¢ usually measured in 
years. Time t=0 usually corresponds to the time at which the original in- 
vestment was made. The amount by which the investment grows from time 
t, to time 1 is often regarded as the amount of interest earned over that 
period, and this can be written as 4(t;) — A(t). Also, with this notation, 
the annual effective interest rate for the one-year period from time u to time 
ul would be j,,,, where A(u+l) = A(u)(1+i,,,), or equivalently, 


; A(u+1)— A(u) 
= =. 1. 
uel Aw (1.3) 


The subscript “u +1” indicates that we are measuring the interest rate in 
year u +1. Accumulation can have any sort of pattern, and, as illustrated 
in Figure 1.9, the accumulated value might not always be increasing. The 
Dow Jones Average in Example 1.2 had a negative growth rate in 2015 
and the graph drops from 2014 to 2015. The graph indicates the Dow 
Jones index value on December 31 of each year based on an investment 
into the index of amount 1 on December 31, 2011. For the one-year peri- 
od from December 31, 2014 to December 31, 2015 the annual effective 
rate of interest is 
1.4276 -1.4602 _ 


bus = eo 7023. 


FIGURE 1.9 
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A more “continuous” picture of the progression of the fund’s value over 
time could be obtained if month-end, or even daily fund values were 
plotted in Figure 1.9. 
The relationship for ,,, shows that the annual effective rate of interest for 
a particular one-year period is the amount of interest for the year as a pro- 
portion of the value of the investment at the start of the year, or equivalent- 
ly, the rate of investment growth per dollar invested. In other words: 


annual effective rate of interest for a specified one-year period 
amount of interest earned for the one-year period 


value (or amount invested) at the start of the year ` 


The accumulated amount function can be used to find an effective inter- 
est rate for any time interval. For example, the three-month effective in- 
terest rate for the three months from time 34 to time 34 would be 
4G4)}-A(34) 
A(31) 


From a practical point of view, the accumulated amount function 4(/) 
would be a step function, changing by discrete increments at each interest 
credit time point, since interest is credited (or investment value is updat- 
ed) at discrete points of time. For more theoretical analysis of invest- 
ment behavior, it may be useful to assume that A(t) is a continuous, or 
differentiable, function, such as in the case of compound interest growth 
on an initial investment of amount A(0) at time :/—0, where 
A(t) = A(0)(1+i)' for any non-negative real number t. 


If we let X be the amount that must be invested at the start of a year to 
accumulate to | at the end of the year at annual effective interest rate i, 


then X(1+i)=1, or equivalently, X = i The amount E is the present 


value of an amount of 1 due in one year. 
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Definition 1.6 — One Period Present Value Factor 


If the rate of interest for a period is i, the present value of an amount of 


1 due one period from now is i The factor qb is often denoted v in 


actuarial notation and is called a present value factor or discount factor. 


When a situation involves more than one interest rate, the symbol v; 


may be used to identify the interest rate i on which the present value 
factor is based. 


The present value factor is particularly important in the context of 
compound interest. Accumulation under compound interest has the form 


A(t) = A(0)(1+i)'. This expression can be rewritten as 


A(t) 
(i) 


Thus Kv’ is the present value at time 0 of an amount K due at time ¢ when 
investment growth occurs according to compound interest. This means that 
Ky’ is the amount that must be invested at time 0 to grow to K at time /, 
and the present value factor v acts as a “compound present value” factor in 
determining the present value. Accumulation and present value are inverse 
processes of one another. 


A(0) = = Atti)! = A(t’. 


l-T Present value of 1 due inone — | T Present Value of 1 due in / 
period as a function of i periods as a function of t 


FIGURE 1.10 


The right graph in Figure 1.10 illustrates that as the time horizon z in- 
creases, the present value of 1 due at time / decreases (if the interest rate 
is positive). The left graph of Figure 1.10 illustrates the classical “inverse 
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yield-price relationship,” which states that at a higher rate of interest, a 
smaller amount invested is needed to reach a target accumulated value. 


EXAMPLE 1.5_{§ (Present value calculation) 


Ted wants to invest a sufficient amount in a fund in order that the 
accumulated value will be one million dollars on his retirement date in 
25 years. Ted considers two options. He can invest in Equity Mutual 
Fund, which invests in the stock market. E.M. Fund has averaged an an- 
nual compound rate of return of 19.5% since its inception 30 years ago, 
although its annual growth has been as low as 2% and as high as 38%. 
The E.M. Fund provides no guarantees as to its future performance. 
Ted’s other option is to invest in a zero-coupon bond or stripped bond 
(this is a bond with no coupons, only a payment on the maturity date; this 
concept will be covered in detail later in the book), with a guaranteed annu- 
al effective rate of interest of 11.5% until its maturity date in 25 years, 


(a) What amount must Ted invest if he chooses E.M. Fund and assumes 
that the average annual growth rate will continue for another 25 years? 
(b) What amount must he invest if he opts for the stripped bond investment? 


(c) What minimum annual effective rate is needed over the 25 years in 
order for an investment of $25,000 to accumulate to Ted’s target of 
one million? 


(d) How many years are needed for Ted to reach $1,000,000 if he in- 
vests the amount found in part (a) in the stripped bond? 


(a) If Ted invests X at / —0, then X(1.195)°> =1,000,000, so that the 
present value of 1,000,000 due in 25 years at an annual effective rate 
of 19.5% is 1,000,000v7> = 1,000, 000(1.195)° = 11,635.96. 


(b) The present value of 1,000,000 due in 25 years at i=.115 is 
1,000,000^5 —1,000,000(1.115) 7? = 65,785.22. Note that no sub- 


script was used on v in part (a) or (b) since it was clear from the con- 
text as to the interest rate being used. 
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(c) We wish to solve for i in the equation 25,000(1--/)? —1,000,000. 


7 
The solution for ‘is i= (49259) -1 =.1590. 


(d) Inż years Ted will have 11,635.96(1.115)' 21,000,000. Solving for t 


1,000,000 
11,635 


In(1.115) 


results in ¢= — 40.9 years. [u] 


If simple interest is being used for investment accumulation, then 
A(t) = A(0)(1+it) and the present value at time 0 of amount A(z) due at 


time fis 4(0) = 40. It is important to note that implicit in this expression 


is the fact that simple interest accrual begins at the time specified as ¢ = 0. 
The present value based on simple interest accumulation assumes that inter- 
est begins accruing at the time the present value is being found. There is no 
standard symbol representing present value under simple interest that corre- 
sponds to v under compound interest. 


1.2.1 CANADIAN TREASURY BILLS 


(Canadian Treasury bills — present value based on simple interesr) 

The figure below is an excerpt from the website of the Bank of Canada 
describing a sale of Treasury Bills by the Canadian federal government on 
Thursday, March 10, 2015 (www.bankofcanada.ca). A T-Bill is a debt obli- 
gation that requires the issuer to pay the owner a specified sum (the face 
amount or amount) on a specified date (the maturity date). The issuer of 
the T-Bill is the borrower, the Canadian government in this case. The pur- 
chaser of the T-Bill would be an investment company or an individual. Ca- 
nadian T-Bills are issued to mature in a number of days that is a multiple of 
7. Canadian T-Bills are generally issued on a Thursday, and mature on a 
Thursday, mostly for periods of (approximately) 3 months, 6 months or 1 
year. 
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BANK OF CANADA A BANQUE DE CANADA 
3 —— ee i OTTAWA 
2015.03.10 
Bons du Trésor réguliers 
Treasury Billa Regular Résultats de l'adjudication 


Auction Results 
We EM RE A On vient d'annoncer aujourd'hui, au 
ates Mier ra Pea om du ine des Finances, que ks 
ET Vee EIEE E WY soumissions suivantes ont été ac- 
aia a tre oases ceptées pour les bons du Trésor du 
gouvernement du Canada: 


Auction Date 2015.03.10 Date d'adjudication 
Bidding Deadline 10:30:00 Heure limite de soumission 
Total Amount $7,000,000,000 Montant total 


Multiple Price / Prix multiple 


(9) [02] Bank of Cana- 
Outstanding Yield and Equivalent Allotment da 
after Auction Price Taux de Ratio — Purchase Achat 
Amount ue Maturity Encours aprés rendement et prix Ratiode de la Banque 
Montant. sion Échéance l'adjudication correspondant répartition — du Canada 
+ 000,000000 2015.03.12 2015.06.18 — 59700000400 — AvpMoy:.S93 99.84104 300,000,000 
Low/Bas: 490 9984184 
ISIN: CABSOZIWABA HishHaut S96 993402 — — 504667 
100000000 — 2015032 — 201509.00 — 2040000000 — Avg/Moy:.624 99.68982 150,000,000 
LowBus 4626 9.69180 
ISIN: CABSOZWRIO High Haut 627 99.68853 5042195 
FIGURE 1.11 


Two T-Bills are described in Figure 1.11, both issued March 12, 2015. 
The first one is set to mature June 18, 2015, which is 98 days (14 weeks) 
after issue. The yield is quoted as .593% and the price (per face amount 
The first one is set to mature June 18, 2015, which is 98 days (14 weeks) 
after issue. The yield is quoted as .593% and the price (per face amount 
of 100) is 99.84194. The price is the present value, on the issue date, of 
100 due on the maturity date, and present value is calculated on the basis 
of simple interest and a 365-day year. The quoted price based on the 
quoted average yield rate of .593% can be calculated as follows: 


— uu = 99.84104. 
1+ (.00593)( 2$) 


Price = 100x 


The price of the second T-Bill can be found in a similar way. It matures 
September 10, 2015, which is 182 days (26 weeks) after the issue date. 
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The quoted average yield is .624%. The price is 


Price — re = 99.68982. 


1+ (.00624) (482) 


Valuation of Canadian T-Bills is algebraically identical to valuation of 
promissory notes as described in Example 1.4. a 


We can generalize the notion of present value based on any accumulation 
function A(t). The investment grows from amount A(¢,) at time 7j to 


" Alt) 
amount A(t) at time t; >t. Therefore an amount of d invested at 
2 
P r * Alh) 
time 1 will grow to amount | at time ¢,. In other words, A) isa 
2 


generalized present value factor from time f, back to time ¢,. 


1.3 EQUATION OF VALUE 


When a financial transaction is represented algebraically it is usually formu- 
lated by means of one or more equations that represent the values of the vari- 
ous components of the transaction and their interrelationships. Along with the 
interest rate, the other components of the transaction are the amounts dis- 
bursed and the amounts received. These amounts can be thought of as 
dated cash flows, in that both the amount and time of occurrence of each 
cash flow must be taken into account in an algebraic formulation. A 
mathematical representation of the transaction will be an equation that 
balances the dated cash outflows and inflows, according to the particu- 
lars of the transaction. The equation balancing these cash flows must take 
into account the “time values" of these payments, which are the accumu- 
lated and present values of the payments made at the various time points. 
Such a balancing equation is called an equation of value for the transac- 
tion, and its formulation is a central element in the process of analyzing a 
financial transaction. 


In order to formulate an equation of value for a transaction, it is first nec- 
essary to choose a reference time point or valuation date. At the refer- 
ence time point the equation of value balances, or equates, the following 
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two factors: 


(1) the accumulated value of all payments already disbursed plus the 
present value of all payments yet to be disbursed, and 


(2) the accumulated value of all payments already received plus the pre- 
sent value of all payments yet to be received. 


EXAMPLE 1.7 f (Choice of valuation point for an equation of value) 


Every Friday in February (the 7, 14, 21, and 28) Walt places a $1000 bet, 
on credit, with his off-track bookmaking service. The betting service 
charges a weekly effective interest rate of 8% on all credit extended. Un- 
fortunately for Walt, he loses each bet and agrees to repay his debt to the 
bookmaking service in four installments, to be made on March 7, 14, 21, 
and 28. Walt pays $1100 on each of March 7, 14, and 21. How much 
must Walt pay on March 28 to completely repay his debt? 


SOLUTION 


The payments in the transaction are represented in Figure 1.12. We must 
choose a reference time point at which to formulate the equation of val- 
ue. If we choose February 7 (¢=0 in Figure 1.12), then Walt receives 
1000 right “now”. All other amounts received and paid are in the future, 
so we find their present values. The value at time 0 of what Walt will 
receive (on credit) is 1000(1-- v-- v? - ?), representing the four weekly 


credit amounts received in February, where v= oe is the weekly present 
value factor and ¢ is measured in weeks. The value at ¢=0 of what Walt 
must pay is 1100(v4 + v5 -- v6) 4- Xv7, representing the three payments of 


1100 and the fourth payment of X. 
Received Paid 


1000 1000 1000 1000 1100 1100 1100 x 


2/ 214 221 228 3^7 314 321 328 
0 1 2 3 4 5 6 7 


FIGURE 1.12 
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Equating the value at time 0 of what Walt will receive with the value of 
what he will pay results in the equation 


1000(1- vv? 49). = 11006 3535) x7. (A) 


Solving for X results in 
1000 (1v! 9) -1100 (9 94) 


y»! 


2273.79. (B) 


If we choose March 28 (t =7) as the reference time point for valuation, then 
we accumulate all amounts received and paid to time 7. The value of what 
Walt has received is 1000[ (1) - (1-5 1j (e) ], and the 
value of what he has repaid is 1 100[ (14 j* jy ++] +X, 
where again j =.08 is the effective rate of interest per week. 
The equation of value formulated at ¢=7 can be written as 
1000[ (1-7) +(1+/)§ ++ + +s)! ] 

= 1100[0+/)3 + (4/2 «02j)]» X. (C) 

Solving for X results in 
1000[0+ -- (14-6 07 - 0^] 


-i00[qej «(ep ++] = 2273.79. (D) 


Note that most financial transactions will have interest rates quoted as 
annual rates, but in the weekly context of this example it was unneces- 
sary to indicate an annual rate of interest. (The equivalent annual effec- 
tive rate would be quite high). g 


We see from Example 1.7 that an equation of value for a transaction in- 
volving compound interest may be formulated at more than one reference 
time point with the same ultimate solution. Notice that Equation C can be 
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obtained from Equation A by multiplying Equation A by (14). This 
corresponds to a change in the reference point upon which the equations 
are based, Equation A being based on / — 0 and Equation C being based 
on ¢=7. In general, when a transaction involves only compound inter- 
est, an equation of value formulated at time 4 can be translated into an 
equation of value formulated at time 7, simply by multiplying the first 
equation by (1+i)?~. In Example 1.7, when ż=7 was chosen as the 
reference point, the solution was slightly simpler than that required for 
the equation of value at / —0, in that no division was necessary. For 
most transactions there will often be one reference time point that allows 
a more efficient solution of the equation of value than any other refer- 
ence time point. 


1.4 NOMINAL RATES OF INTEREST 


Quoted annual rates of interest frequently do not refer to the annual ef- 
fective rate. Consider the following example. 


(Monthly compounding of interest) 


Sam has just received a credit card with a credit limit of $1000. The card 
issuer quotes an annual charge on unpaid balances of 24%, payable 
monthly. Sam immediately uses his card to its limit. The first statement 
Sam receives indicates that his balance is $1000 but no interest has yet 
been charged. Each subsequent statement includes interest on the unpaid 
part of his previous month's statement. Smith ignores the statements for 
a year, and makes no payments toward the balance owed. What amount 
does Sam owe according to his thirteenth statement? 


SOLUTION 


Sam's first statement will have a balance of 1000 outstanding, with no in- 
terest charge. Subsequent monthly statements will apply a monthly interest 


charge of (15) 499 =2% on the unpaid balance from the previous 


month. Thus Sam's unpaid balance is compounding monthly at a rate of 2% 
per month; the interpretation of the phrase “payable monthly” is that the 
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quoted annual interest rate is to be divided by 12 to calculate the one-month 
interest rate that will be applied. The balance on statement 13 (12 months 
after statement 1) will have compounded for 12 months to 
1000(1.02)? =1268.23 (this value is based on rounding to the nearest 
penny each month; the exact value is 1268.24). The annual effective in- 
terest rate charged on the account in the 12 months following the first 
statement is 26.82%. The quoted rate of 24% is a nominal annual rate 
of interest, not an annual effective rate of interest. This example 
shows that a nominal annual interest rate of 24% compounded 
monthly is equivalent to an annual effective rate of 26.82%. a 


Definition 1.7 — Nominal Annual Rate of Interest 


A nominal annual rate of interest compounded or convertible m times per 


year refers to an interest compounding period of 4 years. 


1 year period = quoted nominal annual interest rate 


interest rate for — 
m m 


Nominal rates of interest occur frequently in practice. They are used in 
situations in which interest is credited or compounded more often than 
once per year. A nominal annual rate can be associated with any interest 
compounding period, such as six months, one month, or one week. In 
order to apply a quoted nominal annual rate, it is necessary to know the 
number of interest conversion periods in a year. In Example 1.8 the asso- 
ciated interest compounding period is indicated by the phrase “payable 
monthly,” and this tells us that the interest compounding period is one 
month. This could also be stated in any of the following ways: 


(i) annual interest rate of 24%, compounded monthly, 
(ii) annual interest rate of 24%, convertible monthly, or 
(iii) annual interest rate of 24%, convertible 12 times per year. 


All of these phrases mean that the 24% quoted annual rate is to be trans- 
formed to a one-month effective rate that is one-twelfth of the quoted an- 


nual rate, 3b .24) ».02. The effective interest rate per interest compound- 
i2 p p 
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ing period is a fraction of the quoted annual rate corresponding to the fraction 
ofa year represented by the interest compounding period. 


The notion of equivalence of two rates was introduced in Section 1.1, 
where it was stated that rates are equivalent if they result in the same pat- 
tern of compound accumulation over any equal periods of time. This can 
be seen in Example 1.8. The nominal annual 24% refers to a compound 
monthly rate of 2%. Then in t years (12¢ months) the growth of an initial 
investment of amount | will be 


(1.02)?! =[(1.02)? ] = (1.2682). 


Since (1.2682)' is the growth in ¢ years at annual effective rate 26.82%, 
this verifies the equivalence of the two rates. The typical way to verify 
equivalence of rates is to convert one rate to the compounding period of 
the other rate, using compound interest. In the case just considered, the 
compound monthly rate of 2% can be converted to an equivalent annual 
effective growth factor of (1.02)? =1.2682. Alternatively, an annual 
effective rate of 26.82% can be converted to a compound monthly 
growth factor of (1.2682)!/!? =1.02. 


The 24% rate quoted in Example 1.8 is sometimes called an annual per- 
centage rate, and the rate of 2% per month is the periodic rate. In prac- 
tice, a credit card issuer will usually quote an “APR” (annual percentage 


rate), and may also quote a daily percentage rate which is AER. When a 


monthly billing cycle ends, an “average daily balance” is calculated, usual- 
ly by taking the average of the account balances at the start of each day 
during the billing cycle. This is multiplied by the daily percentage rate, and 
this is multiplied by the number of days in the billing cycle. Under this 
approach, the monthly interest rates compomded in Example 1.8 would 


not be exactly 2% dh month, but would be 4 x x31 —.02038356 fora 31 
day billing cycle, 2! ES x30 = .01972603 for a 30 day billing cycle, etc. 


Once the nominal annual interest rate and compounding interest period 
are known, the corresponding compound interest rate for the interest 
conversion period can be found. The accumulation function then follows 
à compound interest pattern, with time usually measured in units of ef- 
fective interest conversion periods. When comparing nominal annual 
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interest rates with differing interest compounding periods, it is necessary 
to convert the rates to equivalent rates with a common effective interest 
period. The following example illustrates this. 


EXAMPLE 1.9 f (Comparison of nominal annual rates of interest) 


Tom is trying to decide between two banks in which to open an account. 
Bank A offers an annual rate of 15.2596 with interest compounded semi- 
annually, and Bank B offers an annual rate of 15% with interest com- 
pounded monthly. Which bank will give Tom higher annual effective 
growth? 


Bank A pays an effective 6-month interest rate of l(5259) = 7.62595. In 


one year (two effective interest periods) a deposit of amount 1 will grow to 
(1.07625)? 21.158314 in Bank A. 


Bank B pays an effective monthly interest rate of $a 5%) =1.25%. In one 


year (12 effective interest periods) a deposit of amount 1 in Bank B will grow 
to (1.0125)? 1.160755. Bank B has an equivalent annual effective rate 
that is almost .25% higher than that of Bank A. g 


In order to make a fair comparison of quoted nominal annual rates with 
differing interest conversion periods, it is necessary to transform them to 
a common interest conversion period, such as an annual effective period 
as in Example 1.9. 
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Payday Loans 


As long as there have been people who run short of money before their 
next paycheck, there have been lenders who will provide short term 
loans to be repaid at the next payday, usually within a few weeks of 
the loan. Providers of these loans became more visible with storefront 
operations in the 1980s, and in recent years with internet based lending 
operations. Interest rates charged by some lenders for these loans can 
be surprisingly high. Regulation and interest rate restriction on this 
industry has grown in recent years and a number of states do not allow 
payday lenders to operate. 


The U.S. Truth in Lending Act requires that, for consumer loans, the 
APR (annual percentage rate) associated with the loan must be dis- 
closed to the borrower. The APR is generally disclosed as a nominal 
annual rate of interest whose conversion period is the payment period 
for the loan. 


A review of online payday loan websites in 2017 turned up a lender 
charging a fee of $30 for a one week loan of $100. This one week in- 
terest rate of 30% is quoted as an APR of 1564.29% (this is 30x38 ), 


which is the corresponding nominal annual rate convertible every 7 
days. The equivalent annual effective growth of an investment that 
accumulates at a rate of 30% per week with weekly compounding is 
(1.3597 =873,639, which represents an equivalent annual effective 
rate of interest of a little more than 87,000,000% (a little more, mean- 
ing 363,786 percentage points more)! The lender also allows the loan 
to be repaid in up to 18 days for the same $30 fee for the 18 days. In 
this case, the APR is only 608.33%, and the equivalent annual effec- 
tive rate of interest is a mere 20,342%. 


1.4.1 ACTUARIAL NOTATION FOR 
NOMINAL RATES OF INTEREST 


There is standard actuarial notation for denoting nominal annual rates of 
interest, although this notation is not generally seen outside of actuarial prac- 
tice. In actuarial notation, the symbol ; is generally reserved for an annual 


effective rate, and the symbol i”) is reserved for a nominal annual rate 
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with interest compounded m times per year. Note that the superscript is for 
identification purposes and is not an exponent. The notation i” is taken to 
mean that interest will have a compounding period of 4 years and com- 


i ] 4400 _ i 
pound rate per period of 77x i" = 4. 


In Example 1.8, m=12, so the nominal annual rate would be denoted as 


i? = 24, The information indicated by the superscript “(12)” in this nota- 
tion is that there are 12 interest conversion periods per year, and that the 
effective rate of 2% per month is d of the quoted rate of 24%. Similarly, 


in Example 1.9 the nominal annual rates would be i?) =.1525 and 


if) =.15 for Banks A and B, respectively. 


In Example 1.8 the equivalent annual effective growth factor is 
12 

l+i= (1 +24) =1.2682. In Example 1.9 the equivalent annual effective 

growth factors for Banks A and B, respectively, are 


2 
1+i = (14325). = 1.158314 
and 


12 
Lei = (143) = 1.160755. 


The general relationship linking equivalent nominal annual interest rate 
i” and annual effective interest rate i is 


(m) 1^ 
l+i = f] , (1.4) 
m 


The comparable relationships linking i and i”) can be summarized in the 
following two equations 


"m 
i h] -1 and i? = p" -1]. (1.5) 
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Note that (1i) is the -L-year growth factor, and (14i) -1 is the 
equivalent effective year compound interest rate. 


It should be clear from general reasoning that with a given nominal an- 
nual rate of interest, the more often compounding takes place during the 
year, the larger the year-end accumulated value will be, so the larger the 
equivalent annual effective rate will be as well. This is verified algebraically 
in an exercise at the end of the chapter. The following example considers the 


relationship between equivalent i and i”) as m changes. 


EXAMPLE 1.10 


(Equivalent effective and nominal annual rates of interest) 


Suppose the annual effective rate of interest is 12%. Find the equivalent 
nominal annual rates for m=1,2,3,4,6,8,12,52,365,0. 


SOLUTION 


m=] implies interest is convertible annually (m=1 time per year), 
which implies the annual effective interest rate is i =i=.12. We use 
Equation (1.5) to solve for i”) for the other values of m. The results are 
given in Table 1.1. 


TABLE 1.1 
M | adi" -1 i"? = mids!" -1] 
1 .1200 12 
2 .0583 1166 
3 0385 1155 
4 0287 1149 
6 0191 1144 
8 0143 1141 
12 .0095 1139 
52| — 00218 1135 
365| 000311 113346 
m lim m[ +i)!" 21] = In) = .113329 
P 


[m] 
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Note that (1.12)? —] = .0583 is the 6-month effective rate of interest 
that is equivalent to an annual effective rate of interest of 12% (two suc- 
cessive 6-month periods of compounding at effective 6-month rate 
5.83% results in one year growth of (1.0583)? =1.12). The limit in the 
final line of Table 1.1 can be found using l'Hospital's Rule. It can also be 
seen from Table 1.1 that the more frequently compounding takes place 
(i.e., as m increases), the smaller is the equivalent nominal annual rate. 
The change is less significant, however, in going from monthly to 
weekly or even daily compounding, so we see that there is a limit to the 
benefit of compounding. With an annual effective rate of 12%, the mini- 
mum equivalent nominal annual rate is never less than 11.333% no matter 
how often compounding takes place. The limiting case (mm — oo) in Exam- 
ple 1.10 is called continuous compounding and is related to the notions of 
force of interest and instantaneous growth rate of an investment. This is 
discussed in detail in Section 1.6. 


A nominal rate, although quoted on an annual basis, might refer to only the 
immediately following fraction of a year. For instance, in Example 1.9 
Bank B’s quoted nominal annual rate of 15% with interest credited monthly 
might apply only to the coming month, after which the quoted rate (still 
credited monthly) might change to something else, say 13.5%. Thus when 
interest is quoted on a nominal annual basis, the actual rate may change 
during the course of the year, from one interest period to the next. 


1.5 EFFECTIVE AN 


OMINAL RATES OF DISCOUNT 


1.5.1 ANNUAL EFFECTIVE RATE OF DISCOUNT 


In previous sections of this chapter, interest amounts have been regarded 
as paid or charged at the end of an interest compounding period, and the 
corresponding interest rate is the ratio of the amount of interest paid at 
the end of the period to the amount of principal at the start of the period. 
Interest rates and amounts viewed in this way are sometimes referred to 
as interest payable in arrears (payable at the end of an interest period). 
This is the standard way in which interest rates are quoted, and it is the 
standard way by which interest amounts are calculated. In many situa- 
tions it is the method required by law. 
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Occasionally a transaction calls for interest payable in advance. In this 
case the quoted interest rate is applied to obtain an amount of interest 
which is payable at the start of the interest period. For example, if Smith 
borrows 1000 for one year at a quoted rate of 10% with interest payable 
in advance, the 10% is applied to the loan amount of 1000, resulting in 
an amount of interest of 100 for the year. The interest is paid at the time 
the loan is made. Smith receives the loan amount of 1000 and must im- 
mediately pay the lender 100, the amount of interest on the loan. One 
year later Smith must repay the loan amount of 1000. The net effect is 
that Smith receives 900 and repays 1000 one year later. The annual ef- 


fective rate of interest on this transaction is HO = «1111, or 11.11%, This 


rate of 10% payable in advance is called the rate of discount for the 
transaction. The rate of discount is the rate used to calculate the amount 
by which the year end value is reduced to determine the present value. 


The annual effective rate of discount can be another way of describing 
investment growth in a financial transaction. In the example just consid- 
ered, we see that an annual effective interest rate of 11.11% is equivalent 
to an annual effective discount rate of 10%, since both describe the same 
transaction. 


Definition 1.8 — Annual effective Rate of Discount 


In terms of an accumulated amount function A(t), the general defini- 


tion of the annual effective rate of discount from time +=0 to time 
t-lis 


_ AQ)- AQ) 
EE 


(1.6) 


This definition is in contrast with the definition for the annual effective 
rate of interest, which has the same numerator but has a denominator of 
A(0). Annual effective interest measures growth on the basis of the ini- 
tially invested amount, whereas annual effective discount measures 
growth on the basis of the year-end accumulated amount. Either measure 
can be used in the analysis of a financial transaction. 
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1.5.2 EQUIVALENCE BETWEEN 
DISCOUNT AND INTEREST RATES 


Equation (1.6) can be rewritten as A(0) = A(1)x(l-d), so we see that 

1—d acts as a present value factor. The value at the start of the year is the 

principal amount of A(1) minus the interest payable in advance, which is 

d x A(1). On the other hand, on the basis of annual effective interest we 

have 4(0)= A(I) xv. We see that for d and / to be equivalent rates, present 

values under both representations must be the same, so we must have 
1 d 


d-2v21- i =L, or i=- 
ivel d, or equivalently, d Grisi 


Equivalent rates of interest and discount i and d are related as follows: 


(1.7) 


MH, or 


11.11%. The relationships between equivalent interest and discount rates 
for periods of other than a year are similar. Suppose that j is the effective 


With d —.10 in the situation outlined above, we have i= 


ae 
E where 


rate of interest for a period of other than one year. Then d, 


d; is the equivalent effective rate of discount for that period and the pre- 


sent value factor for the period is 1—4 ; a UT 

Jp t 
The present value of 1 due in n years can be represented in the form 
v" —(I—-d)", so that present values can be represented in the form of com- 
pound discount. This underlines the fact that the concepts of discount rate 


and compound discount form an alternative to the concepts of interest rate 
and compound interest in describing the behavior of an investment. 


From a practical point of view, A(0) in Equation (1.6) will not be less than 
0, so an effective rate of discount can be no larger than 1 (100%). Note that 
an effective discount rate of d —1 (100%), implies a present value factor of 
1-d =1—1=0 at the start of the period (an investment of 0 growing to a 


value of | at the end of a year would be a very profitable arrangement). 
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If A(1) > A(0), then d » 0. In the equivalence between i and d we see that 


" " 1 5 n 
lim d = lim—— =, so that very large effective interest rates correspond 


ion ili 


to equivalent effective discount rates near 100%. 


1.5.3 SIMPLE DISCOUNT AND VALUATION OF U.S. T-BILLS 


One of the main practical applications of discount rates occurs with United 
States Treasury Bills. In Section 1.2 it was seen that Canadian T-Bills are 
quoted with prices and annual yield rates, where an annual yield rate is ap- 
plied using simple interest for the period to the maturity of the T-Bill. The 
pricing of U.S. T-Bills is based on simple discount. 


Definition 1.9 — Simple Discount 


With a quoted annual discount rate of d, based on simple discount the 


present value of 1 payable t years from now is 1— dt. Simple discount is 
generally only applied for periods of less than one year. 


EXAMPLE 1.11. B (U.S. Treasury Bill) 


Quotations for U.S. T-Bills are based on a maturity amount of $100. The 
table below was excerpted from the website of the United States Bureau of 
the Public Debt in April 2017. The website provides a brief description of 
how the various quoted values are related to one another. 


Examples of Treasury Bill Auction Results 


Issue | Maturity |Discount Investment Price 
Date Date Rate% | Rate% Per $100 
28-day|04/20/2017/05/18/2017| 0.750 0.761 99.941667 
91-day|04/20/2017|07/20/2017| 0.820 0.833 99.792722 
182-day|04/20/2017,10/19/2017| 0.945 0.945 99.522250 
364-day|03/30/2017/03/29/2018| 1.025 1.047 98.965611 


(www treasurydirect gov) 


Term 


The “Price Per $100” is the present value of $100 due in the specified 
number of days. The relationship between the quoted price and the dis- 
count rate is based on simple discount in which a fraction of a year is 
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calculated on the basis of a 360-day year. The quoted discount and in- 
vestment rates are annual rates. 


For instance, the price for the 91-day bill issued April 20, 2017 and matur- 
ing July 20, 2017 is found from the relationship P=100(1-dt). With dis- 
count rate 4 —.00820, and fraction of a year t =, we have 


P= 1o0[1- coos20) (3) | = 99.792722 (rounded to the 6th decimal 


place; financial media usually round to 2 or 3 decimal places). 


The "Investment Rate" is an annual rate of simple interest that is equivalent 
to the return over the 91-day period. The investment growth for the 91-day 


period is m = 1.002077. If this is converted to an annual return based 


on simple interest for a 365-day year (not the 360 day year used with the dis- 
count rate), the corresponding retum for 365 days is 


.002077 x E = .00833 which can be quoted as a rate of 0.833%. Calcula- 
tions for the other T-Bills quoted above are done in the same way. o 


At the time that the current edition of this book is being prepared (Fall 
2017), U.S. T-Bill interest rates and interest rates of many types are quite 
low, and have been low for a number of years since the international finan- 
cial crisis that occurred in 2008. In the early 1980s, T-bill rates approached 
historic high levels, reaching almost 16%. 


The U.S. govemment's Truth in Lending legislation requires that financial 
institutions making loans based on discount rates make clear to borrowers 
the equivalent interest rate being charged. Thus, an annual effective dis- 
count rate of 8% cannot be presented as a loan rate of 8%, but must instead 


be presented as the equivalent interest rate, i = t = T = 0870. 
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Investing In Treasury Bills 


According to the website of the U.S. Treasury Department, on January 
1, 2000, the total U.S. public debt outstanding was a little over $5.7 
trillion (“little” in this case is around $75 billion). In April, 2017, the 
amount was a little under $20 trillion. About $14 trillion of that total is 
publicly held by banks, private investors, insurance companies and 
foreign investors, with a little less than half of that $14 billion held by 


foreign entities. Of that $14 trillion, about $1.75 trillion is in Treasury 
Bills. 

Since the early 1990s, the U.S. Treasury Department has sold T-Bills, 
notes and bonds directly to the public in amounts that are multiples of 
$1000. The Treasury Department allows individuals to open internet 
based accounts through which treasury securities can be purchased. 


Source: www.publicdebt.treas.gov 


1.5.4 NOMINAL ANNUAL RATE OF DISCOUNT 


Definition 1.10 — Nominal Annual Rate of Discount 


A nominal annual rate of discount compounded m times per year refers to 


a discount compounding period of 4 years, 


quoted nominal annual discount rate 
m 


discount rate for L yr period = 


In actuarial notation, the symbol d is generally used to denote an annual ef- 
fective discount rate, and the symbol d? is reserved for denoting a nomi- 
nal annual discount rate with discount compounded (or convertible) m times 
per year. The notation d‘”? is taken to mean that discount will have a com- 
pounding period of $ years and compound rate per period of 


Lgm — gi) 
m d ~ d 


The relationship between equivalent nominal and annual effective dis- 


count rates parallels the relationship between nominal and annual effec- 


gi 
m` 


tive interest rates. The 4-year present value factor would be 1— 
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For instance, the notation d  —.08 refers to a 3-month discount rate of 
E — 02, and a 3-month present value factor of 1—.02 = .98. This would 
be compounded 4 times during the year to an annual effective present 
value factor of (.98)* =.9224. This annual present value factor could 


then be described as being equivalent to an annual effective discount rate 
of 7.76%. 


With d' in effect, there would generally be m compounding periods 
during the year, so the equivalent annual effective present value factor 


would be ( -4m) . If d is the equivalent annual effective rate of dis- 


count, then we have the relationship 


(m) Y" 
i-d - (1-4 2) ; (1.8) 


EXAMPLE 1.12 


(Equivalent effective and nominal annual rates of discount) 


Suppose that the annual effective rate of discount is d =.107143. Find 
the equivalent nominal annual discount rates d"? for 


m —1,2,3,4,6,8,12,52,365,o. 


Using Equation (1.8) we solve for d? -n[1-q-4)"]. The numeri- 
cal results are tabulated below in Table 1.2. 
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TABLE 1.2 
E a 
m | 1-(I-d)/" | a = m[1- 0-4)” ] 
1| 107143 .107143 
2| .0551 1102 
3| .0371 112 
4| .0279 A7 
6| .0187 1123 
8| 0141 1125 
12| .0094 1128 
52| .0022 1132 
365| .0003 11331 
» Jim m[1- 0-27] = -In(I-d) = .113329 


o 


Note that in Example 1.12, 1—(1-.107143)"? = 055089 is the effective 
6-month rate of discount that is equivalent to an annual effective rate of dis- 
count of 10.7143% (two 6-month periods of compounding at effective 6- 
month discount rate 5.5089% results in one year present value of 


(1—.055089)? = 1—.107143 =.892857). 


Note also in Table 1.2 that as m increases, d‘”) increases with upper 
limit d@), Thus if m» then d >d™ for equivalent rates. This is 
the opposite of what happens for equivalent nominal interest rates (see 
Example 1.10). This can be explained by noting that interest compounds 
on amounts increasing in size whereas discount compounds on amounts 
decreasing in size. 


The annual effective discount rate used in Example 1.12 is d =.107143, 
which is equivalent to an annual effective interest rate of i=.12. It was 
chosen to facilitate comparison with the table in Example 1.10. The ex- 
ercises at the end of the chapter examine in more detail the numerical 
relationship between equivalent nominal annual interest and discount 
rates, and refer to the equivalent rates in the tables from Examples 1.10 
and 1.12. We see that the nominal annual interest rate convertible con- 
tinuously from Example 1.10 is i) =.1133, which is equal to d? in 
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Example 1.12. In general, for equivalent rates i and d it is always the 
case that d ^ =i), equal to the force of interest. 


1.6 THE FORCE OF INTEREST 


Financial transactions occur at discrete time points. Many theoretical 
financial models are based on events that occur in a continuous time 
framework. The famous Black-Scholes option pricing model (which 
will be briefly reviewed in Chapter 9) was developed on the basis of 
stock prices changing continuously as time goes on. In this section we 
describe a way to measure investment growth in a continuous time 
framework. 


Continuous processes are usually modeled mathematically as limits of 
discrete time processes, where the discrete time intervals get smaller 
and smaller. This is how we will approach measuring continuous 
growth of an investment. 


1.6.1 CONTINUOUS INVESTMENT GROWTH 
Suppose that the accumulated value of an investment at time ¢ is repre- 
sented by the function A(t), where time is measured in years. The 


amount of interest earned by the investment in the 4-year period from 


time ¢ to time ted is A(t+4)- AO, and the l-year interest rate for 


Alert) — AQ) 


that period is AD 


: This -year interest rate can be described in 


terms of a nominal annual interest rate by multiplying the 4-year inter- 


est rate by 4. The nominal annual interest rate compounded quarterly 

A(t)- A) 
A(t) 

annual interest rate measure to describe what occurs in the 4-year peri- 


(denoted earlier as i) is 4x . We are using a (nominal) 


od from time / to time tH with the understanding that the rate may 


change from one quarter-year to the next. 
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The 4-year example can be generalized to any fraction of a year. The 


interest rate earned by the investment for the L-year period from time t 


Ac) 40 
to time +t is 7 (0 ` 


nominal annual rate of interest compounded m times per year. The nom- 


This rate can be described in terms of a 


inal annual rate would be found by scaling up the 4-year rate by a fac- 


jm) Aen) o 


=A 


nominal annual rate, i”) is the quoted nominal annual rate of interest 


tor of m so that i . Again, although described as a 


based on the investment performance from time ¢ to time t+ 4 


If m is increased, the time interval [5 t+ ij decreases, and we are fo- 


cusing more and more closely on the investment performance during an 
interval of time immediately following time t. Taking the limit of i” as 
m — results in 
A(t+4)- A(t 
i? = dimi = tim NEGO) 
n mn A(t) 
This limit can be reformulated by making the following variable substitu- 


tion. Define the variable / to be h 4, so that h—>0 as m — œ. The 


limit can then be written in the form 


A'(t) 


O- 1 li A(t+h)— A(t) _ D 
A(t)” 


CAD AM h = IO dt 


d 4) = (1.9) 


i) is a nominal annual interest rate compounded infinitely often or 


compounded continuously. i^ is also interpreted as the instantaneous 
rate of growth of the investment per dollar invested at time point ¢ and is 
called the force of interest at time ¢. Note that A'(r)dt represents the 


instantaneous amount of growth of the invested amount at time point t 
(just as A(t--1) — A(t) is the amount of growth in the investment from ¢ to 
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t1), whereas aa is the relative instantaneous rate of growth per unit 


amount invested at time ¢ (just as SU is the relative rate of 


growth from tto ¢+1 per unit invested at time /). 


The force of interest may change as ¢ changes. The actuarial notation that 
is used for the force of interest at time ¢ is usually 5, instead of i^. In 
order for the force of interest to be defined, the accumulated amount 
function A(t) must be differentiable (and thus continuous, because any 
differentiable function is continuous). Continuous investment growth 
models have been central to the analysis and development of financial 
models with important practical applications, most notably for models of 
investment derivative security valuation. /nvestment derivative in this 
context refers to an investment whose value is derived from that of an- 
other investment; an option on a stock is an example of a derivative sec- 
turity, since the value of the option depends on the value of the 
underlying stock. 


Definition 1.11 — Force of Interest 


For an investment that grows according to accumulated amount function 
A(t), the force of interest at time ¢, is defined to be 


=- 40 
&- TO (1.10) 


1.6.2 INVESTMENT GROWTH BASED ON THE FORCE OF INTEREST 


The following example shows the force of interest that corresponds to (a) 
simple interest, and (b) compound interest. 


EXAMPLE 1.13 (Force of interest) 


Derive an expression for 5, if accumulation is based on 


(a) simple interest at annual rate i, and 


(b) compound interest at annual rate i. 
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(a) A(t) = A(O) x[l+it], so A'(t) = A(0)x i. Then 6, Ao rar. 


(b) A(t) = A(0)x (Li), so that A’(t) = A(0) x (1+i)! x In(1--i), 


and then ó, 24 n. 
A(t) 


This was the form of force of interest denoted earlier as i”). In the case of 
compound interest growth, the force of interest is constant as long as the 
annual effective interest rate is constant. In the case of simple interest, 5; 
decreases as ¢ increases. o 


The force of interest can be used to describe investment growth. Using 
AW) _ 
AQ 
from time t — 0 to time t=n, we get 


Equation (1.10) we have à, = £in[ A]. Integrating this equation 


n n E 
frat = [7n [4o]at  in[40)]- nL4(0)] = zl zi 


This can be rewritten in the form 


opf foa ar] = r2 (1.10) 

or 
A(n) = A(oyxexp| [73 a| (1.10b) 

or 
AO) = axel -fi a] (1.10c) 


The general form of the accumulation factor from time t=n, to time 


tn, (where n <m) is P 5^ and the general form of the present 


—J à dt 


value factor for the same period of time is e . In the case in which 
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6, is constant with value 6 from time m, to time n, the accumulation 


factor for that period simplifies to e=")? and the present value factor is 
ethan), 


Another identity involving the force of interest is based on the relation- 
ship LA) = A(t)x6,. A(t)x6, is the instantaneous amount of interest 


earned by the investment at time £. Integrating both from time 0 to time n 
results in 


NTC dt = [Lama = A(n)- A(0). (1.11) 


This is the amount of interest earned from time 0 to time n. 


EXAMPLE 1.14 (Force of interest) 


Given 6, =.08+.005t, calculate the accumulated value over five years 
of an investment of 1000 made at each of the following times: 


(a) Time 0, and 
(b) Time 2. 


SOLUTION 


(a) In this case, 4(0) 21000 and A(5) = A(0)x expli; 6, at), so that 
the accumulated value is 


1000x exp f 608 +.005¢) ar), 
which is 
1000x exp[(.08)(5) + (.0025)(25)]=1000x e% = 1588.04. 
(b) This time we have A(2)=1000 and A(7) = 4(2)- expl! 8, d], so 


that the accumulated value at time 7 is 


A 
1000 x exp| J; (.08 +.005¢) at |, 
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leading to 
1000 x exp[(.08)(7—2) + (.0025)(49-4)] = 1669.46. 


Note that both (a) and (b) involve 5 year periods, but the accumulations 
are different as a result of the non-constant force of interest. a 


1.6.3 CONSTANT FORCE OF INTEREST 


It was shown in Example 1.13 that if the annual effective interest rate ; is 
constant then 6, = In(1+/). Let us now suppose the force of interest 6, is 
constant with value 5 from time 0 to time n. Then 


An) = A(0)xe^^* = A(0xe" = A(0)x(e)y". 


This form of accumulation is algebraically identical to compound interest 
accumulation of the form 4(m)- A(0)x(I+i)", where e° =1+i, or 
equivalently, where ô = In(1+/). 


A constant annual effective interest rate i is equivalent to constant force of 
interest 5 according to the relationship 


1+i=e° , or equivalently, 5 =In(1+i) (1.12) 


Example 1.13 illustrates the relationship that ô and i must satisfy in order 
to be equivalent rates. This relationship was already seen in Examples 
1.10 and 1.12, where an annual effective rate of i=.12 was used to find 
equivalent nominal annual rates i") for various values of m. For m=% 
the rates i and d? were found to be i = In(1+é) = In(1.12) =.1133, 
the constant force of interest that is equivalent to į —.12. 


The explicit use of the force of interest does not often arise in a practical 
setting. For transactions of very short duration (a few days or only one 
day), a nominal annual interest rate convertible daily, i669, might be 
used. This rate is approximately equal to the equivalent force of interest, 
as illustrated in Table 1.1. Major financial institutions routinely borrow 
and lend money among themselves overnight, in order to cover their 
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transactions during the day. The interest rate used to settle these one day 
loans is called the overnight rate. That interest rate is quoted as a nomi- 
nal annual rate of interest compounded every day ( m — 365). 


EXAMPLE 1.15 M (Overnight Rate) 


Bank A requires an overnight (one-day) loan of 10,000,000 and is quoted 
a nominal annual rate of interest convertible daily of 12% by Bank B. 


(a) Calculate the amount of interest Bank A must pay for the one-day 
loan. 


(b) Suppose the loan was quoted at an annual force of interest of 12%. 
Calculate the interest Bank A must pay in this case. 


(a) With 76% = 12, the one- day rate of interest is 32- =.000328767, so 


that interest on 10,000,000 for one day will be 3,287.67 (to the nearest 
cent). 


(b) If à —.12, then interest for one day will be 


10,000,000(e?26.-) = 3,288.21. 


The difference between these amounts of interest is 0.54 (a very small 
fraction of the principal amount of 10,000,000). o 


1.7 INFLATION AND THE “REAL” RATE OF INTEREST 


Along with the level of interest rates, one of the most closely watched 
indicators of a country’s economic performance and health is the rate of 
inflation. A widely used measure of inflation is the change in the Con- 
sumer Price Index (CPI), generally quoted on an annual basis. The 
change in the CPI measures the (effective) annual rate of change in the 
cost of a specified “basket” of consumer items. Alternative measures of 
inflation might be based on more specialized sectors in the economy. 
Inflation rates vary from country to country. They may be extremely high 
in some economies and almost insignificant in others. It is sometimes the 
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case that an economy experiences deflation for a period of time (negative 
inflation), characterized by a decreasing CPI. Politicians and economists 
have been involved in numerous debates on the causes and effects of in- 
flation, its relationship to the country’s economic health, and how best to 
reduce or prevent inflation. 


Investors are also concerned with the level of inflation. It is clear that a 
high rate of inflation has the effect of rapidly reducing the value (pur- 
chasing power) of currency as time goes on. It is not surprising then that 
periods of high inflation are usually accompanied by high interest rates, 
since the rate of interest must be high enough to provide a “real” return 
on investment. The study of the cause and effect relationship between 
interest and inflation is the concern of economists. We are concerned 
here with analyzing the relationship between interest and inflation in 
terms of the measurement of return on investments. 


We have used the phrase real return a few times already without being 


very specific as to its meaning. The real rate of interest refers to the 
inflation-adjusted return on an investment. 


Definition 1.12 — Real Rate of Interest 


With annual interest rate i and annual inflation rate r, the real rate of 
interest for the year is 


value of amount of real return (yr-end dollars) i 


ET (hs) 
+e 


real “value of invested amount (yr-end dollars) 1 


A simple and commonly used measure of the real rate of interest is i-r, 
where i is the annual rate of interest and r is the annual rate of inflation. 
This measure is often seen in financial newspapers or journals. As a pre- 
cise measure of the real growth of an investment, or real growth in pur- 
chasing power, i-r is not theoretically correct. This is made clear in the 
following example. 


(The “real” rate of interest) 


Smith invests 1000 for one year at annual effective rate 15.596. At the 
time Smith makes the investment, the cost of a certain consumer item is 
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1. One year later, when interest is paid and principal is returned to Smith, 
the cost of the item has become 1.10. What is the annual growth rate in 
Smith's purchasing power with respect to the consumer item? 


SOLUTION 


At the start of the year, Smith can buy 1000 items. At year end he receives 
1000(1.155) - 1155, and is able to buy 1123 — 1050 items. Thus Smith's 


purchasing power has grown by 5% (i.e., e. Regarding the 10% in- 


crease in the cost of the item as a measure of inflation, we have 
i-r =.155—.10 =.055, so, in this case, i —r is not a correct representa- 
tion of the 5% “real” return earned by Smith. ag 


In Example 1.16 Smith would have to receive 1100 at the end of the year just 
to stay even with the 10% inflation rate. Smith actually receives interest plus 
principal for a total of 1155. Thus Smith receives 


1000(1-/)-1000(1-r) = 1000(j-7r) = 55 


more than necessary to stay even with inflation, and this 55 is Smith’s 
“real” return on the investment. To measure this as a percentage, it seems 
natural to divide by 1000, the amount Smith initially invested. This results 
in a rate of a = .055=i-r, which is the simplistic measure of real 


growth mentioned prior to Example 1.16. A closer look, however, shows 
that the 55 in real return earned by Smith is paid in end-of-year dollars, 
whereas the 1000 was invested in beginning-of-year dollars. The dollar 
value at year end is not the same as that at year beginning, so that to regard 
the 55 as a percentage of the amount invested, we must measure the real 
return of 55 and the amount invested in equivalent dollars (dollars of equal 
value), The 1000 invested at the beginning of the year is equal in value to 
1100 after adjusting for inflation at year end. Thus, based on end-of-year 
dollar value, Smith’s real return of 55 should be measured as a percentage 
of 1100, the inflation-adjusted equivalent of the 1000 invested at the start 


of the year. On this basis the real rate earned by Smith is SS =.05, the 
actual growth in purchasing power. 


In general, with annual interest rate ; and annual inflation rate r, an in- 
vestment of 1 at the start of a year will grow to 1+/ at year end. Of this 


50 > CHAPTER | 


1+i, an amount of 1+7° is needed to maintain dollar value against infla- 
tion, i.e., to maintain purchasing power of the original investment of 1. 
The remainder of (1+i)—(1+r) =i-r is the “real” amount of growth in 
the investment, and this real return is paid at year end. The investment of 
1 at the start of the year has an inflation-adjusted value of 1+7 at year 
end in end-of-year dollars. 


Notice that the lower the inflation rate r, the closer 1-- is to 1, and so 
the closer i-r is to uL On the other hand, if inflation is high, (it has 
been known to reach levels of a few hundred percent in some countries) 
then the denominator 1+7 becomes an important factor in i, For 
instance, if inflation is at a rate of 100% (r = > and interest is at a rate of 
120% (i=1.2), then i-r = .20 but i, 


case that the rate of interest is greater than inflation. 


T i =.10. It is usually the 


Hyperinflation 


Hyperinflation refers to the very rapid, very large increase in price 
levels. In Germany between January 1922 and November 1923, price 
levels grew by a factor of about twenty billion. This pales in compari- 
son to the inflation rate in Hungary in July of 1946, which was in ex- 
cess of four quintillion percent. That rate of inflation corresponds to 
prices doubling every fifteen hours for the entire month. 


Between 1990 and 1994, after several revaluations of the Yugoslavian 


currency, the Dinar, one pre-1990 Dinar was equal in value to 
1.21077 1994 Dinars. 


Hyperinflation of the type described in the previous paragraph is usu- 
ally associated with a wartime economy during which consumer items 
may become scarce or unavailable. The U.S. experienced a record 
peacetime rate of increasing consumer prices of 13.3% in 1979. Gov- 
ernment monetary policy resulted in a significant increase in interest 
rates over the next few years and the annual U.S. inflation had de- 
creased to less than 4% by 1983. 


Inflation can be described in terms of a continuous rate in a way analo- 
gous to the force of interest. If r is the annual effective rate of inflation, 
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then 6, =In(1+7), could denote the continuously compounded rate of 


inflation. The inflation adjusted force of interest would be 6—6, , and 
; & li 

the real growth rate for the year would be eg == ixz , as before. 
e ler 


One more point to note is that inflation rates are generally quoted as the 
rate that has been experienced in the year just completed, whereas interest 
rates are usually quoted as those to be earned in the coming year. In order 
to make a meaningful comparison of interest and inflation, both rates 
should refer to the same one-year period. Thus it may be more appropriate 
to use a projected rate of inflation for the coming year when inflation is 
considered in conjunction with the interest rate for the coming year. 


1.8 FACTORS AFFECTING INTEREST RATES 


Earlier in this chapter it was suggested that interest refers to the considera- 
tion or rent paid by a borrower of money to a lender for the use of the mon- 
ey over a period of time, so in this interpretation, interest is the cost of 
"buying" the use of money over a period of timc. 


The term “borrowers” includes individuals who are in need of long-term 
financing for a “big-ticket” item like a home or car. It includes individuals 
who need to cover shorter term obligations like rent or day-to-day living 
expenses or the cost of revolving credit. Companies can also be borrowers 
in that they may need to raise funds to start up, maintain or expand business 
operations. Governments are usually the largest borrowers of all, raising 
funds for short term obligations by issuing (selling) T-Bills that will mature 
from a few weeks to one year after issue. Governments also issue longer 
term debt in the form of Treasury bonds. 


Governments can also be lenders. They provide loans to business, to other 
levels of government, to students for education, etc. The main lenders in an 
economy are banks and financial institutions whose main business is lend- 
ing to consumers and to businesses. 
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1.8.1 GOVERNMENT POLICY 


The U.S. Federal government via the Federal Reserve controls the money 
There are a number of factors that affect the level of interest rates. Federal 
governments have a very strong influence on interest rates. Certain types of 
interest rates are set by government agencies such as the Federal Reserve 
Bank in the U.S. and the Bank of Canada in Canada. 


Banks and other lending/depository institutions are required to maintain 
balances with a Federal Reserve bank to insure their ability to clear fi- 
nancial transactions. An increase in reserve requirements would have the 
effect of restricting bank credit and reducing economic activity, Con- 
versely, a reduction in reserve requirements would have a stimulative 
effect. 


One of the key methods that the U.S. government has to regulate short term 
interest rates is the federal funds rate. This is an overnight rate set by the 
Federal Open Market Committee for transactions between large banks. This 
rate affects the rates that banks charge to their customers. In setting the fed- 
eral funds rate the government would be influenced by factors such as the 
current or projected rate of inflation and the current level of economic ac- 
tivity. The interest rate charged between institutions on such a transaction 
is the federal funds rate. The level of the federal funds rate may influence 
the rate the institutions provide to their customers for loans or deposits. 
The Federal Reserve also provides short-term loans to depository institu- 
tions. The rate charged by on these loans is called the discount rate, and 
is regarded as an important economic benchmark. 


One of the important functions of the federal government’s monetary 
policy is to try to control the rate of inflation in the economy. The Feder- 
al Reserve usually has an inflation target of 2% to 3% and the federal 
funds and discount rates will be adjusted to try to control the current lev- 
el of inflation. Increased federal funds rates tend to decrease economic 
activity and the inflation rate. In times of rising inflation the federal gov- 
ernment will usually raise institutional rates which will have the effect of 
raising rates for consumer and business transactions. In Section 1.7 of 
this book, there is a discussion of inflation and the “real rate” (after- 
inflation) rate of interest. 


In June 2017 (the time that this edition of the book is being written), the 
target for the federal funds rate is about 1.00%, historically low. The rate 
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has been low since the 2008 financial crisis, during which time it has been 
as low as .25%. It is presumed that low rates of interest stimulate borrowing 
and business activity during recessionary or slow business periods. The 
federal funds rate has been as high as almost 20% in the very inflationary 
period that occurred in the early 1980s. The effect of high rates is to reduce 
borrowing and business activity in general. High rates also reduce the abil- 
ity of the public to borrow and purchase consumer items, thereby reducing 
demand and prices. Figure 1.13 from the U.S. Federal Reserve website pro- 
vides a snapshot of the link between inflation and the federal funds rate 
since 1975. The parallel behavior of the two series of rates is unmistakable. 


The Financial Crisis of 2008 


This event is considered by many to be the worst financial crisis since 
the Great Depression of the 1930s. Among the major causes of this 
crisis was the bursting of the U.S. housing price bubble. Securities 
whose values were tied to U.S. real estate prices fell precipitously and 
many financial institutions lacked adequate capital to back financial 


commitments that were made based on high real estate values. Gov- 
ernments through their central banks hastily brought in policies to 
support the financial system. The U.S. Congress passed the American 
Recovery and Reinvestment Act Of 2009 to make funds available to 
stimulate economic activity that was being seriously threatened. One 
of the lingering effects of the financial crisis of 2008 is historically 
low interest rates throughout the financial system. 


The U.S. Department of the Treasury raises funds to help service the na- 
tional debt by means of short-term borrowing in the form of T-Bills, and 
medium- and longer-term borrowing in the form of Treasury Notes and 
Treasury Bonds. Some technical aspects of these securities will be dis- 
cussed in Chapter 4. The Federal Reserve acts as an agent or bank to the 
federal government by providing services to the Dept. of the Treasury, 
selling and redeeming those government securities. The Dept. of the 
Treasury holds frequent auctions at which institutions can bid on and 
purchase these securities. The interest rates or yields on those securities 
are set at the auction and related to economic and market conditions at 
the time. The rates on those securities would be affected by the borrow- 
ing needs of the government. 
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Examples 1.6 and 1.11 earlier in this chapter looked at T-Bills issued by the 
Canadian and U.S. governments. In both examples the T-Bill yield rates 
increase with the length of time to T-Bill maturity. Later in the book we 
will look in detail at the term structure of interest rates. The term struc- 
ture describes the link between the yield rate and time to maturity for an 
investment. Examples 1.6 and 1.11 show an increasing term structure for T- 
Bills. Under “normal” economic conditions it is usually the case that the 
term structure of interest rates is increasing. The term structure is also re- 
ferred to as the yield curve. The yield curve is the graph of the yield rate as 
a function of time to maturity. 


1.8.2 RISK PREMIUM 


For business and consumer loans, institutions take care to understand the 
risk that is being taken by making a loan. The prime rate or prime lend- 
ing rate is an interest rate at which banks will lend to their favored bor- 
rowers. In the U.S., the prime rate is usually set by banks at about 3.0% 
(300 basis points) higher than the federal funds rate. The prime rate is a 
benchmark from which other rates are set. Mortgage loan rates are often 
tied to the prime rate as some specified rate above prime. 


Short term loans between banks are generally at a lower rate than prime. 
The LIBOR (London Interbank Rate) is the name for the rate at which 
banks borrow and lend between themselves. Libor rates are set by a 
group of banks which are polled each day to determine the rates at which 
they would lend and borrow. Libor rates are set separately for different 
major currencies, based on institutions doing a large volumes of transac- 
tions in those currencies. The Libor rate is also used as a benchmark rate 
by which some consumer and commercial loan rates are set. In July 
2017, the Financial Conduct Authority, the U.K.'s top regulator, an- 
nounced that this benchmark will be phased out by 2021. 


The federal governments of the U.S. and Canada are seen as fully secure 
so that securities issued by the federal government are regarded as risk- 
less. The rates of return paid by T-Bills, T-Notes and T-Bonds are re- 
garded as risk-free rates of interest. When an investor purchases a bond, 
the risk classification of the issuer of the bond will have an effect on the 
price the investor will pay, and therefore on the yield rate on the bond. 
An investor would be willing to pay a higher price, and realize a lower 
yield, on a less risky bond (or investment, in general). An example in 
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Chapter 4 on bonds looks at a simplified version of how the possibility of 
default affects bond prices and yield rates. 


There are several independent agencies that assign credit ratings to debt 
securities, particularly bonds. The two largest rating agencies are 
Moody's Investor Service and Standard & Poor's. Both have AAA as 
their highest rating, regarded as “Prime” investment-grade investments, 
for which the borrower has an "extremely strong capacity to meet its fi- 
nancial obligations". Other rating categories are "High-Grade" (very 
strong capacity), “Lower-Medium Grade" (adequate capacity), and so 
on, dropping to “Highly Speculative” (adverse financial conditions will 
likely impair capacity to meet financial commitments), “Default Immi- 
nent” (highly vulnerable) and “In Default” (has failed to pay one or more 
financial obligations). 


On August 2, 2011 the U.S. Budget Control Act of 2011 was enacted by 
Congress. One of the features of the act was to immediately allow the 
debt ceiling (the amount the government is allowed to borrow) to be 
raised by $400 billion. Up that point in time, the U.S. government had 
been rated AAA by all rating agencies. The political and financial uncer- 
tainty that led to the Budget Control Act of 2011 prompted Standard and 
Poor's to downgrade the U.S. rating to AA+ on August 5, 2011. Moody's 
and Fitch have continued to rate the U.S. Government as AAA, 


A phenomenon that has appeared and grown rapidly in recent years is 
that of the “payday lender”. Payday loans are typically made to custom- 
ers with a low credit rating. Loans are for a short term, usually no more 
than 4 to 6 weeks and borrowers are generally required to authorize the 
payday lender to electronically withdraw the loan balance owed when the 
borrower has their pay electronically deposited to their account. Accord- 
ing to the “Center for Responsible Lending”, the typical payday loan has 
an (annualized) interest rate between 400% and 500% but rates above 
4,000% have been charged by some institutions. There may be additional 
factors other than poor credit rating that lead people to borrow from pay- 
day lenders. 


The capital asset pricing model summarizes a basic fact of investing 
which is that the greater the risk in an investment, the higher the ex- 
pected return demanded by an investor. Interest rates on investments are 
strongly influenced by the level of risk inherent in that investment. 
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1.8.3 THEORIES OF THE TERM STRUCTURE OF INTEREST RATES 


There are several theories that attempt to explain the term structure of inter- 
est rates. Here is a summary of those theories: 


Pure Expectation Theory: 

Investors have expectations on the level of interest rates that will be in ef- 
fect some time from now, and that they may not be the same as those in 
effect now. 


Liquidity Preference Theory: Investors believe that longer term invest- 
ments have greater price and yield volatility and are less liquid and want to 
be compensated for the higher risk with higher yield for longer term in- 
vestments. This theory was developed by the economist John Maynard 
Keynes. Also according to the theory, people prefer to have liquidity be- 
cause of the uncertainty of income being received. Interest is a reward 
for giving up liquidity as opposed to a reward for saving. Giving up li- 
quidity for a longer period of time would require a higher interest rate in 
compensation for the reduced liquidity. That would result in a *normal" 
increasing yield curve. 


Market Segmentation Theory: Supply and demand differs for invest- 
ments of differing maturities. A variation of this theory, called preferred 
habitat theory, suggests that there are different groups of lenders and bor- 
rowers for investments of differing maturities. 


Time Preference Theory: Individuals have an inherent time preference 
for consumption. Consumption sooner is generally preferable to con- 
sumption later. One of the factors that may induce a consumer to delay 
consumption is the opportunity for greater consumption at a later time. 
The compensation for delaying a current expenditure would be interest 
earned on the money not spent now. This can be observed in the term 
structure of interest rates that occurs in normal economic times. 


The government has some ability to regulate rates of interest that are 
charged to the more creditworthy borrowers in the marketplace. The gov- 
ernment has less influence on other aspects of the economy that drive inter- 
est rate levels. The payday loan industry has seen considerable growth in 
recent years. Payday loans were briefly described earlier in this chapter. 
The borrowers of payday loans are generally more motivated by very short 
term but pressing needs and may be regarded as high risk borrowers by the 
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traditional consumer lending institutions such as banks. The higher risk as- 
sociated with these borrowers is countered by higher (sometimes much 
higher) interest rates on these short term payday loans. 


Risk also plays a significant role in the return (or interest rates) provided to 
investors (lenders) in some corporate investments. Standard and Poor's and 
Moody's are two services that are well known in the investment industry. 
They provide risk assessments of various types of investments, and in par- 
ticular they rate bond issuers for their level of risk. The government as a 
borrower is generally very highly rated (the government can print as much 
money as it needs to in order to pay its obligations). Corporations that bor- 
row or governments in dire economic straits can have risk ratings which are 
much more variable. A junk bond is a bond issued by a high risk company. 
In order to attract investors, the issuer of a junk bond must offer higher re- 
turn to accompany the greater risk that the company might not be able to 
meet its obligations. Risk level is an important factor in investment return 
and interest rates. 
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— Inflation, consumer prices for the United States 


200 
125 


150 


(Percent) 


-25 
1975 1980 1985 i990 1995 2000 2005 2010 2015 


Source: www.stlouisfed.org 


FIGURE 1.13 


International forces can play an important role in influencing interest rates. 
If large international companies or foreign governments want to invest or 
borrow large amounts in an economy, that will affect the interest rates and 
investment returns that the economy will experience. 
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1.9 SUMMARY OF DEFINITIONS AND FORMULAS 


Definition 1.1 — Annual effective Rate of Interest 


The annual effective rate of interest earned by an investment over the one 
A(t+l) — A(t) 


X d where A denotes the 


year period from time f to time ¢+1 is 


accumulation function for the investment. 


Definition 1.2 — Equivalent Rates of Interest 


Two rates of interest are said to be equivalent if they result in the same 
accumulated values at each point in time. 


Definition 1.3 — Accumulation Factor 
and Accumulated Amount Function 


a(t) is the accumulated value at time ¢ of an investment of 1 made at time 
0. a(t) is referred to as the accumulation factor from time 0 to time /. It is 
the factor by which an investment has grown from time 0 to time ¢. 


The notation A(¢) will be used to denote the accumulated amount of an 
investment at time 7, so that if the initial investment amount is A(0), then 
the accumulated value at time t is A(t) = A(0)-a(t). A(t) is the accumulat- 
ed amount function. 


Definition 1.4 — Compound Interest Accumulation 


At annual effective rate of interest į per period, the accumulation factor 
from time 0 to time tis 


a(t) = (1i (1.1) 
Definition 1.5 — Simple Interest Accumulation 


The accumulation factor from time 0 to time ¢ at annual simple interest 
rate i, where ¢ is measured in years is 


a(t) = I+it. (1.2) 
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Definition 1.6 — Present Value 
If the rate of interest for a ponnn is i, the present value of an amount of 1 


due one period from now is qe The factor T is often denoted v in 
actuarial notation and is called a present value factor or ii" a factor. 
The present value at time 0 of an amount K due at time t is DAY =Ky' 


Definition 1.7 — Nominal Annual Rate of Interest 
A nominal annual rate of interest compounded m times per year refers to 


an interest compounding period of -L years. In actuarial notation the 


m 
symbol i!” 


compounded (or convertible) m times per year. The notation i 


is reserved for denoting a nominal annual rate with interest 
i" is taken 
to mean that interest will have a compounding period of 4 m Years and 
(om a0 


compound rate per period of E ru 


Relationship Between Equivalent Nominal Annual 
and Annual effective Rates of Interest 
The general relationships linking equivalent nominal annual interest rate 


i" and annual effective interest rate i are 


ti = [12] f (1.4) 


and 


"n" 
is [i+ ] -1 and i = m[(e) n -1]. (1.5) 


Definition 1.8 — Annual effective Rate of Discount 
In terms of an accumulated amount function A(t), the general definition 
of the annual effective rate of discount from time 1 — 0 to time ¢=1 is 
— A(0-A(0) 
d = AD ^ (1.6) 
Equivalent Rates of Interest and Discount / and d 


(1.7) 
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Definition 1.9 — Simple Discount 

With a quoted annual discount rate of d, based on simple discount the pre- 
sent value of 1 payable ¢ years from now is 1— dí. Simple discount is gen- 
erally only applied for periods of less than one year. 

Definition 1.10 — Nominal Annual Rate of Discount 

A nominal annual rate of discount compounded m times per year refers 


to a discount compounding period of 4 years. In actuarial notation the 


symbol d" is reserved for denoting a nominal annual discount rate 

with discount compounded (or convertible) m times per year. The nota- 

tion d is taken to mean that discount will have a compounding period 
i n (m) 

of 4 years and compound rate per period of PE "iu a We also 

have the relationship 


(m) Y" 
is (1-2) : (1.8) 


Definition 1.11 — Force of Interest 


For an investment that grows according to accumulation amount function 
A(t), the force of interest at time ¢ is defined to be 


= 40 


RE (1.10) 


A(n) = A(0)-exp] [7 a| 


Definition 1.12 — Real Rate of Interest 
With annual interest rate i and annual inflation rate 7, the real rate of in- 
terest for the year is 


_ value of amount of real return (yr-end dollars) _ i-r 
real = = 


(1.13 
value of invested amount ( yr-end dollars) l+r ) 


INTEREST RATE MEASUREMENT X 61 


1.10 NOTES AND REFERENCES 


Standard International Actuarial Notation was first adopted in 1898 at the 
2" International Actuarial Congress, and has been updated periodically 
since then. The current version of the notation is found in the article “In- 
ternational Actuarial Notation," on pages 166-176 of Volume 48 (1947) 
of the Transactions of the Actuarial Society of America. 


Governments at all levels (federal, state, provincial, and even municipal) have 
statutes regulating interest rates. These include usury laws limiting the level 
of interest rates and statutes specifying interest rate disclosure and interest 
calculation. For example, Section 347 of Part IX of the Canadian Criminal 
Code contains a law limiting interest to an annual effective rate of 60% (alt- 
hough recent legislation allows lenders of payday loans to charge substantial- 
ly higher rates for a restricted class of loans), and the U.S. Government's 
Truth in Lending legislation of 1968 requires nominal interest disclosure for 
most consumer borrowing. 


Vaguely worded statutes regulating interest rates can result in legal dis- 
putes as to their interpretation. Section 4 of Canada’s century-old Interest 
Act states that “Except as to mortgages on real estate, whenever interest 
is... made payable at a rate or percentage per day, week, month, or... for 
any period less than a year, no interest exceeding... five per cent per an- 
num shall be chargeable unless the contract contains an express state- 
ment of the yearly rate or percentage to which such other rate... is 
equivalent.” This legislation has resulted in numerous civil suits over 
which of nominal and annual effective rates are to be interpreted as satis- 
fying the requirement of being equivalent to an interest rate quoted per 
week or month. The Canadian courts have mostly ruled that either nomi- 
nal or annual effective rates satisfy the requirements of Section 4. 


The book Standard Securities Calculation Methods published by the Se- 
curities Industry Association in 1973 was written as a reference for “the 
entire fixed-income investment community” to provide a “readily availa- 
ble source of the formulas, standards, and procedures for performing cal- 
culations.” Included in that book are detailed descriptions of the various 
methods applied in practice in finding ¢ for simple interest calculations. 


It goes without saying that a great deal of information on financial theory 
and practice can be found on the internet. 
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1.11 EXERCISES 


The exercises without asterisks are intended to comprehensively cover 
the material presented in the chapter. Exercises with an asterisk can be 
regarded as supplementary exercises which cover topics in more depth, 
either theoretically or computationally, than those without an asterisk. 
Those with an S come from old Society of Actuaries or Casualty Actuar- 
ial Society exams. 


SECTION 1.1 


1.1.1 


1.1.48 


Alex deposits 10,000 into a bank account that pays an annual ef- 
fective interest rate of 4%, with interest credited at the end of each 
year. Determine the amount in Alex's account just after interest is 
credited at the end of the 1“, 2"^ and 3" years, and also determine 
the amount of interest that was credited on each of those dates. 


2500 is invested. Find the accumulated value of the investment 
10 years after it is made for each of the following rates: 


(a) 4% annual simple interest; 

(b) 4% annual effective compound interest; 

(c) 6-month interest rate of 2% compounded every 6 months; 
(d) 3-month interest rate of 1% compounded every 3 months. 


Bob puts 10,000 into a bank account that has monthly compound- 
ing with interest credited at the end of each month. The monthly 
interest rate is 1% for the first 3 months of the account and after 
that the monthly interest rate is .75%. Find the balance in Bob's 
account at the end of 12 months just after interest has been credit- 
ed. Find the average compound monthly interest rate on Bob's ac- 
count for the 12 month period. 


Carl puts 10,000 into a bank account that pays an annual effective 
interest rate of 4% for ten years, with interest credited at the end of 
each year. If a withdrawal is made during the first five and one- 
half years, a penalty of 5% of the withdrawal is made. Carl with- 


11.5 


1.1.68 
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draws K at the end of each of years 4, 5, 6 and 7. The balance in 
the account at the end of year 10 is 10,000. Calculate K. 


(a) Unit values in a mutual fund have experienced annual 
growth rates of 10%, 16%, —796, 4%, and 32% in the past 
five years. The fund manager suggests the fund can advertise 
an average annual growth of 11% over the past five years. 
What is the actual average annual compound growth rate 
over the past five years? 


(b) A mutual fund advertises that average annual compound rate 
of returns for various periods ending December 31, 2015 are 
as follows: 

10 years: 13% , 5 years: 17% , 2 years: 15% , 1 year: 22%. 
Find the 5-year average annual compound rates of return for 
the period January 1, 2006 to December 31, 2010, and find 
the annual rate of return for calendar year 2014. 


(c) Using the fact that the geometric mean of a collection of pos- 
itive numbers is less than or equal to the arithmetic mean, 
show that if annual compound interest rates over an n-year 
period are i, in the first year, i, in the second year,...,i, in 


the n" year, then the average annual compound rate of in- 


n 
terest for the n-year period is less than or equal to i. Xd. 
k=l 


Joe deposits 10 today and another 30 in five years into a fund pay- 
ing simple interest of 11% per year. Tina will make the same two 
deposits, but the 10 will be deposited n years from today and the 30 
will be deposited 27 years from today. Tina’s deposits earn an an- 
nual effective rate of 9.15%. At the end of 10 years, the accumulat- 
ed amount of Tina’s deposits equals the accumulated amount of 
Joe's deposits. Calculate n. 


Smith has just filed an income tax return and is expecting to re- 
ceive, in 60 days, a refund check of 1000. 
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(a) The tax service that helped Smith fill out the return offers to 
buy Smith’s refund check from Smith. Their policy is to pay 
85% of the face value of the check. What annual simple in- 
terest rate is implied? 


(b 


Smith negotiates with the tax service and sells the refund 
check for 900. To what annual simple interest rate does this 
correspond? 


(c 


Smith decides to deposit the 900 in an account which earns 
simple interest at annual rate of 9%. What is the accumulated 
value of the account on the day Smith would have received his 
tax refund check? 


(d) How many days would it take from the time of his initial de- 
posit of 900 for the account to reach 1000? 


Smith’s business receives an invoice from a supplier for 1000 
with payment due within 30 days. The terms of payment allow 
for a discount of 2.5% if the bill is paid within 7 days. Smith 
does not have the cash on hand 7 days later, but decides to bor- 
row the 975 to take advantage of the discount. What is the larg- 
est simple interest rate, as an annual rate, that Smith would be 
willing to pay on the loan? 


(a) Jones invests 100,000 in a 180-day short term guaranteed 
investment certificate at a bank, based on simple interest at 
annual rate 7.5%. After 120 days, interest rates have risen to 
9% and Jones would like to redeem the certificate early and 
reinvest in a 60-day certificate at the higher rate. In order for 
there to be no advantage in redeeming early and reinvesting 
at the higher rate, what early redemption penalty (from the 
accumulated book value of the investment certificate to time 
120 days) should the bank charge at the time of early re- 
demption? 


(b) Jones wishes to invest funds for a one-year period. Jones can 
invest in a one-year guaranteed investment certificate (GIC) 
at a rate of 8%. Jones can also invest in a 6-month GIC at 
annual rate 7.5%, and then reinvest the proceeds at the end 
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1.1.10 


1.1.11 


1.1.12 


of 6 months for another 6-month period. Find the minimum 
annual rate needed for a 6-month deposit at the end of the 
first 6-month period so that Jones accumulates at least the 
same amount with two successive 6-month deposits as she 
would with the one-year deposit. 


(a) At an annual effective interest rate of 12%, calculate the 
number of years (including fractions) it will take for an 
investment of 1000 to accumulate to 3000. 


(b) Repeat part (a) using the assumption that for fractions of a 
year, simple interest is applied. 


c) Repeat part (a) using an effective monthly interest rate of 1%. 
(c) Repeat part (a) using y 


(d) Suppose that an investment of 1000 accumulated to 3000 in 
exactly 10 years at annual effective rate of interest i. Calculate i. 


(e) Repeat part (d) using an effective monthly rate of interest j. 
Calculate j. 


For each of the following pairs of rates, determine which one 
results in more rapid investment growth. 


(a) 17-day rate of i^ or 67-day rate of 3% 
(b) 17-day rate of 3% or 67-day rate of 6% 


Smith has 1000 with which she wishes to purchase units in a mutu- 
al fund. The investment dealer takes a 9% “front-end load” from 
the gross payment. The remainder is used to purchase units in the 
fund, which are valued at 4.00 per unit at the time of purchase. 


(a) Six months later the units have a value of 5.00 and the fund 
managers claim that “the fund’s unit value has experienced 
25% growth in the past 6 months.” When units of the fund 
are sold, there is a redemption fee of 1.5% of the value of the 
units redeemed. If Smith sells after 6 months, what is her 6- 
month return for the period? 
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(b) Suppose instead of having grown to 5.00 after 6 months, the 
unit values had dropped to 3.50. What is Smith's 6-month 
return in this case? 


*1.1.13 Suppose that 7 » 0. Show that 


(i) if 0 «1 «1 then (I+i)' < 1+i+t, and 
(ii) if ¢>1 then (I4)! »12-i-t. 


*1.1.14 Investment growth is sometimes plotted over time with the vertical 


axis transformed to an exponential scale, so that the numerical val- 
ue of y is replaced by e” or 10" at the same position on the ver- 
tical axis. Show that the graph of compound interest growth over 
time with the vertical axis transformed in this way is linear. 


SECTION 1.2 and 1.3 


1.2.1 


1.228 


1.2.3 


Bill will receive $5000 at the end of each year for the next 4 
years. Using an annual effective interest rate of 6%, find today's 
present value of all the payments Bill will receive. 


The parents of three children aged 1, 3, and 6 wish to set up a 
trust fund that will pay 25,000 to each child upon attainment of 
age 18, and 100,000 to each child upon attainment of age 21. If 
the trust fund will earn annual effective interest at 1096, what 
amount must the parents now invest in the trust fund? 


A magazine offers a one-year subscription at a cost of 15 with 
renewal the following year at 16.50. Also offered is a two-year 
subscription at a cost of 28. What is the annual effective interest 
rate that makes the two-year subscription equivalent to two suc- 
cessive one-year subscriptions? 


1.2.68 


1.2.78 


1.2.8 
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What is the present value of 1000 due in 10 years if the annual 
effective interest rate is 696 for each of the first 3 years, 796 for 
the next 4 years, and 9% for the final 3 years? 


Payments of 200 due July 1, 2020 and 300 due July 1, 2022 have 
the same value on July 1, 2017 as a payment of 100 made on Ju- 
ly 1, 2017 along with a payment made on July 1, 2021. Find the 
payment needed July 1, 2021 assuming annual effective interest 
at rate 4%? 


Ed buys a TV from AI for 480 by paying 50 in cash, 100 every 
three months for one year (four payments of 100), and a final 
payment in 15 months (three months after the final quarterly 
payment). Find the amount of the final payment if Al earns a 3- 
month compound interest rate of 3%. What is the final payment 
if Al earns a one-month rate of 1%? 


David can receive one ofthe following two payment streams: 
(i) 100 at time 0, 200 at time 7, and 300 at time 2n. 
(ii) 600 at time 10 


At an annual effective interest rate of i, the present values of the 
two streams are equal. Given v" = 0.75941, determine i. 


A manufacturer can automate a certain process by replacing 20 
employees with a machine. The employees each earn 24,000 per 
year, with payments on the last day of each month, with no sala- 
ry increases scheduled for the next 4 years. If the machine has a 
lifetime of 4 years and interest is at a monthly rate of .7596, what 
is the most the manufacturer would pay for the machine (on the 
first day of a month) in each of the following cases? 


(a) The machine has no scrap value at the end of 4 years. 
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1.2.98 


1.2.10 


1.2.11 


1.2.12 


(b) The machine has scrap value of 200,000 after 4 years. 


(c) The machine has scrap value of 15% of its purchase price at 
the end of 4 years. 


A contract calls for payments of 750 every 4 months for several 
years. Each payment is to be replaced by two payments of 
367.85 each, one to be made 2 months before, and one to be 
made at the time of, the original payment. Find the 2-month rate 
of interest implied by this proposal if the new payment scheme is 
financially equivalent to the old one. 


Fisheries officials are stocking a barren lake with pike, whose 
number will increase annually at the rate of 4096. The plan is to 
prohibit fishing for two years on the lake, and then allow the re- 
moval of 5000 pike in each of the third and fourth years, so that 
the number remaining after the fourth year is the same as the 
original number stocked in the lake. Find the original number, 
assuming that stocking takes place at the start of the year and 
removal takes place at midyear. 


Smith lends Jones 1000 on January 1, 2017 on the condition that 
Jones repay 100 on January 1, 2018, 100 on January 1, 2019, and 
1000 on January 1, 2020. On July 1, 2018, Smith sells to Brown 
the rights to the remaining payments for 1000, so Jones makes all 
future payments to Brown. Let j be the 6-month rate earned on 
Smith's net transaction, and let k be the 6-month rate earned on 
Brown's net transaction. Are j and k equal? If not, which is larger? 


Smith has debts of 1000 due now and 1092 due two years from now. 
He proposes to repay them with a single payment of 2000 one year 
from now. What is the implied annual effective interest rate if the re- 
placement payment is accepted as equivalent to the original debts? 
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1.2.13 Calculate each of the following derivatives. 


(a) 404i)" OF — (ode (à) Lv 


1.2.14. A 182-day Canadian T-bill for 100 has a quoted price of 94.771 
and a quoted yield rate of 11.07%. Show that any price from 
94.767 to 94.771 inclusive has a corresponding yield rate of 
11.07%. This shows that the yield rate quote to .01% is not as 
accurate a measure for the T-bill as is the price to 10" of a cent. 


1.215 Smith just bought a 100,000 182-day Canadian T-bill at a quoted 
yield rate of 10%. 


(a) Find the price, P, that Smith paid for the T-bill. 
(b) Find 4r. Use the linear differential approximation 


S(x+h) = f(x) - hx f'(x) to find the approximate change in 
the price of the T-bill if the yield rate changes to 10.1% immedi- 
ately after Smith purchases it. 


(c) Suppose the T-bill matures in 91 days instead of 182 days. 
Find the price and ae at a quoted nominal yield of 10%. 


dr 


What happens to as a T-bill approaches its due date? 


*1.2.16 At time 0 a balance of amount Jy is in an account earning sim- 
ple interest at rate i per period, paid at the end of the period. Var- 
ious deposits and withdrawals are made during the period, with a 
transaction of amount a, made at time 4 for k=1,2,....7 
where 0 « t, <1. (a, >0 indicates a deposit to the account, and 
a, «0 indicates a withdrawal). Assume that / —1 is the refer- 
ence point (focal date) for the account and interest on deposits 
and withdrawals begins accruing at the time of the deposit or 
withdrawal. 


(a) Find an expression for B,, the account balance at / —1. 
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(b) Find an expression for B, the average balance in the account 
during the period from time 0 to time 1. 


(c) Show that B, = By+ La, +B-i. 
kl 


*1.2.17 Smith wishes to buy a TV set and is offered a time payment plan 
whereby he makes 24 monthly payments of 30 each starting 
now. Smith wants the payments to start in 2 months rather than 
now. If interest is at a one-month interest rate of 1%, what is the 
present value now of the saving to Smith if the seller agrees to 
Smith's terms? 


*].2.18 Smith receives a paycheck of 3500 on the last day of each month, 
and immediately deposits all but 1000 of it in a bank account. The 
first deposit is on December 31, 2017. Smith deposits an addition- 
al 1000 on the 15" of every month. The account pays an annual in- 
terest rate of 10%. Find the balance in the account on March 31, 
2018, after the deposit is made and interest is credited, in each of 
the following cases. 


(a) Simple interest based on minimum monthly balance and cred- 
ited on the last day of March (no interest deposited into the 
account in January or February) 

(b) Simple interest based on minimum daily balance and credited 
on the last day of March (no interest is deposited into the ac- 
count in January or February) 

(c) Same as (a) but with interest credited on the last day of every 
month 

(d) Same as (b) but with interest credited on the last day of every 
month 


It follows from Exercise 1.2.18 that use of minimum daily balanc- 
es for simple interest calculations is equivalent to using average 
balances. 
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SECTION 1.4 


1.4.1 


1.4.2 


1.4.3 


1.4.48 


1.4.5 


Suppose the nominal annual rate i" is 12%. Find the equiva- 


lent annual effective rates for m = 1, 2, 3, 4, 6, 8, 12, 52, 365, oc. 


Find the present value of 1000 due at the end of 10 years if 


(a) i? =.09, 
(b) i =.09, and 


(c) i'? =.09, 


Mountain Bank pays interest at rate i?) =.15, River Bank pays 
interest compounded daily. What minimum nominal annual rate 
must River Bank pay in order to be as attractive as Mountain Bank? 


Eric deposits X into a savings account at time 0, which pays interest 
at a nominal rate of i, compounded semiannually. Mike deposits 
2X into a different savings account at time 0, which pays simple 
interest at an annual rate of i. Eric and Mike earn the same amount 
of interest during the last 6 months of the 8" year. Calculate i. 


Smith receives income from his investments in Japanese curren- 
cy (yen). Smith does not convert the yen to dollars, but invests 
the yen in a term deposit that pays interest in yen. He finds a 
bank that will issue such a term deposit, but it charges a 1% 
commission on each initial placement and on each rollover. The 
current interest rate on the yen deposits is a nominal annual rate 
of 3.25% convertible quarterly for a 3-month deposit. To keep 
his yen available, Smith decides to roll over the deposit every 3 
months. What is the annual effective after-commission rate that 
Smith earns? 
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1.4.6 


1.4.7 


*14.8 


The nominal interest rate i? can be defined for values of 
m<l. Algebraically the definition follows the relationship in 
Equation (1.4). If we see the phrase “interest is compounded 
once every two years", this means that the annually quoted rate 
is a nominal rate with m=.5. 


If i=.10, find the equivalent 9), (29, i, and i. Rank 


the values in increasing size, and compare with the relationship 
i”) <i for m». 


Smith buys a 1000 Canada savings bond, with an issue date of 
November 1, paying interest at 11.25% per year. The bond can 
be cashed in anytime after January | of the following year, and it 


will pay simple interest during the first year of t of the annual 


interest for every completed month since November 1. The gov- 
ernment allows purchasers to pay for their bonds as late as No- 
vember 9, with full interest still paid for November. Smith pays 
1000 on November 9 and cashes in the bond on the following 
January 1. What is his equivalent annual effective rate of interest 
for his transaction? 


A Canadian GIC has an interest rate guaranteed for the term of 
the certificate There is a significant penalty for redemption prior 
to the specified maturity date, but principal and interest are se- 
cured by a government deposit insurance program. Smith buys a 
one-year guaranteed investment certificate with initial invest- 
ment amount of X. The annual interest rate quoted on the certifi- 
cate is 9%, with interest payable monthly, on the monthly 
anniversary date of the certificate. Immediately upon receiving 
an interest payment. Smith reinvests it in an account earning a 
nominal annual rate of 996 convertible monthly, with interest 
compounded from a deposit date. Show that after one year Smith 
has the same total that Smith would have had if Smith had de- 
posited the full amount X in the account and left it on deposit for 
the year. 
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*14.9 (a) Show that if j>0 then the function f(m)-(IZ) is an 


increasing function of m. 

(b) Show that if j>0 then g(m)=m[(+j)"-1] is a de- 
creasing function of m. 

(c) Use l'Hospital's Rule to show that lim f(m)=e! for the 
function f(m) defined in part (a). de 

(d) Show that lim g(m)-—In(1-j) for the function g(m) de- 
fined in part e» 


*1.4.10 Bank A has an annual effective rate of 18%. Bank B has a nomi- 


nal annual rate of 17%. What is the smallest whole number of 
times per year that Bank B must compound its interest in order 
that the rate at Bank B be at least as attractive as that at Bank A 
on an annual effective basis? Repeat the exercise with a nominal 
rate of 16% at Bank B. 


SECTION 1.5 


1.5.1 


1.5.2 


A discounted note of face amount X, due in one-half year, is val- 
ued today at 4992. Find X under each of the following interest 
calculation methods. 


(a) Compound interest at annual effective rate 8% 
(b) Simple interest at annual rate 8% 

(c) Compound discount at annual effective rate 8% 
(d) Simple discount at annual rate 8% 


The table of U.S. T-Bill values in Example 1.11 contains a 28- 
day T-Bill. Verify the relationships between the quoted discount 
rate, investment rate and price. 


74 > CHAPTER | 


1.5.3 


1.5.58 


1.5.78 


Let j be the compound interest rate for the 7-year period from time r 
to time r+7, and let d; be the corresponding rate of, discount for 
that time period. Show that (a) d= tw : and(b) j= 


A store has a normal markup of 30% on the purchase price of 
goods bought at wholesale. During a promotion the markup is 
only 15%. What percent reduction in the retail price will result? 


Bruce and Robbie each open up new bank accounts at time 0. 
Bruce deposits 100 into his bank account, and Robbie deposits 
50 into his. Each account earns an annual effective discount rate 
of d. The amount of interest earned in Bruce's account during the 
11" year is equal to X. The amount of interest earned in Robbie's 
account during the 17" year is also equal to X. Calculate X. 


Given an annual effective discount rate of d, show that, with 
compounding, the accumulated value after n years of an initial 
investment of amount | is (1-4) ". In other words, if an amount 
X due in n years has present value 1, then X = (1-4) ". 


Jeff deposits 10 into a fund today and 20 fifteen years later. In- 
terest is credited at a nominal discount rate of d compounded 
quarterly for the first 10 years, and at a nominal interest rate of 
6% compounded semiannually thereafter. The accumulated bal- 
ance in the fund at the end of 30 years is 100. Calculate d. 


(a) Smith has a promissory note due in » days. A bank will buy 
the note from Smith using a simple discount rate d. What is 
the equivalent simple interest rate i earned by the bank over 
the period? What happens to i as n increases? 


(b) A lender wishes to earn interest at an annual simple rate of 
11%. What annual simple discount rate should be charged on 
a loan for 1 year? for 6 months? for 1 month? 


1.5.9 


1.5.10 
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Smith buys a 182-day U.S. T-Bill at a price which corresponds 
to a quoted annual discount rate for 182-day T-bills of 10%. 91 
days later Smith sells the T-Bill, at which time the prevailing 
quoted annual discount rate of 91-day T-Bills is also 10%, Find 
the actual rate of return (91-day interest rate) that Smith earned 
during the time he held the T-Bill. 


Show that equivalent nominal interest and discount rates i”) and 


d? satisfy the relationships 
im 


(a) d™ = and (b) i" = dom 


Ta qur 
Ie MS 


and show that these relationships are consistent with the results 
of Exercise 1.5.2 and Examples 1.10 and 1.12. 


*1.5.11 Bob borrows 1000 from Ed at annual effective interest rate i, agree- 


ing to repay in full at the end of one year. When the year is up, Bob 
has no money, but they agree that he can repay one year later in 
such a way that the annual effective discount rate d in the second 
year is numerically equal to the interest rate in the first year. At the 
end of the second year Bob pays 1200. What is ; in the first year? 


*1.5.12 Smith has 960 to invest on January 1. He has the following two 


investment options. 


(a) He can buy a 6-month 1000 T-bill for a purchase price of 960, 
and reinvest the proceeds on July 1 at a 6-month interest rate j. 


(b) He can buy a one-year 1000 T-bill for a purchase price of 920 
and invest the remaining 40 in an account earning interest at the 
same effective 6-month interest rate j as in option (a). 

If options (a) and (b) result in the same accumulated amount 
on December 31, including interest and T-bill maturity, find 
the value of j (assuming j <10%). The period from January 1 
to July 1 is regarded as exactly 2-year and the time from Janu- 
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ary 1 to December 31 is regarded as exactly 1 year for time 
measurement. 


SECTION 1.6 


1.6.1 


1.6.28 


1.6.38 


1.6.48 


For the period from time 0 to time 2, the force of interest is de- 
fined as follows: 


E .05 for 0«rx1 
t 054.02(r-1) for 1«(«2 


10,000 is invested at time 0. Find the accumulated value at time 
1 and at time 2. 


A customer is offered an investment where interest is calculated 
according to the following force of interest: 


C as 02t O<t<3 
t 045 t>3 


The customer invests 1000 at time ¢=0, What nominal rate of 
interest, compounded quarterly, is earned over the first four-year 
period? 


At time / —0, 1 is deposited into each of Fund X and Fund Y. 
Fund X accumulates at a force of interest 6, =f. Fund Y accu- 
mulates at a nominal rate of discount of 8% per annum converti- 
ble semiannually. At time t = 5, the accumulated value of Fund ¥ 
equals the accumulated value of Fund Y. Determine k. 


Tawny makes a deposit into a bank account which credits inter- 
est at a nominal interest rate of 10% per annum, convertible sem- 
iannually. At the same time, Fabio deposits 1000 into a different 
bank account, which is credited with simple interest. At the end 


1.6.58 


1.6.68 


1.6.7S 


1.6.8 


1.6.98 
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of 5 years, the forces of interest on the two accounts are equal, 
and Fabio's account has accumulated to Z. Determine Z. 


Ernie makes deposits of 100 at time 0, and X at time 3. The fund 


grows at a force of interest ô, = 1» 0. The amount of inter- 


160° 
est earned from time 3 to time 6 is X. Calculate X. 


Bruce deposits 100 into a bank account. His account is credited 
interest at a nominal rate convertible semiannually. At the same 
time, Peter deposits 100 into a separate account. Peter's account 
is credited interest at a force of interest of ó. After 7% years, the 
value of each account is 200. Calculate i- ô. 


An investment of 1000 accumulates to 1360.86 at the end of 5 
years. If the force of interest is 6 during the first year and 1.55 
in each subsequent year, find the equivalent annual effective in- 
terest rate in the first year. 


Smith forecasts that interest rates will rise over a 5-year period 
according to a force of interest function given by à, =.08 +494 Ee 
for 0<t<5. 


(a) According to this scheme, what is the average annual com- 
pound effective rate for the 5-year period? 


(b) What are the equivalent annual effective rates for each of 
years 1, 2, 3, 4, and 5? 


(c) What is the present value at / = 2 of 1000 due at t —4? 


The present value of K payable after 2 years is 960. If the force of 
interest is cut in half, the present value becomes 1200. What is the 
present value if the annual effective discount rate is cut in half? 
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1.6.10 If the force of interest is doubled, are the corresponding equiva- 
lent annual effective interest and discount rates more or less than 
doubled? 


1.6.11 Suppose that investment growth is based on the following force 
i : salh 
of interest: & = i 
(a) Show that an investment made at time 0 accumulated ac- 
cording to simple interest at rate i, 


(b) Suppose that an investment is made at time 7, > O . Find the 


accumulated value at time 7, ? 7, . 


*1.6.12 On January 1 Smith deposits 1000 into an account earning 
i =.08 with interest credited on the last day of March, June, 
September, and December. If Smith closes the account during 
the year, simple interest is paid on the balance from the most re- 
cent interest credit date. 


(a) What is Smith's close-out balance on July 19? 


(b) Suppose all four quarters in the year are considered equal, 
and time is measured in years. Derive expressions for 
Smith's accumulated amount function A(t), the close-out 
balance at time ¢. Consider separately the four intervals 
O<t<.25, 25«1€.50, .50<t<.75and .75<t<1. 


(c) Using part (b), show that if 0<r<.25, then it follows that 
6, 20,55 = 9.4.50 = Ós- 


*1.6.13 (a) Find an expression for the L.year discount rate from time ¢ 


to time /--7- in terms of an accumulated amount function 4. 


(b) If d? is the nominal annual discount rate corresponding to 


(m) 


the rate in part (a), find an expression for d" in terms of A. 


INTEREST RATE MEASUREMENT < 79 


(c) Take the limit as m — «o of the expression for d‘”” in part 


(0) _ A(t) _ 
(b) to show that d Ex =ð, 


*1.6.14 (a) Suppose an accumulated amount function is a polynomial of 


the form A(t) = ag +a,:t+-+-+a,-t", where a, » 0 and 
n» 0. Show that lim à, =0. 
ton 


(b) Let 6, =4, K > 0. Find an expression for the accumulation 
function A(t), where A(0)=1. Show lim 4 Los for any 


æ lit 
i»0, and lim —— 40 _ 9 
tm (1e) 


SECTION 1.7 


1.7.1 


1.7.2 


1.7.3 


Suppose that for the coming year inflation is forecast at an annual 
effective rate of r —.15 and interest is forecast at annual effective 
rate /-.10. What will be the corresponding real, or inflation- 
adjusted rate of interest for the coming year? 


A person's savings earn an effective rate of i=.12 on which 
45% income tax is paid. If the inflation rate is 10% per year, 
what is the annual after-tax real rate of return? 


Smith earned gross income of 80,000 last year. According to the 
income tax structure, taxes are 25% of the first 40,000 of gross 
income plus 50% of the excess over 40,000. Thus Smith paid 
30,000 in taxes and had after-tax income (ATI) of 50,000. Infla- 
tion is forecast at 5% this year, and Smith's gross income will 
rise by 5% to 84,000. The government is considering a new tax 
structure of 25% of the first 42,000 plus 50% of the excess over 
42,000 (full indexing). 


80 » CHAPTER | 


1.7.4 


Lat 


(a) Show that if the government adopts the new tax structure 
then the real annual rate of growth in both Smith’s ATI and 
in his paid taxes is 0%. 


(b) Find the real annual rate of growth in Smith's ATI and his 
taxes paid if the government continues with the old scheme 
(no indexing). 


Using the values of r and i in Exercise 1.7.1 suppose Smith borrows 
100,000 for a year at i=.10, and buys 100,000 units of a certain 
item that has a current cost of 1 per unit. Suppose the price of this 
item is tied to the rate of inflation (r —.15). One year from now 
Smith sells the items at the inflated price. What is his net gain on 
this transaction? (This illustrates that during times when inflation 
rates exceed interest rates, there is great incentive to borrow at the 
negative real rate of interest. This demand by borrowers is a factor 
in the inevitable correction that leads to the interest rate becoming 
larger than the inflation rate.) 


If the force of interest for the coming year will be 6 and the 
force of inflation will be ó,, show that the inflation-adjusted 


force of interest is ó —Ó,. 


The newly independent nation of Falkvinas has a unit of currency 
called the Britarg. In the coming year inflation in Falkvinas will be 
100%, whereas Canada's inflation rate will be 14%. A Canadian in- 
vestor can earn interest in Canada on Canadian dollars at an annual 
rate of 1896. What annual effective rate must an investor earn on 
Britargs in Falkvinas in order that the investor's real rate of interest 
match the real rate earned by an investor in Canadian dollars? 


Smith will need 1000 U.S. dollars one year from now. He can invest 
funds in a U.S. dollar account for the next year at 9%. Alterna- 
tively Smith can now buy Canadian dollars at the exchange rate 
of $0.73 U.S.- $1 CDN, and invest in a Canadian dollar account 
for the next year at 10%. If both of these alternatives require the 
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same amount of currency today, what is the implied exchange 
rate between the two currencies one year from now? 


1.7.8 Show that the present value of (l+r)" due in n years at annual 
effective rate i is equal to the present value of 1 due in n years at 
annual effective rate i 


*1.79 (a) 


(b) 


In an attempt to reduce interest rates during times of high 
inflation, a government allows banks to issue "indexed term 
deposits" upon which only the “real” interest earned is taxed. 
If inflation is at rate r, and the bank pays interest at real rate 
i, then on a one-year deposit of initial amount 1 an investor 
receives inflation-adjusted principal of 1+7, plus “real in- 
terest” on the inflation-adjusted principal of ;'(1--), for a to- 
tal amount paid at year end of (1+r)(1+i'), The investor pays 
tax only on the real interest paid [i.e., on i'(l+r).] This is 
compared to the usual term-deposit situation in which inter- 
est at rate į is paid at the end of the year. Derive expressions 
in terms of i, i’, r and ¢,, (where 0<t, <1 is the investor’s 
tax rate) for the real after-tax rates of return on the indexed 
term deposit and on the standard term deposit. 


Suppose r =12% and a bank offers inflation-adjusted term de- 
posits at a real rate of 2%, What rate of interest would an inves- 
tor have to earn on a standard term deposit in order to have the 
same after-inflation, after-tax return as on the indexed term de- 
posit if the investor has a tax rate of 


(i) 0%, (ii) 25%, (iii) 40%, (iv) 60%? 


CHAPTER 2 


VALUATION OF ANNUITIES 


“A nickel ain't worth a dime anymore." 
~ Yogi Berra, former NY Yankee catcher and Baseball Hall of Fame member 


Many financial transactions involve a series of payments, such as periodic 
dividend payments to someone owning common stock, monthly payments 
ona loan, or annual interest payments on a coupon bond. It is often the case 
(as in the loan and bond examples) that the payments are made at regularly 
scheduled intervals of time. In the examples in Chapter 1 that dealt with 
transactions involving more than one payment, each payment was treated 
and valued separately. When a transaction involves a number of payments 
made in a systematic way, it is often possible to apply algebraic methods to 
simplify the valuation of the series. In this chapter we will develop methods 
for valuing a series of payments. 


Prior to the availability of sophisticated calculators and computer spread- 
sheet programs, it was important to have algebraic representations for series 
of payments that required as little calculation by hand as possible. Many of 
the methods developed in the past are no longer important for calculation 
purposes, but some remain useful for the insight that they may provide in 
analyzing and valuing a series of payments. 


The generic term used to describe a series of periodic payments is annuity. 
In a life insurance context, an annuity is a “life-contingent” series of pay- 
ments that are contingent on the survival of a specific individual or group of 
individuals. The more precise term for a series of payments that are not con- 
tingent on the occurrence of any specified events is annuity-certain (an an- 
nuity whose payments will definitely be made). Since this book deals almost 
entirely with annuities-certain, we shall use the term annuity to refer to an 
annuity-certain, unless otherwise specified. 


The calculations in many of the examples presented here can be done in an 
efficient way using a financial calculator or computer spreadsheet program. 
The presentation here emphasizes understanding the underlying principles 
and algebraic relationships involved in annuity valuation. 
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A key algebraic relationship used in valuing a series of payments is the 
geometric series summation formula 


2 
L4XEX ter tx 


(2.1) 
This is illustrated in the following example. 


(Accumulation of a level payment annuity) 


The federal government sends Smith a family allowance payment of $30 
every month for Smith’s child. Smith deposits the payments in a bank ac- 
count on the last day of each month. The account earns interest at the an- 
nual rate of 9% compounded monthly and the interest is paid into the 
account on the last day of each month. If the first payment is deposited on 
May 31, 2007, what is the account balance on December 31, 2018, includ- 
ing the payment just made and interest paid that day? 


SOLUTION 


The following line diagram illustrates the accumulation in the account 
from one deposit to the next. 


May 31 June 30 July 31 
| I—3 
30 —> 3004j) —> 300+)? > 
+30 +30(1+/) 
+30 


FIGURE 2.1 


The one-month compound interest rate is. j=.0075. The balance in the 


account on June 30, 2007, including the payment just deposited and the 
accumulated value of the May 31 deposit is 


Cy = 30(1+/)+30 = 30[(+/) +1). 
The balance on July 31, 2007 is 
G = Co(l+/) +30 =30[0+/) +1] +s) +30 = 30[ 07? « 0) +1]. 
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Continuing in this way we see that the balance just after the m" deposit is 


C, = 30[ (4 0] 0j) 1], which is the accumulation 
of those first m deposits. By applying the geometric series formula, the 
balance on December 31, 2018, just after the 140" deposit is 


30[(14)99 + 1/95 (1) 1] 


=g CD] [ewa] 
-aof Pad ws | = 738591. 


2.1 LEVEL PAYMENT ANNUITIES 


2.1.1 ACCUMULATED VALUE OF AN ANNUITY 


In Example 2.1, the expression for the aggregate accumulated value on 
December 31, 2018 is 


30(1+/)'? + 30(14/)'58 +.---+30(1+/) +30. 


This is the sum of the accumulated values of the individual deposits. 
30(1+/)'” is the accumulated value on December 31, 2018 of the deposit 
made on May 31, 2007, 30(1+/)'* is the accumulated value on December 
31, 2018 of the deposit made on June 30, 2007, and so on. 


Let us consider a series of n payments (or deposits) of amount | each, 
made at equally spaced intervals of time, and for which interest is at com- 
pound rate i per payment period, with interest credited on payment dates. 
The accumulated value of the series of payments, valued at the time of 
(and including) the final payment, can be represented as the sum of the 
accumulated values of the individual payments. This is 


“yn ayn 
Ge)" 1e dana = CE 7L. Q6 71 
(l+i)-1 i 
This is illustrated in the following diagram. We can see from the diagram 
that since the valuation point is the time that the 7" deposit is made, this is 
actually » —1 periods after the first deposit. Therefore the first deposit has 
grown with compound interest for » —1 periods. 
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0 1 2 ees n-l n 
| 
I I | | 


1 » (Lei) 


j————— —— 3. (15) 


1 — (Isi) 
1 
FIGURE 2.2 


There is standard actuarial notation and terminology that describes this an- 
nuity. 


Definition 2.1 — Accumulated Value of an n-Payment 
Annuity of 1 Per Period 


The symbol $7; denotes the accumulated value, at the time of (and in- 


cluding) the final payment of a series of » payments of 1 each made at 
equally spaced intervals of time, where the rate of interest per payment 
period is i. 

n-2 


Sg; = (1D) + (Li) 


Tec) 


ni 


- Sen = gant 


The symbol s; and other related annuity symbols provide notation that can 


be used to efficiently represent transactions that involve a series of level 
payments. If there is no possibility of confusion with other interest rates in 
a particular situation, the subscript / is omitted from 55; and the accumu- 
lated value is denoted s5, without the subscript i. The number of payments 


in the series is called the term of the annuity, and the time between succes- 
sive payments is called the payment period, or frequency. Note that for 
any interest rate i, Sq; 71, but if i» 0 and n1, then s;; »7? because of 


interest on earlier deposits. 
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It should be emphasized that the sp; notation can be used to express the 
accumulated value of an annuity provided the following conditions are met: 


(1) the interest rate is constant at i per payment period for the full term of 
the annuity 

(2) the payments are of equal amount; 

(3) the payments are made at equal intervals of time, with the same fre- 
quency as the interest rate is compounded; 

(4) the accumulated value is found at the time of and including the final 
payment. 


This series of payments is referred to in actuarial terminology as an accu- 
mulated annuity-immediate. When we are finding the accumulated value 
of a series of payments, the phrase “annuity-immediate” indicates that the 
value is being calculated at the time of the final payment. We often see a 
series of payments described with the phrase “payments occur at the end 
of each year (or month, etc.),” with a valuation made at the end of 7 years, 
which makes the valuation point the time of the final payment. The con- 
ventional interpretation of this phrase is to regard the valuation as an ac- 
cumulated annuity-immediate. 


Figure 2.3 plots the accumulated value of the annuity as a function of the 
number of annuity payments (using a 10% interest rate). 


n-Payment Accumulated Annuity-Immediate 


OT sy, = Stayt t+ D 


ee 
2 4 6 8 10 1 14 1.6 18 20 


Number of Payments n 
FIGURE 2.3 
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General reasoning suggests that if the interest rate is increased, accumu- 
lated values increase. Figure 2.4 plots the accumulated value of a 20- 
payment annuity as a function of the interest rate. If the interest rate is 0, 
then there is no interest accumulation, and the accumulated value of the 
annuity is 

Sizo = (090)? (10) 5... (140) +1 = 20 


This accumulated annuity value is just the sum of the 20 annuity payments 
of amount 1 each. 


70 + 


60 4 sgg, = (19) (14) 9 +--+ i) +1 = Ot 


50 + 


et EL E i 
01 .02 .03 .04 .05 .06 .07 .08 .09 .10 .11 


Interest Rate i 


FIGURE 2.4 


Equation 2.3 can be rewritten as 
QHD" = ixsg, +1 = ix[0 A 19)? +--+ Q8) +1] +1. 


We can interpret this expression in the following way. Suppose that a single 
amount of | is invested at time 0 at periodic interest rate i, so that an interest 
payment of į is generated at the end of each period. Suppose further that each 
interest payment is reinvested and continues to earn interest at rate i. This is 
allowed to continue for n periods. Then the accumulation of the reinvested 
interest, along with the original amount 1 invested (the right hand side of the 
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equation above), must be equal to the compound accumulation of 1 at rate i 
per period invested for n periods. 


EXAMPLE2.2 _ (Accumulated value of an annuity-immediate) 


What level amount must be deposited on May 1 and November | each year 
from 2013 to 2020, inclusive, to accumulate to 7000 on November 1, 2020 
if the nominal annual rate of interest compounded semi-annually is 9%? 


A first step in translating the verbal description of this annuity into an al- 
gebraic form is to determine the number of deposits being made. There are 
a total of 16 deposits (2 per year for each of the 8 years from 2013 to 2020 
inclusive) and they occur every 4-year. As a second step, we note that the 


4-year interest rate is 4.5%, and the 4-year payment period corresponds 
to the 4-year interest compounding period. If the level amount deposited 
every 4-year is denoted by X, the accumulated value of the deposits at the 


time of the 16" (final) deposit is 


X x[(1.045)5 + (1.045)!4 +---+1.045 +1] 
(1.045)! —1 


TX us 


= X sgos = 22.719337 X 


(note that the factor (1.045)? arises as a result of there being 15 half-year 
periods from the time of the first deposit on May 1, 2013 to the time of the 
16" deposit on November 1, 2020). Then 


7000 _ 7000x.045 7000 
m T = = 308.11. n 
Saos (1.045) 6—1 — 22.719337 


All financial calculators have functions that calculate the accumulated value 
ofan annuity at the time of the final payment if the payment amount, number 
of payments, and interest rate are known. 
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2.1.1.1. Accumulated Value of an Annuity 
Some Time after the Final Payment 


After a series of deposits to an account is completed, the balance in the 
account can continue to accumulate with interest only. The following ex- 
ample illustrates this. 


(Accumulated value of an annuity some time after the final payment) 


Suppose that in Example 2.1, Smith’s child is born in April 2007 and the first 
payment is received in May and deposited at the end of May. The payments 
continue and the deposits are made at the end of each month until (and includ- 
ing the month of) the child's 16" birthday. The payments cease after the 16" 
birthday, but the balance in the account continues to accumulate with interest 
until the end of the month of the child's 21" birthday. What is the balance in 
the account at that time? 


At the end ofthe month of the child's 16" birthday, Smith makes the 192” 
deposit into the account. This is at the end of April 2023 (there are 12 deposits 
per year for 16 years for a total of 192 deposits). The accumulated value at 
that time is 


30x[(1.0075)?! + (1.0075)! +---+ (1.0075) 1] 


(1.0075)? —1 
= 30xspoos = 30457 TS 


= 12,792.31. 
Five years (60 months) later, at the end of the month of the child's 21% 
birthday, the account will have grown, with interest only, to 


12,792.31(1.0075)® — 20,028.68. o 


We have seen that the value at the time of the n” deposit of a series of n 
quy 
i 
but the balance continues to grow with compound interest, then the accu- 

mulated value k periods after the n” deposit is 


deposits of amount 1 each is = spl- If there are no further deposits, 
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[i7 + (1i)? +--+ (1i) +1] x (+i) 
= (eat + (14a? 4. 1)" + (ti) 
DU 
J cu last 
sax 
(Value at time n)x (growth factor from time n to time n+k). 


i 


LU 


This can be also be represented in the following way. 


j= 
EU ST rey 
i 


2 08r - gei 


six (1+i)* 


L 
1dy**-1 (e -1 
Um - um = s-s Q4 


Using Equation (2.4) with 7 —192 and k = 60, the accumulated value of 
the account on April 30, 2028 in Example 2.3 can be written as 
30[ sim -sa ]- 


Figures 2.5a and 2.5b below illustrate the formulations given in Equation 
2.4. If the annuity payments had continued to time n +k, which is the time 


of valuation, the accumulated value would be s;;;. Since there are not 
any payments actually made for the final k payment periods, syp) must 
be reduced by sg, the accumulated value of k payments of 1 each ending 


at time n+ Kk. 


Payment Number 
1 2 EI n (n) e (nek) 
=F —-F | 
1 1 i 1 
i 


ak 
s ——— (Hsn 


FIGURE 2.5a 
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Payment Number 
1 2 ae A (nd) = (nek) 
| | | | 
T 1 T 1 
1 1 He 1 1 m 12 sa 
= 1 ne > —55 
FIGURE 2.5b 
Equation (2.4) can be reformulated as 
Sup = Salltih+sg o. (2.5) 


Equation 2.5 shows that a series of payments can be separated into com- 
ponents, and the accumulated value of the entire series at a valuation point 
can be represented as the sum of the accumulated values (at that valuation 
point) of the separate component series. 


2.1.1.2. Accumulated Value of an Annuity 
with Non-Level Interest Rates 


The concept of dividing a series of payments into subgroups and valuing each 
subgroup separately can be applied to find the accumulated value of an annu- 
ity when the periodic interest rate changes during the term of the annuity. This 
is illustrated in the following modification of Example 2.1. 


(Annuity accumulation with non-level interest rates) 

Suppose that in Example 2.1 the nominal annual interest rate earned on the 
account changes to 7.5% (still compounded monthly) as of January 1, 2013. 
What is the accumulated value of the account on December 31, 2018? 


In a situation in which the interest rate is at one level for a period of time 
and changes to another level for a subsequent period of time, in order to 
simplify the algebraic analysis, it is necessary to separate the full term into 
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EE 


separate time intervals over which the interest rate is constant. We first cal- 
culate the accumulated value in the account on December 31, 2012, since 
the nominal interest rate is level at 9% up until this point. This accumulated 
value is 


(1.0075) —1 


30% 0075 


= 30% Slos = 2648.50. 


From January 1, 2013 onward, the accumulation in the account can be sep- 
arated into two components: the accumulation of the 2,648.50 that was on 
balance as of January 1, 2013, and the accumulation of the continuing de- 
posits from January 31, 2013 onward. The 2,648.50 accumulates to 


2,648.50 x (1.00625)? = 4,147.86 


as of December 31, 2018, and the remaining deposits continuing from Jan- 
uary 31, 2013 accumulate to 


(1.00625)? -1 
.00625 


30x = 30x S730625 = 2,717.36, 


for a total of 6,865.22. The accumulated value on December 31, 2018 can 
be written as 


2 
30x sig s, (1.00625) ns | o 


We can generalize the concept presented in Example 2.4. Suppose that we 
consider an n + k-payment annuity with equally spaced payments of | per 


period and with an interest rate of à per payment period up to the time of 
the n” payment, followed by an interest rate of i; per payment period 
from the time of the n” payment onward. The accumulated value of the 
annuity at the time of the final payment can be found in the following way. 
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(a) The accumulated value of the first payments valued at the time of. 
the n^ payment is 55 i 


ei> 
0 1 2  mg-1 n 
} poe 1 1 
^ 
Smi 


(b) The accumulated value found in part (a) grows with compound in- 
terest for an additional k periods at compound periodic interest rate 


in, toa value of sp; x(I+i,)* as of time n+ k. 
mi 2 


€ i ?1« ij > 


0 1 2 os n] n nd n2 as n+k 
a or ieee oe as el Gea 
1 1 s 


1 


T 
yk 
Shi —M SmX (+i) 


(c) The accumulated value of the final k payments is Shi 


c À > 1l in > 
2 >- n m ntl n+2 ees nk 


1 
rt (PC EE a DE 


1 1 wae 1 


Shr 


(d) The total accumulated value at time n+k is the sum of (b) and (c), 
and equals sp; x (Ld; + spp 


D 
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Note that if the interest rate is level over the n +k periods, so that iz = ij, 
then Equation 2.5 is the same as the expression in (d). This method can be 
extended to situations in which the interest rate changes more than once 
during the term of the annuity. 


2.1.1.3 Accumulated Value of an Annuity With a Changing Payment 


The relationship in Equation 2.5 can also be used to find the accumulated 
value of an annuity for which the payment amount changes during the 
course of the annuity. The following example illustrates this point. 


(Annuity whose payment amount changes during annuity term) 

Suppose that 10 monthly payments of 50 each are followed by 14 monthly 
payments of 75 each. If interest is at an effective monthly rate of 1%, what is 
the accumulated value of the series at the time of the final payment? 

We can use the same technique as in Example 2.3 for finding the accumu- 
lated value of an annuity some time after the final payment. The accumu- 
lated value of the first 10 payments of 50 each, valued at the time of the 
10" payment is 50sj5,9,- If we accumulate this amount for another 14 


months (ignoring, for the moment the remaining 14 payments of 75 each), 
we get the accumulated value at time 24 (months) of the first 10 payments, 
which is 


50i; o, x (1.01)^ = 601.30. 


The value of the final 14 payments, also valued at time 24 is 
755539, = 1,121.06. 
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The total accumulated value at time 24 is 1722.36. The following diagram 
illustrates this accumulation. 


0 1 2 + 10 H 10 13 +. 24 
ax aE SEE ae S | 
50 50 ++ 50 
t T 
50s;  ——— 50s; x(101)^ 
7 75 75 o 75 
id 
sq O 


There is an alternative way of approaching the situation in Example 2.5. 
Note in Figure 2.6 that the original (non-level) sequence of payments can 
be decomposed into two separate level sequences of payments, both of 
which end at time 24. 


Time 0 1 2 et 10 11 12 .. 24 

Original Series 50 50 et 50 75 75 e 75 

New Series | 50 50 Ut 50 50 50 e 30 

New Series 2 25 25 e 25 
FIGURE 2.6 


The accumulated value (at time 24) of the alternate form of the series is 
S0s;ioi-25sjggg, = 1,348.67 - 373.69 = 1,722.36. g 


2.1.2 PRESENT VALUE OF AN ANNUITY 


The discussion up to now in this chapter has been concerned with formu- 
lating and calculating the accumulated value of a series of payments. We 
now consider the present value of an annuity, which is a valuation of a 
series of payments some time before the payments begin 
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EXAMPLE2.6 fM (Present value of a series of payments) 


Smith's grandchild will begin a four year college program in one year. Smith 
wishes to open a bank account with a single deposit today to provide some 
funding for the grandchild’s college education. Smith would like the grand- 
child to be able to withdraw 1000 from the account each year for four years, 
with the first withdrawal taking place one year from now, and subsequent 
withdrawals each year after that. Smith would like the account balance to be 
0 immediately after the final withdrawal is made four years from now. The 
account has an annual effective interest rate of 6%. Determine the amount 
of the deposit Smith makes today. 


SOLUTION 


Suppose that the amount of the initial deposit is X. If we track the account 
balance after each withdrawal, we see the following: 


Balance after 1” withdrawal: 


X(1.06) -1000 
Balance after 2" withdrawal: 

[X(1.06)-1000](1.06)-1000 = X(1.06) —1000(1.06) 1000 
Balance after 3" withdrawal: 


[x a.06)? - 1000.06) ](1.06) - 1000 
= X(1.06)' —1000(1.06)* —1000(1.06) -1000 


Balance after 4” withdrawal: 
X(1.06)* —1000(1.06)' —1000(1.06)* —1000(1.06) — 1000. 

In order for the balance to be 0 just after the 4" withdrawal, we must have 
X(1.06)* = 1000(1.06) +1000(1.06)* -- 1000(1.06) +1000, 


or equivalently, 
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1000 1000 | 1000 | 1000 
- + + 


x= - v 
1.06 (1.06) © (1.06) ` (1.06) 
= 1000 [vv ev] 
= 3,465.11. n 


Note that in Example 2.6 there is an implicit assumption that interest is 
credited into the account one year after the initial deposit and every year 
after that. 


It can be seen from Example 2.6 that the deposit amount needed is the 
combined present value of the four withdrawals that will be made. The 
present value of an annuity of payments is the value of the payments at 
the time, or some time before, the payments begin. 


Consider again a series of payments of amount 1 each, made at equally 
spaced intervals for which interest is at effective interest rate i per pay- 
ment period. The present value of the series of payments, valued one pe- 
riod before the first payment, can be represented as the sum of the present 
values of the individual payments: 


ME ME REN 
(EH) (ey (e) (4i)” 


2ovey esee ey! = yxlltvte ty] 


y je dev" ey" 


S cL 5 - 26 
"ia qo wera: © 


Applying Equation 2.6 to Example 2.6 we see that the present value of the 
four payment annuity received by Smith’s grandchild is: 


i= p^ 
.06 


1000[ v^] = ri | = 3,465.11. 
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It is often the case that, as in Example 2.6, a valuation of a series of pay- 
ments is done one period before the first payment. There is a specific ac- 
tuarial symbol and terminology that represents the present value of such 
an annuity. 


Definition 2.2 — Present Value of an n-Payment Annuity- 
Immediate of 1 Per Period 


The symbol 45; is specifically used to denote the present value of a 


ni 


series of equally spaced payments of amount | each when the valua- 
tion point is one payment period before the payments begin. 


This valuation is illustrated in the following line diagram. 


0 1 ji n 
a 
V & 1 
y» e 1 
v" c 1 
Ga; €- 1 1 1 


Similar to the use of the notation sz, the symbol aj can be used to ex- 

press the present value of an annuity provided the following conditions are 

met: 

(1) The interest rate is constant at i per payment period for the full term of 
the annuity. 


(2) There are n payments of equal amount.(3) The payments are made at 
equal intervals of time, with the same frequency as the frequency of 
interest compounding.(4) The valuation point is one payment period 
before the first payment is made. 
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A typical situation in which the present value ofan annuity-immediate arises 
is the repayment of a loan. In financial practice, a loan being repaid with a 
series of payments is structured so that the original loan amount advanced 
to the borrower is equal to the present value of the loan payments to be made 
by the borrower, and it is often the case that the first loan payment is made 
one payment period after the loan is made. The present value is calculated 
using the loan interest rate. 


(Loan repayment) 


Smith has bought a new car and requires a loan of 12,000 to pay for it. The 
car dealer offers Smith two alternatives on the loan: 


(a) monthly payments for 3 years, starting one month after purchase, 
with an annual interest rate of 12% compounded monthly, or 

(b) monthly payments for 4 years, also starting one month after pur- 
chase, with annual interest rate 15%, compounded monthly. 


Find Smith's monthly payment and the total amount paid over the course 
of the repayment period under each of the two options. 


SOLUTION 


We denote the monthly payment under option (a) by P, and under option (b) 
by P;. “12% compounded monthly" refers to a one month interest rate of 1%, 
and alternative (b) refers to a one-month interest rate of 1.25%. Since payments 
begin one month (one payment period) after the loan, the equations of value 
for the two options are 

(a) 12,000 = A x [voi vy t vii] 7 A x ago, and 

(b) 12,000 = P; x asi 0125- 

..12,000 _ 12,000.01) __ 12.000 _ 

= aor = HALO) 730107805 7 39857, and 


_ 12,000 _ _ 12,000 _ 
He aons — 35931363 — 333.97. 


Then P, 


The total paid under option (a) would be 36A =14,348.52, and under option 
(b) it would be 48x P, 216,030.56. O 
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The following two graphs, Figures 2.7a and 2.7b, illustrate the present 
value of an annuity-immediate first as a function the rate of interest, and 
then as a function of the number of payments. The first graph is an illus- 
tration of the fact that as interest rates increase, present value decreases. 
The second graph shows that the present value of a payment made far in 
the future is small and adds little to the present value of the series. 


183 Present Value of a 20-payment annuity-immediate as a 
20 


1-(+i)™ 
7 


Hi function of the interest rate, azg; = 


+ + ! —4 i 
0.05 0.1 0.15 0.2 
PV Figure 2.7a 


Present Value of an n-payment annuity-immediate 


ar at 10% as a function of n, Gzy; JE 


5 10 15 20 25 30 35 40 45 50 
Figure 2.7b 
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2.1.2.1 Present Value of an Annuity Some Time 

Before Payments Begin 
As in the case of an accumulated annuity in which the value was found 
some time after the final payment, it may be necessary to find the present 
value of a series of payments some time before the first payment is made. 
This is illustrated in the following modification of Example 2.7. 


EXAMPLE 2.8 


(Valuation of an annuity some time before payments begin) 


Suppose that in Example 2.7 Smith can repay the loan, still with 36 pay- 
ments under option (a) or 48 payments under option (b), with the first pay- 
ment made 9 months after the car is purchased in either case. Assuming 
interest accrues from the time of the car purchase, find the payments re- 
quired under options (a) and (b). 


SOLUTION 


We denote the new payments under options (a) and (b) by Pj and P5, 
respectively. Then the equation of value for option (a) is 


12,000 = P'x [9v] = Bx x a 


which leads to 


py = 12999. 018 41:999 = (ont xA = 431.60. 
DET aalo 
In a similar manner, 
12,000 


P; = (1.0125) x = (1.0125) x P, = 368.86. 


Cg 0125 


Since the payments are deferred for 8 months as compared to the situation 
in Example 2.7, it should not be surprising that in each of cases (a) and (b) 
the new payment is equal to the old payment multiplied by an 8-month 
accumulation factor. o 
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Suppose an n-payment annuity of | per period is to be valued k +1 payment 
periods before the first payment is made. The present value can be expressed 
as y 4 y 72 4... y^, which can be reformulated as 


vt x [v v? e v^] = vk xag. 


Since aj represents the present value of the annuity one period before the 
first payment, the value k periods before that (for a total of k +1 periods 
before the first payment) should be v^ x am. With a derivation similar to 
that for Equation (2.4), we have 


v*xag = az -ag. (2.8) 


Such an annuity is called a deferred annuity. The annuity considered in 
Equation (2.8) is usually called a &-period deferred, n-payment annuity- 
immediate of 1 per period. This present value may be denoted by yam. 
Note that for a K-period deferred annuity-immediate, the first payment 
comes k +1 periods after the valuation date, not k periods after. Equation 
(2.8) can be rewritten in the form 


a = dg mi xan = dg * V" xaz (2.9) 


Valuation of a deferred annuity is illustrated in the following line 
diagram. 


Payment 
0 1 2 ses k k+l Uv kn 
| | | | 
I E J 1 | 
T 
v xan — a+ [| eR 1 


FIGURE 2.8 
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2.1.2.2. Present Value of an Annuity with Non-Level Interest Rates 


Just as Equation (2.5) can be used for accumulated annuities, Equation 
(2.9) can be applied to find the present value of an annuity for which the 
interest rate changes during the term of the annuity. If we consider an 
n+k-payment annuity with equally spaced payments, with an interest 
rate of i, per period up to the time of the n^ payment followed by a rate 
of i; per period from the n payment onward, the present value of the 
annuity one period before the first payment can be found in the following 
manner. 


(a) The present value of the first n payments valued one period before 
the first payment is a7); . 


(b) The present value of the final k payments valued at time z (one pe- 
riod before the first of the final k payments) at rate iz is a;j;.. 


(c) The value of (b) at time 0 (one period before the first payment of the 
entire series) at interest rate i, per period over the first n periods is 


v i Xa, 
(d) The total present value at time 0 is the sum of (a) and (c), which is 


n 
ani, HVA SATa 


This is illustrated in the following line diagram. 


Payment i i i i i 
0 1 2 ses n n+l we n+k 
| 
a a 
ag, € D 1 = l 
n 
Vi Ss a. 1 st 1 


FIGURE 2.9 
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EXAMPLE 2.9 


(Annuity with non-level interest rates) 


Smith borrows $10,000 and will repay the loan with monthly payments for 
three years, with the first payment to be made one month after the loan is 
received. The lender has the following schedule for nominal interest rates 
compounded monthly on the loan: 


l*year:696 2" year:9% 3" year: 12% 
Also, Smith's loan payments will have the following pattern: 
l"yr Xpermo. 2™ yr: X425permo. 3" yr: X +50 per mo. 
Determine X. 


SOLUTION 


At the time the loan is received, the present values of the first, second and 
third groups of 12 monthly payments are 

X oos » (X +25) xs X agg; and (X +50) XV bs Votos X Azo > 
respectively. The total present value is set equal to the loan amount 
$10,000. Solving for X results in X =288.21. The time diagram below 
illustrates the valuation of the three separate groups of 12 payments. 


«-.005per mo.— <.0075permo.— <.01permo.—> 


0 1 we 1 13 sei 24 25 ade. 36. 
| | 
tt tt 13 | 
Xa qgs 
T X X 
(X + 25) x vits * 45519075 € (X +25) x ái gg; 
T X425 X425 
(X + 50) x vis x Vlogs X iz oi € (X +50) x ao 


T X«50--X450 o 
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2.1.2.3 Relationship Between ay; and Spy; 


We now return to annuities with a level interest rate. The valuation point 
for an n-payment accumulated annuity-immediate is the time of the n^ 
payment and the accumulated value at that time is sy, The valuation point 


for the present value of an n-payment annuity-immediate is one period be- 
fore the first payment, and the present value is a7;.. We see that the valu- 


ation point for the present value of the annuity is n periods earlier than the 
valuation point for the accumulated value. Then it follows that 


Sai = (y x aa, (2.10) 
and 
a, = v xsaj- (2.11) 


This can be easily verified algebraically by observing that 


= aui 


EVI 
V'xsqy =v" 4g] =S 


After Example 1.7 in the previous chapter, the comment was made that for 
a transaction that involves compound interest the equation of value can be 
formulated at any time point. Furthermore, given the equation of value 


formulated at time ¢,, we can get the equation of value formulated at time 


hizt 


t, by multiplying the first equation by (1+i)°™. A similar relationship 


applies to the valuation of a series of payments. If we know the value of 
the series at time/,, we can get the value of the series at time ¢, by multi- 
plying the value at /, by (1--i)^^ . This tells us, for instance, that since 
a5, is the value one period before the first payment of the level series of 


payments of 1 each, then the value 7 periods later is (1+/)” xag, . But 


n periods after is the time of the final payment, and we know the value at 
that time is sz, . 
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For a particular value of i, both sp; and ap; increase as n increases, Further- 


more sz; = 1+(1+i)+-++++(1+i)"" increases as i increases (a higher interest 


rate results in greater accumulated values of the payments). On the other hand, 
since v = IE decreases as i increases, we can see that a, = v+ +y” 


decreases as i increases. This again illustrates the inverse relationship between 
the present value of an income stream and the interest rate used for valuation. 


2.1.2.4 Valuation of Perpetuities 


It was pointed out in Chapter 1 that if / » 0, then v" decreases as n increases, 
and, in fact, v" — 0 as n — oo. Furthermore it was noted earlier in this sec- 
tion that a7; increases as n increases. As n oo it is easy to see that 

. "uu 

limag; = lim ev" = L, (2.12) 


n>n n d i 


This expression can also be derived by summing the infinite series of pre- 
sent values of payments: v +v? +v? +--+. The infinite series becomes 
vty? +y pees ve = l. The infinite period annuity that results 


as n — oo is called a perpetuity, and a notation that may be used to rep- 
resent the present value of this perpetuity is a>, = M Since the valuation 


of the perpetuity occurs one period before the first payment, it would be 
referred to as a perpetuity-immediate. 


This notion of perpetuity can be considered from another point of view. Sup- 
pose that X is the amount that must be invested at interest rate i per period 
in order to generate a perpetuity of 1 per period. In order to generate a pay- 
ment of | without taking anything away from the existing principal amount 
X, the payment of 1 must be generated by interest alone. Therefore X xi =1, 


or equivalently, X =}. 
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EXAMPLE 2.10. (Perpetuity) 


At an annual effective interest rate of 8%, a deposit of $10,000 will generate 
interest of $800 at the end of a year. If that interest payment is “withdrawn” 
from the account, but the principal amount of $10,000 is allowed to remain 
in the account for another year, it will generate another interest payment of 
$800 at the end of the second year. This can go on indefinitely, as long as 
the only amount withdrawn at the end of each year is the interest generated 
for that year. Another way of seeing this is that 10,000 is the present value 
at an interest rate of 8% of payments of 800 at the end of each year forever, 
10,000 = 800a: og: 


| | } a26 
ij T T 
10,000 — 10,000(1.08) 
-800 
=10,000 —>  10,000(1.08) 
-800 
= 10,000 — 10,000(1.08) 


Note that it is not possible to formulate the accumulated value of a perpe- 
tuity, as it extends to an infinite accumulated value at an infinite point in 
time. g 


EXAMPLE 2.11 f (Perpetuity algebra) 


A perpetuity-immediate pays X per year. Brian receives the first n pay- 
ments, Colleen receives the next n payments, and Jeff receives the remain- 
ing payments. Brian’s share of the present value of the original perpetuity 
is 40%, and Jeff's share is K. Calculate K. 


SOLUTION 


The present value of the perpetuity is Xa - x. The present value of 


1), which we are told 


Brian’s portion of the perpetuity is Xan; 
is 40% of x. Therefore, I-v" = .4, so that v" = .6. The present value 
of Colleen's portion of the perpetuity is X" ani =.6Xa5, = (64), 


which is 24% ofthe value of the original perpetuity. Therefore, Jeff's share 
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of the perpetuity is (100-40—24)% = 36%. Alternatively, note that Jeff s 
share can be formulated as 


Xaa, = (6) Xay; = (.36)*. o 


It is possible to interpret a level n-payment annuity as the “difference” 
between two perpetuities. The present value of a perpetuity-immediate of 


1l per year is a5; =}. An “n-year deferred" perpetuity-immediate of 1 per 
year would have payments starting in n +1 years, and would have present 
value v" xag; = zx. Subtracting the second present value from the first, 


we get a5; =y" xazi = =a; Subtracting the deferred perpetuity 


cancels all payments after the n” payment, leaving an n-payment annuity- 
immediate. This is illustrated in Figure 2.10. 


0 1 2 n n+l n+2 
| | | 
oa TEE. f 
i el 1 1 1 1 
riag €— — — — -agj € -1 =] 
mL 1 1 1 


FIGURE 2.10 


2.1.3 ANNUITY-IMMEDIATE AND ANNUITY-DUE 


To make a valuation of a level series of equally spaced payments, the in- 
formation needed is 

(1) the number of payments, 

(2) the valuation point, and 

(3) the interest rate per payment period. 
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When valuing a series of payments, there are a few particular valuation points 
that arise frequently in practice, and there is actuarial notation and terminol- 
ogy to represent those valuations. Fora level series of payments of 1 each, we 
have already seen sz; and a7, , which denote the accumulated and present 


nli 
value annuity-immediate valuations. These symbols are very specific and 
denote exactly the value of n equally spaced payments of amount | each at 
the time of the final payment in the case of s, and one payment period 


before the first payment is made in the case of a>, . 


In order to avoid ambiguity when valuing a series of payments, it is best to 
specifically indicate the time of the valuation and the times and amounts of 
each of the payments. Sometimes instead of specifically indicating the valua- 
tion point, the annuity is described as an annuity-immediate. This is under- 
stood to mean that valuation is at the time of (and including) the final payment 
for accumulated values and that the valuation point is one period before the 
first payment for present value of an annuity-immediate. 


Another verbal description of a series of payment that can be encountered is 
the phrase “payments are made at the end of each period." In the absence of 
any additional description, this phrase is generally interpreted to mean that 
valuation will be in the form of annuity-immediate. Most financial calculators 
have a setting denoted “END” which will set the calculator for annuity-im- 
mediate calculations, for both accumulated and present value calculations. 


Another standard annuity valuation form is the annuity-due. This form oc- 
curs most frequently in the context of life annuities, but can also be defined 
in the case of annuities-certain. In the case of present value, an annuity-due 
refers to the valuation of the annuity at the time of (and including) the first 
payment. In the case of accumulated value, annuity-due refers to the valua- 
tion of the annuity one payment period after the final payment. If an an- 
nuity is described as having payments occurring at the beginning of each 
period, the implication is that annuity-due valuation is intended. There would 
be payments at time 0 (beginning of the 1” period), time 1 (beginning of 2" 
period),..., time n—1 (beginning of n^ period). The present value of the 
annuity would be found at time 0 and the accumulated value would be found 
at time n. The calculator setting "BEGIN" or “BGN” generally sets annuity 
valuation in the form of annuity-due. There is specific actuarial notation for 
the annuity-due present and accumulated value. This notation is shown in the 
following definition. 
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Definition 2.3 Annuity-Due 


For n-payment annuities with equally spaced payments of amount 1 
each, the annuity-due present value has valuation at the time of the first 


payment, 


à 
a deve tay" = LT - ma (2.13) 


and the accumulated value is one period after the final payment, 


Sn (+i) + (si)? ee e" 


- afe] » ey, 


(2.14) 


where d is the discount rate corresponding to interest rate i. 


Figure 2.11 summarizes the annuity-immediate and annuity-due valuation 
points. 


Payment No, 1 2 ase n-l n 


FIGURE 2.11 
Note that for both the present value and accumulated value ofthe annuity- 
due, the valuation point is one period after the valuation point for the cor- 
responding annuity-immediate. This leads to the relationships 


äm = (l+iaz, (2.15a) 


and 
$a (sa. (2.15b) 
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A perpetuity-due of 1 per year has present value 


Gig, = l+v+v? + = 


l 
d 
= lti = (mijaz; -deag, (2:16) 


i 


EXAMPLE2.12 fj (Annuity-due) 


Jim began saving money for his retirement by making monthly deposits of 
200 into a fund earning 6% interest compounded monthly. The first deposit 
occurred on January 1, 2001. Jim became unemployed and missed making 
deposits 60 through 72. He then continued making monthly deposits of 200. 
How much did Jim accumulate in his fund, including interest on December 
31, 2015, assuming payments continued through to December 1, 2015? 


SOLUTION 


The savings plan originally called for a total of 180 deposits (15 years of 
monthly deposits). We note that 13 deposits will be missed, the 60^ to the 
72", inclusive. The 60^ deposit would have occurred on December 1, 
2005, and the 72" deposit would have occurred on December 1, 2006. The 
valuation point is December 31, 2015, which is one month after the final 
deposit on December 1, 2015. If none of the deposits had been missed, then 
there would have been 180 deposits and the accumulated value one month 
after the 180" monthly deposit can be expressed as an accumulated annuity- 
due. The interest rate is .5% per month, so the accumulated value on De- 
cember 31, 2015 would be 


200 x[ (1.005) 5? + (1.005)! +--+ (1.005) | 


= 2008 qo; 


180 — 
px (1:005)? -1 


z2 
20 005 


x (1.005) = 58,454.56. 


The actual accumulated value is 58,454.56 minus the accumulated value 
of the missed payments. The first missed payment was December 1, 2005, 
and the valuation date of December 31, 2015 is 121 months later. The 
value on December 31, 2015 of the missed payments is 
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200 x [ (1.005)?! + (1.005)!29 +--+ (1.005)!9 ] 
200» (1.005)! x [ (1.005)? + (1.005)! 1] 


(1.005)? -1 
.005 
200» (1.005) 9 x soos = 4,614.73. 


200 x (1.005)! x 


i] 


Note that the accumulated value of the missed payments could also be formu- 
lated as 200x(1.005) 5 xs... (this follows from the relationship 


(1.005) x sc 005 753 005 ), which can be interpreted as the accumulated 


value of the 13 missed payments valued on December 31, 2006 (one month 
after the 13” missed payment) and then accumulating this amount for an- 
other 9 years (108 months). 


The total value of the deposits made: 58,454.56—4,614.73 = 53,839.83. O 


A series of payments can be valued at any time. Annuity-immediate and 
annuity due, both accumulated and present value, are based on the most 
frequently used valuation points. We have seen that annuities can be val- 
ued some time after they end or some time before they begin. Valuations 
can also be done within the term of the annuity, so that we would find the 
accumulated value of payments already made combined with the present 
value of payments yet to be made. The general term to refer to the value 
of an annuity at any point in time is current value. 


2.2 LEVEL PAYMENT ANNUITIES — SOME GENERALIZATIONS 


2.2.1 DIFFERING INTEREST AND PAYMENT PERIOD 


In the annuities considered in Section 2.1 it had been assumed that the 
quoted compounding interest period is the same as the annuity payment 
period. It may often be the case that the quoted interest rate has a com- 
pounding period that does not coincide with the annuity payment period. 
For the purpose of a numerical evaluation of the annuity, we focus on the 
annuity payment period and determine and use the compound interest rate 
per payment period that is equivalent to the quoted interest rate. What is 
meant by equivalence here is “compound equivalence" as defined in Chap- 
ter 1. The following example illustrates this. 


114 > CHAPTER 2 


EXAMPLE2.13 M (Differing interest and payment period) 
On the last day of every March, June, September, and December, Smith 
makes a deposit of 1000 into a savings account. The first deposit is March 
31, 2001 and the final one is December 31, 2016. Find the balance in 
Smith's account on January 1, 2017 in each of the following two cases. A 


calendar quarter is regarded as exactly 4-year. 


(a) Interest is quoted at a 9% nominal annual interest rate compounded 
monthly. 


(b) Interest is quoted at an annual effective rate of 10%, with compound 
interest paid for amounts on deposit for a fraction of a year. 


SOLUTION 


Smith makes a total of 64 deposits (4 per year for 16 years). If the 3-month 
effective rate j were known, then the accumulated value just after the final 


deposit would be 1000 x umi = 100055. In case (a), from the quoted 
nominal annual rate we see that the 1-month effective rate is .0075, so j 
satisfies the relationship 1+/ (1.0075); this is the “compound equiva- 
lence” relationship relating the 3-month effective interest rate j to the 1- 
month effective rate .0075. Solving for j results in j =.02266917. The 
accumulated value of the annuity is then 


64 
px (1.02266917) 


109 02266917 


= 10005302266917 = 141,076. 


In case (b), j satisfies the relationship 1--j— (1.10) ^ =1.02411369; the 
3-month effective rate is found by compounding the annual effective rate 
fora 4-year period. The accumulated value of the annuity is 


(1.02411369) —1 


10007 32411369 


-000sz s 7149084. O 


The payment period for the annuity in Example 2.13 is 3 months, so for 
cach of the two parts of the example, the quoted interest rate was converted 
to an equivalent 3-month interest rate. This is the way in which such a 
situation is dealt with in practice. Most mortgage loans are set up to have 
monthly payments, but the interest rate may not be quoted as a monthly 
rate. 
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Round-off error can occur if an approximate interest rate is used. Note that 
in Example 2.13 if we had used approximate values of j rounded to the 
nearest .01%, for (a) j =.0227 and for (b) j =.0241, then the accumu- 
lated values would be 141,242 in case (a) and 149,006 in case (b). Calcu- 
lators generally have at least 8 digits of accuracy, which is sufficient for 
all practical purposes. 


Canada's Registered Education Savings Plan (RESP) 


Tn the early 1980s, the Government of Canada introduced a reduced- 
tax savings plan to encourage parents to save for a child's postsecond- 
ary education. The plan allows deposits of up to $167 at the start of 
each month. A bonus amount equal to 20% of each deposit is a con- 
tribution from the federal government as an added incentive to con- 
tribute to the plan. Contributions can be made up to the child's 21* 
birthday. 


The tax incentive in the plan is that when the child begins post-sec- 
ondary studies and begins to withdraw funds from the RESP account, 
any amounts withdrawn above the original deposits made by the par- 
ents are regarded as income to the child. It is anticipated that the child 
will be in a low tax bracket while pursuing post-secondary studies, 
and will pay less tax than the parents otherwise would have paid on 
any earned interest. 


In the 1990s, when interest rates were higher than they are at the time 
this edition of the book is being prepared, an illustration of the accu- 
mulation of an RESP was given on the website of the Bank of Nova 
Scotia. The illustration assumes that the parents make the maximum 
deposit of $167 at the beginning of each month from the date of the 
child's birth until one month before the child's 18" birthday. The il- 
lustration indicates that at an annual effective rate of interest of 7%, 
the deposits (including the bonus deposit) will accumulate to $84,829 
as of the child’s 18" birthday. This can be formulated as 20083741; > 


where j is the monthly rate of interest equivalent to an annual effective 
interest rate of 794. 


At the current time this book is being written, the Bank of Nova Scotia 
is advertising an nominal annual interest rate of 0.450% payable 
monthly on RESP deposit plans. At that rate, the deposits would ac- 
cumulate to $45,006. With a 0% interest, the accumulated value (in- 
cluding bonus) would be $43,286. 
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2.2.) m-THLY PAYABLE ANNUITIES 


When the quoted interest rate is an annual effective rate of interest and the 
payments are made more frequently than once per year, the actuarial con- 
cept of an m" payable annuity can be applied. Part (b) of Example 2.13 
can be used as an illustration. There are »; —4 payments per year of 1,000 
each, and the interest rate is quoted as an annual effective rate of 10%, The 


total paid per year is 4,000 for 16 years. The actuarial notation 400057 i 


can be used to represent the accumulated value at the time of the final 
quarterly payment of 1,000. The coefficient 4000 is the total paid per year, 
and the superscript “(4)” indicates that this total of 4,000 is split into 4 
payments of 1,000 each to be made at the end of each quarter. In the exer- 


-010-1 i (4) i 
TG = Silio X gar Where i” is the 


cises it is shown that s? xu 
E 


tlio 09 
nominal annual rate of interest compounded 4 times per year that is equiv- 
alent to the annual effective rate of i —.10. 


The general form of an accumulated "^ payable annuity-immediate is 


denoted xs?) , which is interpreted as follows. The annual effective inter- 


est rate is / and payments of amount x each occur at the end of every 
4-year period (total amount paid per year is K). Ks ) denotes the accu- 
mulated value of this series of payments at the end of n years of payments; 
there would be a total of mxn payments, and the valuation point is the time 
of the final payment. There is a similar notation for the present value of an 


m" payable annuity. For the same set of payments just described, Ka) 


denotes the present value of the series one payment period (or -year ) be- 


fore the first payment. In the exercises at the end of this chapter it is shown 
that 


= i 
= aixa (2.17) 


This m” payable annuity notation also arises in a life-annuity context, 
where it is more likely to be used. 
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2.2.3 CONTINUOUS ANNUITIES 


The annuities considered up to now all have specified individual payments 
at specified points in time. They are discrete annuities and frequently occur 
in practical situations. For theoretical purposes and for modeling complex 
situations, it is sometimes useful to consider continuous annuities, those 
which have payments made continuously over a period of time. 


In part (b) of Example 2.13 an annuity has quarterly payments and interest 
is quoted on an annual effective basis. The exercises at the end of the chap- 
ter consider a generalization of this situation in which payments are made 
th " " 
every iof a year. As m becomes larger the time between successive 


payments becomes smaller, such as every month, every week, every day, 
every hour etc. Although it would not be physically possible to reach the 
limit of this payment pattern as m—>%, the interpretation of that limit 
would be an annuity payable continuously. 


Suppose an annuity has a level rate of continuous payment of 1 per period, 
and an effective rate of interest of i per period. Then the amount paid during 
the interval from time 1, to time ¢, (measured using the period as the unit 
of time) is equal to +, — 4. Suppose the payment continues for 7 periods, 
measured from time 0 to time n. In order to find the accumulated value of 
the n periods of payment, it is not possible to add up the accumulated values 
of individual payments as was done for the discrete annuities considered 
earlier. But we can determine the accumulated value at time n of the infini- 
tesimal amount paid between time ¢ and time ¢+df using differential cal- 
culus. The accumulated value as of time n of this amount is (1+7)"~‘dr. 
These accumulated amounts are “added up" by means of an integral, so that 
the accumulated value of the continuous annuity, paid at rate 1 per period 
for n periods, denoted by $7, is given by 


Sa = feast at. (2.18a) 
0 t t+dt n 


4 — | 


< present value accumulated value —> 


va | €————— d — (Mi)"' dt 


FIGURE 2.12 
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Integrating the right side of (2.18a) we obtain 
— o0" — a-i 
mi = “indy |g ^ 3 — 


eê- _ 4-1 i 
oc Sa aa ae 


(2.18b) 


The force of interest Ó in Equation 2.18b is equivalent to the interest rate i via 


the relationship l+i=e’. Note also that 


zo2(HY-1 pa (y 
m--3- m rz 


+= lim s{”. The interpretation of this relation- 
me m>% n 

ship is that as m gets larger, the annuity payment is more frequent and is 
spread more evenly throughout the year, with the limit being a continuous 


distribution of payment throughout the year. 


EXAMPLE 2.14 (Continuous annuity) 


In 2016 and 2017 Smith deposits 12 every day into an account and in 2018 
he deposits 15 every day into the account. The account earns interest from 
the exact time of the deposit, with interest quoted as an annual effective 
rate. The rates are 9% in 2016 and 2017, and 12% in 2018. Find the amount 
in the account, including interest, on December 31 2018 in two ways: 

(a) exactly based on the daily deposits, and 

(b) using the approximation that deposits are made continuously. 


SOLUTION 


(a) j denotes the equivalent daily compound interest rate in 2014 and 
2015, and j, denotes the equivalent daily compound interest rate in 
2016. It then follows that j,—(1.09)/365—1—.00023631, and 
jy =(1.12)"365—1. Using the approach illustrated in part (b) of Ex- 
ample 2.13, the accumulated value on December 31, 2018 is 
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Dass (1.12)4 Iss 
i = 
$ rao. 887-1] a [622-1] 
1 


2 


10,706.19 + 5,796.40 
16,502.59. 


D 


(b) If deposits are made continuously, then the total paid per year in 
2016-2017 is 12x 365 — 4380, and in 2018 it is 15x365 = 5475. 


The accumulated value would be 


4380(1.1 2)55109 +5475- Shiz 


om - 
4380(1.1 2 ar + ses am 


10,707.45 + 5,797.30 = 16,504.75. 


" 


Note that the difference between (a) and (b) is about $2 in a total of about 
$16,500. [n] 


The present value, at the time payment begins, of a continuous annuity 
paying a total of 1 per period at effective periodic interest rate i is 


ga fov dt= [pee dt (2.19a) 
d- Q1-w _ l-e"? 
«dn 5 6 
d is (m) 
= gami - dim ay E (2.19b) 


The relationships in Equations (2.4), (2.5), (2.6), (2.8), (2.9), (2.10), and 
(2.11) are also valid for a continuous annuity. 


Suppose a general accumulation function is in effect, where a(t, ,t,) is the 
accumulated value at time ¢, of an amount | invested at time /,. Then 


J a(t,t,)dt and f ——dt represent the accumulated value at time 1 
fy fy alo) e 


and the present value at time f,, respectively, of a continuous annuity of 
1 per unit time, payable from time 4 to time ¢,. If accumulation is based 
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on force of interest ó,, then 
h 
alt,h) = oof ô, ar] (2.20) 
h 
and we have present and accumulated annuity values at time 0 and time 7, 
respectively, given by 
i3 n .[' 6,dr 
Fas, = [oe köde oy (221a) 
and 


a n [Sdr 
Sas = jod dt, (2.21b) 


along with the relationship 


Tag. = B kh oa, (221c) 


2.2.4 SOLVING FOR THE NUMBER OF PAYMENTS IN AN ANNUITY 
(UNKNOWN TIME) 


Suppose we consider the basic relationship for the accumulated value, M, 
of an annuity-immediate with n level payments of amount J each with an 
interest rate of i per payment period. The relationship is 


]-^. 


M -Jx[a«077 ++i)" so ey tt] =ux{ 8972 


We can regard M, J, i, and n as “variables” in this equation, and given any 
three of these variables it is possible to solve for the fourth. In examples 
considered so far, either we have been given J, i, and n, and solved for M, 
or we have been given M, i, and n, and solved for J. We can solve for the 
unknown time factor n algebraically as follows: 


i Inf] 


= Jy" -1 jy" = 14 Mi 
M = Jx i — (1H) =l > naD 
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In general, it will not be possible to solve algebraically for the unknown in- 
terest rate factor i. Most financial calculators have functions that solve for the 
fourth variable if any three of M, J, i, and n are known. The same comments 
apply to the present value of a level payment annuity-immediate, 


de Exige Kx Y |. 


where the four variables are the present value L, the payment amount K, 
the number of payments n, and the interest rate i. Solving for n results in 


wf] 

K 
In[v] 

ity-immediate and annuity-duc. 


n- . Calculator functions also allow the distinction between annu- 


Solving for the unknown time will usually result in a value for z that is not 
an integer. The integer part will be the number of full periodic payments 
required, and there will be an additional fractional part of a payment re- 
quired to complete the annuity. This additional fractional payment may be 
made at the time of the final full payment or may be made one period after 
the final full payment. The following examples illustrate these ideas. 


(Finding the unknown number of payments) 


Smith wishes to accumulate 1000 by means of semiannual deposits earning 
interest at nominal annual rate i =.08 . 


(a) The regular deposits will be 50 each. Find the number of regular deposits 
required and the additional fractional deposit in each of the following 
two cases: 


(i) the additional fractional deposit is made at the time of the last regular 
deposit, and 


(ii) the additional fractional deposit is made six months after the last 
regular deposit. 


(b) Repeat the problem with a regular deposit amount of 25. 


SOLUTION 


(a) We solve the relationship 1000 = 50x s;; o4 form. Writing this equation 
as 
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n 
1000 = 50.09" -1 


In(1.8) 
In(1.04) 


full amount of 50 are required. The accumulated amount on deposit at 
the time of, and including, the 14" deposit is 50s. 94 = 914.60. If the 


results in a value of n= —14.9866. Thus 14 deposits of the 


additional fractional deposit is made at the time of the 14^ regular 
deposit, then it must be 1000—914.60 — 85.40, which is actually larger 
than the regular semiannual deposit. If the account is allowed to accu- 
mulate another half-year, then the accumulated amount in the account 
six months after the 14” deposit, is 508.5, 7 5001.04) 5.5 94 
—951.18. In this case an additional fractional deposit of amount 
1000—951.18 = 48.82 is required to bring the amount on deposit to a 
total of 1000. 


(b) With the problem repeated at a deposit amount of 25, solving 
1000 = 25s; 94 results in n = 24.3624. The accumulated amount at the 


time of the 24” deposit is 2555504 = 977.07, so that the additional 
fractional deposit required would be 22.93, if it were made at the time 
ofthe 24" deposit. The accumulated amount six months after the 24^ 
deposit is 255755, —1016.15. No additional fractional (or drop) pay- 


ment would be required since the accumulated value is already 16.15 
larger than the target value of 1000. 


A final payment made to repay a loan that is larger than the regular pay- 
ment may be referred to as a balloon payment, and a final payment made 
to repay a loan that is smaller than the final regular payment may be re- 
ferred to as a drop payment. g 


In situations not so elementary as those in Example 2.15, an unknown time 
problem may not have an analytic solution for n. In that case some sort of 
approximation technique must be applied. The following example illus- 
trates this. 
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EXAMPLE2.16 f(Unknown Time) 


Smith makes a gross contribution of 100 per month to a retirement fund earn- 
ing i (02) = .09, with interest credited on the last day of each month. Atthe time 
each deposit is made, the fund administrators deduct 10 from the deposit for 
expenses and administration fees. The first deposit is made on the last day of 
January 2015. In which month does the accumulated value of the fund become 
greater than the total gross contribution to that point? 


SOLUTION 


We wish to solve for the smallest integer n for which the inequality 
90s 975 21007 is true. The net deposit is 90 and the monthly rate is 


(1.0075) -1 
.0075 


(1.0075)" > 1+.008333n, which we cannot solve analytically. An elemen- 


tary approach to a solution is by “trial-and-error,” where we try various val- 
ues of 7 until the inequality is satisfied. From an inspection of the inequality, 


since the exponential factor (1.0075)" ultimately increases faster than the 
linear factor 14-.0083337, we see that the inequality will eventually be sat- 
isfied (for a large enough n). With the arbitrary choice of 210, we have 
(1.0075)? —1.077583 and 1+.008333(10) = 1.08333, so the inequality is 
not satisfied. We try a larger m, say 7—20, in which case 
(1.0075)? 21.161184 and 1+.008333(20) - 1.1666, so the inequality is 


still not satisfied. Continuing in this way we obtain the results shown in Table 
21; 


j= 39-0075. The relationship of: IE 100n is equivalent to 


TABLE 2.1 
(1.0075)" | 1+.008333n | Satisfied 
10 | 1.0775825 | 1.08333 No 
20 | 1.1611841 | 1.16666 No 
30 | 1.2512720 | 1.24999 Yes 
25 | 1.2053870 | _ 1.20833 No 
28 | 1.2327120 | 1.23332 No 
29 | 1.2419570 | 124166 Yes 
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Therefore n — 29 is the smallest n for which the inequality is satisfied The 
29" deposit occurs at the end of May 2017. Note that Table 2.1 could be 


generated in a computer spreadsheet program. The “Solver” function in an 
EXCEL spreadsheet could also be used to solve for n. g 


In(i-Ci/K)] 
In[v] 


7 0, since otherwise it would be impos- 


The solution for n in the equation L = Kaz; was seen to be n= 


It is implicitly assumed that 1— 
sible to find the natural logarithm. Upon closer inspection, if 1-4 «0, 
then K € Lxi, so the loan payment will at most cover the periodic interest 
due on the loan and will never repay any principal. Therefore, if the loan 


payment isn't sufficient to cover the periodic interest due, the loan will 
never be repaid and 7 — cc. 


2.2.5 SOLVING FOR THE INTEREST RATE IN AN ANNUITY 


(UNKNOWN INTEREST. 


It is generally necessary to use a calculator function or computer routine 
to solve for an unknown interest rate. 


The following is based on an example of an Individual Retirement Ac- 
count (IRA) found recently on the website of the Western & Southern Fi- 
nancial Group (Cincinnati, OH). An IRA is a deposit account in which 
funds accumulate tax-deferred until withdrawn at the time of retirement. 
There may also be some income tax reduction at the time of each deposit. 
An excerpt from the website is below. 
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IRA Advantage: Tax-Favored Compounding 
This chart assumes a $3,000 annual $514,201 
contribution at the beginning of each 
year, a hypothetical 6% average rate 
of return, and a 30% combined federal $317,817 
and state income tax bracket. 
This example assumes deductible con- 
tributions. Earnings grow tax-deferred 
until withdrawn at the end of the pe- 

riod. Fully Tax-Deferred 

Taxable IRA 

Should the IRA be withdrawn as a Tax-deferred IRA versus fully 
lump sum at the end of the period, its taxable growth of $3,000 annual 
value would be $359,941 after 30% contributions over 40 years as- 
taxes. suming 6% growth. 


https://www.westernsouthernlife.com/retirement/iras/taxadvantages.asp 


FIGURE 2.13 


(Individual Retirement Account — Unknown Interest) 


Verify the numerical values shown in Figure 2.13 above. 


For the tax-deferred accumulation in the IRA, with deposits of $3,000 at 
the start of each year for 40 years, at a 6% annual effective rate of interest, 
the deposits should accumulate to 


(1.06? -1 


30008751, = 3000x(1.06)x 06 


= 492,143 


at the end of the 40” year. This is not the stated amount of $514,201 in 
Figure 2.13 above. We can find the annual effective interest rate i which 
results in the stated accumulated value: 3000575; = 514,201 
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Using a financial calculator, we get the value i = 6.17%. This is the annual 
effective rate that is equivalent to a nominal annual rate of 6% com- 
pounded monthly (.5% per month). This was not explicitly stated on the 
webpage. 


Figure 2.13 also has an example of fully taxable accumulation with an in- 
dicated tax rate of 30%. This means that any interest earned on the deposits 
will be taxed at that rate. The before-tax .5%. monthly rate of interest 
becomes an after-tax rate of .596x.7 =.35%. 


The equivalent annual effective after-tax rate of interest is 
(1.0035)? —1 = .042818(4.28%). 
The fully taxable accumulated value at the end of 40 years is 


(1.042818)*° -1 


30008 = 3000(1.042818) x “042818 


40042818 = 317,817, 


as indicated in Figure 2.13. o 


Many financial institutions have IRA calculators on their websites. They 
mostly indicate the compounding frequency of the interest as part of the 
information provided. 


Part of the solution to Example 2.17 involved finding an interest rate in a 
transaction with level deposits. Solving for the interest rate in a more gen- 
eral financial transaction whose payments are not level can lead to signif- 
icant complications. For many standard financial transactions, such as 
loans, there is often only one non-negative solution to the unknown inter- 
est rate. Occasionally a complicated situation may arise in which it is not 
clear whether there is any solution for i, and if so whether it is unique. 
These considerations will be addressed in Chapter 5. 


There are a few points to keep in mind when considering a situation involv- 
ing an unknown rate of interest. It can be assumed that interest rates are 
greater than or equal to —100%, since at a rate of —10094 the accumulated 
value of 1 would be 0 at any future point except in unusual circumstances. 
One such circumstance would be where an investor has at risk more than the 
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amount invested (such as with “leveraged” investments or when investing 
on margin"). Another situation would be where the investment consists of 
a series of varying cashflows, each one of which can be either positive or 
negative (i.e., disbursements and receipts). We will consider the determina- 
tion of the unknown interest rate, also called the internal rate of return, in 
a more general context in Chapter 5. 


2.3 ANNUITIES WITH NON-CONSTANT PAYMENTS 


There are a number of situations which involve a non-level series of pay- 
ments. In order to value the annuity if the payment amounts do not follow 
any uniform pattern, it would be necessary to value the payments individu- 
ally and then add the values of the individual payments. This can be done in 
a straightforward way. Suppose we consider a series of n payments that are 
separated by equal intervals of time and suppose that the payment amounts 
are K,,K),...,K,. If the valuation rate of interest is i per payment period, 
then the accumulated value of the series valued at the time of the final pay- 
ment is K (1) +K, (Lei) +--+K,,;(I+i) - K,. The present value 
of the series of payments valued one payment period before the first pay- 
ment would be Kyv+Kyv? ++-+K,,v"'+K,v". Both the TI BA II 


n- 
PLUS and the HP-12C calculators have cashflow worksheet functions 
which compute accumulated and present values of a series of up to 20 dif- 
ferent payment amounts (the other SOA approved calculators do not have 


this function). 


2.3.1 ANNUITIES WHOSE PAYMENTS FORM 
A GEOMETRIC PROGRESSION 


When there is some systematic way in which the payments of an annuity 
vary, itmay be possible to algebraically simplify the present or accumulated 
value. Retirement annuities often have a “cost-of-living” increase or infla- 
tion-adjustment provision. This means that the annuity payment is adjusted 
periodically (usually annually) to account for inflation. Algebraically, such 
an annuity would have payments that tend to increase geometrically. Infla- 
tion is unlikely to be constant from year to year, but if we consider a simpli- 
fied situation where there is a level rate of inflation of r every year, then an 
inflation-adjusted annuity would have payments which grow by a factor of 
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l-«r each year. Many insurance companies sell indexed annuities with a 
fixed index rate r. The following example illustrates this idea. 


EXAMPLE 2.18 


(Annuity whose payments form a geometric progression) 

Smith wishes to purchase a 20-year annuity with annual payments begin- 
ning one year from now. The annuity will be valued at an annual effective 
rate of 11%, Smith anticipates an annual effective inflation rate over the 
next 20 years of 4% per year, so Smith would like each payment after the 
first to be 4% larger than the previous one. If Smith's first payment is to 
be 26,000, what is the present value of the annuity? 


SOLUTION 


The series of payments is 


26,000; 26,000(1.04); 26, 000(1.04)^;...; 26,000(1.04)'?, 
and has present value 


26,000v ,, + 26,000(1.04)v7, + 26,000(1.04)^ 3, 
+++ 26,000(1.04) v3". 


This can be written as 26,000 x vx[1 4 1.04v e (1.04)? +--+ (1 04v)? ]. 
|= 270484. g 


I ar, 1-(1.04v)? 
which then simplifies to 26,000 x v xf Lote m 


The important point to note is that when payments form a geometric pro- 
gression, the ratio in the progression combines with the present value fac- 
tor so that the present value of the annuity reduces to another geometric 
progression. 


There is a basic geometric payment annuity valuation formula that can be 
applied in most such situations. Suppose that a series of n periodic pay- 
ments has a first payment of amount | and all subsequent payments are 
(l+r) times the previous payment. At a rate i per payment period, one 
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period before the first payment, the present value of the series can be writ- 
ten as 


ver)? + (ltr)? s (try ty 


ler (4) (ey 
= vx} l+— +| — +H —— 
l+i l+i l+i 
à T 
. EY e) — 
li ltt i-r ` 
l+i 


and the accumulated value at the time of the final payment can be ex- 
pressed as 


(1+i)" -(l+r)" 


i-r 


i x(l+i)" = 


(2.23) 


Applying this formula to Example 2.18, we see that the present value of the 
annuity with i=.11, r—.04, and n=20,produces a present value of 


We now show that the present value of the series above at the time of the 
first payment can be written as äp; for an appropriately defined interest 
rate j. The present value of the series at the time of the first payment is 


1+ (4ry, [09v] [07] 


_ 1-[d+r)yJ' 1 


-(l+r -lir 
1-(17)v; 1-75 
n " 1-4 " 
We can formulate this as aj => 4 if we let v j=. The present 
value will be of the proper form, and z~ Ww =y, = EE, so that 1j = Bi > 


and j= i. This shows that the present value of an annuity-due whose pay- 


ments form a geometric progression can be formulated as an annuity with level 
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payments valued at a modified rate of interest (the inflation-adjusted rate of 
interest), as described in Section 1.7. In most practical situations / would be 
larger than z, so that j would be positive. 


2.3.1.1 Differing Payment Period and Geometric Frequency 


It is possible that the geometric increase period (or frequency) and the pay- 
ment period do not coincide. In such a situation, in order to formulate present 
or accumulated value algebraically it is usually necessary to “modify” the 
payment period to coincide with the geometric increase period; in other 
words we find an equivalent payment per geometric increase period. We can 
then apply one of the expressions just given for present and accumulated val- 
ues. The following example illustrates this. 


(Differing payment and geometric periods) 

Smith’s child was born January 1, 2006. Smith receives monthly family 
allowance payments on the last day of each month, beginning January 31, 
2006. The payments are increased by 12% each calendar year to meet cost- 
of-living increases. Monthly payments are constant during each calendar 
year at 25 each month in 2006, rising to 28 each month in 2007, 31.36 each 
month in 2008, and so on. Immediately upon receipt of a payment, Smith 
deposits it in an account earning ;? =.12 with interest credited on the 
last day of each month. Find the accumulated amount in the account on 
the child’s 18” birthday. 


SOLUTION 


The change in payment amount occurs once each year, but the payments 
are made monthly. The accumulated value on January 1, 2024, the 18^ 

birthday, can be written as the sum of the accumulated values of each of 
the deposits as 


25(1.01)7'5 4 25(1.01? ^ 4.....- 25(1.01)9* 
+25(1.12)(1.01)?® + 25(1.12)(1.01)9? 4.....-25(1.12)(1.01)? 


425(1.12 (1.01)?! 4251.12)? (1.01)? +--+ 25(1.12)? (1.01)? 
++ 25(1.12)!7 0.01)! + 25(1.12)'7 (1.01)? 4... 25(1.12)"7. 
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A way of simplifying this sum is to first group the deposits on an annual 
basis, and for each year find the accumulated value of that year's deposits 
at the end of that year, as shown in Table 2.2. 


TABLE 2.2 


Accumulated Value of Deposits on December 31 
255519, 7 X 
285539, = 25(1.12)s,,, = (1.12) 


31.3653, = 25(1.12) so = (1.12? X 


2023 | 250.12)" s, = (01.127 X 


The 216 monthly deposits are equivalent to 18 geometrically increasing annual 
deposits of X, (1.12) X , (1.12)? X ,..., (1.12) X , made at the end (Dec. 


31) of years 2006, 2007, 2008, ... , 2024. The accumulated value at the time 
ofthe final deposit (Dec. 31, 2023) is 


(1+i)'7 X (80) 50.12) X + (14) (1.12 X 4 (44 (01.12) X. 


This is the accumulated value of a geometric payment annuity-immediate 
with n 218 payments, geometric growth rate 1-- r — 1.12, annual effective 


interest rate į = (1.01)" —1, and initial payment 25501 7 X. We can use 
Equation 2.23 to find the accumulated value at the end of 18 years (time 
of the final payment), with r=.12, 14i - (101)?, and n=18. 


(1.01?!5 (1.12) 
(1.01)? -1-.12 ` 


Since X =25so, =317.06 , the accumulated value is 41,282.55. o 


If i=r, then Equation 2.22 (and 2.23) involve division by 0. In this case, the 
present value one period before the first payment is 


132 > CHAPTER2 


vt (ber? (Ion!) e Ier"! = vvv = ny, 
and the accumulated value at the time of the final payment is 
nv(1+i)" = n0 i)". 


2.3.1.2. Dividend Discount Model for Valuing a Stock 


An elementary model for the value of a share of stock is the dividend 
discount model. Using this model, the value of a share of stock is the 
present value of the future dividends that will be paid on the stock. A basic 
form of this model assumes a constant rate of increase in the amount of 
the dividend paid, so that the future stream of dividends forms a geometric 
payment perpetuity. We make the following assumptions: 


(i) the next dividend payable one year from now is of amount K, 
(ii) the annual compound growth rate of the dividend is r, and 
(iii) the interest rate used for calculating present values is i. 


The present value one payment period before the first dividend payment is 


e zr) 
Kx U Ler y E PN 
l+i (Ru) (14+) 
This present value can be formulated as 


Kx 1+ 
Iti 


(2.24) 


stock. Note that this is just the limit as n — oo of , the finite geo- 


metric payment annuity-immediate considered earlier. In this derivation, there 
is an implicit assumption that ; » r in order for the infinite geometric series to 
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converge (sums to a finite amount). It would be prudent for an investor to as- 
sume that there is some risk as to whether or not the anticipated future divi- 
dends will actually be paid. This would be reflected by using a “risk-adjusted” 
interest rate for finding the present value of the future dividends. The risk-ad- 
justed rate would be larger than interest rates on (essentially) riskless govern- 
ment securities. 


EXAMPLE 2.20_[§ (The theoretical price of a stock) 


Common stock X pays a dividend of 50 at the end of the first year, with 
each subsequent annual dividend being 5% greater than the preceding one. 
John purchases the stock at a price to earn an expected annual effective 
yield of 10%. Immediately after receiving the 10% dividend, John sells the 
stock for a price of P. His annual effective yield over the 10-year period 
was 8%. Calculate P. 


SOLUTION 


The initial price paid by John to buy the stock is the theoretical price based 
on a first dividend of amount 50 to be paid in one year, with subsequent 
dividends growing by r =5% per year, and with valuation based on a yield 
rate of i=10% per year. The theoretical price of the stock is shag =1,000. 


John sells the stock for amount P at the end of 10 years. To say that John’s 
yield over the 10 year period is 8% per year is to say that his investment of 
1,000 is equal to the present value of what he receives, using a valuation rate 
of 8%. What he receives is the 10 years of dividends and the sale price P at the 
end of 10 years. The dividends form a 10-year geometrically increasing annu- 
ity-immediate, with first payment K = 50 and geometric growth rate r = 5%. 
The present value at j=8% of the 10 years of dividends is 
10 10 
ler 
Kx H) = sox] “(4 | = 409.18. The present value at time 0 
ICE 08-05 
of the sale price P (received when the stock is sold at the end of 10 years) 
is Pui, =.46319P. Then, 


1,000 = 409.18 +.46319P, 


so that 
P = 1,275.54. ag 
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2.3.2 ANNUITIES WHOSE PAYMENTS 
FORM AN ARITHMETIC PROGRESSION 


Another systematic pattern of payment that can arise is one in which the pay- 
ments follow an arithmetic progression. We consider two basic forms of annu- 
ities with arithmetic payments. 


2.3.2.1 Increasing Annuities 


We first consider an -payment annuity whose first payment is 1 and with 
each subsequent payment increasing by 1. With an interest rate of i per 
period and equally spaced payments, the present value of the series of pay- 
ments valued one period before the first payment can be expressed as 


n-l 


vt 2v 393 tee (nD + nv". 

The typical algebraic method of simplifying a series that involves a arith- 

metic component is as follows. We let X denote the series above. Then 
(IM)X = 1+2v+3v ee ny", 


Subtracting the first series from the second results in 


d 2 -i 
iX = l+v+v ++" =n". 


The first part of the right hand side of this expression happens to be the present 
value of an n-payment annuity-due. Therefore 


X l+v+v? ic -nv" _ ure (2.25) 


In a similar way, the accumulated value of the series of payments valued 
Em 
. The 


present and accumulated values just calculated have standard actuarial no- 
tation and terminology to denote them. The phrase n-payment increasing 
annuity immediate is used to refer to an annuity whose payments are the 
sequence of integers from 1 to n. The present value, X, of the increasing 
series is denoted (Ja); . The accumulated value is denoted (Is);. 


at the time of the final payment can be shown to be equal to 
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EXAMPLE2.21 Jf (Reinvested interest and increasing annuity) 


Mary makes deposits of 1000 into an account at the end of each year for 
5 years, John makes deposits of 1000 into an account at the beginning of 
each year for 5 years. Each year, just after interest is credited to each 
account, they withdraw only the interest and redeposit it into a second ac- 
count (they each have their own second accounts). Mary’s primary account 
has an annual effective rate of 9% and John’s has a rate of 10%. Mary’s 
secondary account has an annual effective interest rate of 9% and John’s 
secondary account has an annual effective interest rate of 8%. At the end 
of 5 years Mary’s investment has a value of X, and John’s has a value of 
Y. Calculate Y — X. 


At the end of 5 years, the value of Mary's investment is the sum of the 5 
deposits of 1000 each and the accumulated reinvested interest. Since 
Mary's first deposit of 1000 into her primary account is at the end of the 
first year, the first interest payment from the primary account is at the end 
of the second year for amount 90; this is deposited into the secondary ac- 
count (but the original deposit of 1000 stays in the primary account). At 
the end of the second year she adds 1000 to the primary account to bring 
the balance to 2000, and the interest generated from the primary account 
at the end of the third year is 180. 


Each year she adds 1000 to the primary account, so each year the interest 
generated by that account is 90 more than the previous year. The interest 
generated by the primary account is 90, 180, 270, and 360 at the end of the 
2™ 3" and 4” and 5" years. These interest payments are deposited into 
the secondary account (which also earns interest at a rate of 9%). The time 
diagram representation of Mary’s investment is as follows: 


Mary’s Time Diagram 

NERIS ee ae EY 

| = t | 
Deposit 1000 1000 1000 1000 1000 
Total in 
Primary 2000 3000 4000 5000 
Account aa Sy es E 
Interest 
Deposit to 90 180 270 360 


Second Account =90x1 =90x2 =90x3 =90x4 
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Mary's total investment at the end of 5 years is 
X = 5000-90(/)g,, = 5,984.71. 


Note that since the reinvestment rate for the interest payments is 9%, which 
is the same as the interest rate on the initial deposits, Mary’s accumulation at 
the end of 5 years can also be formulated as 100055, = 5,984.71; thisis the 
same as if she had left the interest payments in the primary account to 
accumulate at the 9% rate. This can be seen algebraically as follows. 


jos -4 
.09 
= 5000--1000($5 9 —4) 


5000 +90(Is)z199 = 5000--90x 


1000 +1000%% 9) = 1000(1+ 5199) = 10005309 


John’s deposits are made at the beginning of each year, so the first interest 
payment from John’s primary account occurs at the end of the first year, 
and the amount of that interest payment is 100; it is deposited into the 
secondary account earning 8%. John’s subsequent interest payments are 
then 200, 300, 400 and 500 at the ends of years 2, 3, 4 and 5. The time 
diagram for John’s investment is as follows. 


John’s Time Diagram 


0 1 2 3 4 5 
Deposit — 1000 1000 1000 1000 1000 
Total in 
Primary 2000 3000 4000 5000 
Account ES Sa D "se Ss 
Interest 
Deposit to 100 200 300 400 500 


Second Account 
John's accumulated investment at the end of year 5 is 
Y = 5000-100(fs)u.. = 6,669.91, 


Then, Y—X = 685.20. a 
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Ifthe payments in an increasing annuity immediate are allowed to continue 
forever, the result is an increasing perpetuity immediate, whose present 
value is 


" n 
Bes, ï B ean i = dm A 
(ajai = v*2v^ «3 4 = im aya; = im b 

From l'Hospital's rule of limits it follows that 

lim nv" = lim —— = lim ——L—— = 

n-o s-»m (I)! n>a (1+i)" In(1+i) 
Also, since à; -l, it follows that 

ed alee bd 
da; 5g = = tT (2.26) 


EXAMPLE 2.22 f (/ncreasing Perpetuity) 


Perpetuity X has annual payments of 1,2,3,... at the end of each year. Per- 
petuity Y has annual payments of g,q,2q,2q,3q,3q,... at the ends of suc- 
cessive years. The present value of X is equal to the present value of Y at 
an annual effective interest rate of 10%. Calculate g. 


SOLUTION 


Perpetuity X has present value 


v2 43 e = (lay, = iei a at = 110. 


Perpetuity Y can be separated into two groups of payments, those at the 
ends of years 1,3,5,7,9,... of amounts g,2q,3q,..., and those at the ends 


of years 2,4,6,8,10,... also of amounts g,2q,3q,... . The second set of 


payments forms an increasing perpetuity-immediate payable every second 
year. The 2-year effective rate of interest equivalent to the annual effective 


rate of 10% is j —(l. 1? —l=.21 (21%). The present value of the second set 
of payments is 
) - 27444. 


1. 1 
qx (va +203) E331) =q x aya -0( ah 
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Since the first set of payments is identical to the second, except that it starts 
one year earlier, its present value will be 1.1 times larger (one less year of 
present value factor), so that the present value of the first series of payments 
is 27.44xqx(1.1) 230.18g. The total present value of perpetuity Y is 
27.44q + 30.18q —57.62q. We are told that this is the same present value 
as the value of perpetuity X of 110, so that q —1.91. m] 


2.3.2.2 Decreasing Annuities 

Another basic annuity with payments that follow an arithmetic progression 
is the n-payment decreasing annuity immediate. This annuity has a first 
payment of amount » and each subsequent payment is of amount | less than 
the previous payment. The standard actuarial notation used for this annuity 
is (Da); , and this represents the present value of the sequence of payments 
of amounts 7, n—1, n—2,..., 2, 1, with payment starting one period from 
now. The formulation given for (Da): given in Equation (2.27) below can 


be derived in a similar way as we did with Equation (2.25). 
(Da); = ny-& (n-Dv? (n-2)) 4 2v «y = TR (2.27) 


If this same decreasing series is valued at the time of the final payment, 
then we get the accumulated value of the n-payment decreasing annuity 
n(l+i) 

7 


immediate, (Ds)q = = (Da) x(I--i)". There are a number of 


algebraic relationships involving the increasing and decreasing annuities 
that are considered in the exercises at the end of the chapter. The following 
example illustrates how the basic increasing and decreasing annuities can 
be used to formulate valuations of more general annuities with payments 
that follow an arithmetic progression. 


(Decreasing annuity) 


Jeff bought an increasing perpetuity-due with annual payments starting at 
amount 5 and increasing by 5 each year until the payment amount reaches 
100. The payments remain at 100 thereafter. The annual effective interest 
rate is 7.5%. Determine the present value of this perpetuity. 
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There are at least two ways in which this perpetuity present value can be 
formulated. 
(i) We can separate the first 20 payments (increasing from 5 to 100) from 


the 21% payment and beyond (level at 100). The present value as a 
perpetuity-due (valued at the time of the first payment) is 


S(Jü)sa gps FV"? x100à ozs = 5(1.075)(la) x6 995 + v x 1004. 


n 20 
- scans (4a 30) gig 100 
.075 d 


447.975 + 337.426 = 785.40. 


wt 


Note that the 20-payment increasing annuity-due can be formulated as 


üg 207 


» -20y n 
(d) = a = (EHi)Ja)ss. 


The overall valuation is illustrated in the following time-diagram. 


0 1 2 oo» 18 19 20 21 
+ + + + —-— t + 
[5 10 15 ... 95 100) [100 100 

Sä) 4 100d. 


(ii) We can separate the series into a combination of a level perpetuity-due 
minus a 19 year decreasing annuity-due. 


Original series 5 10 15 ++ 95 100 100 100 
is equivalent to 


Level perp-due 100 100 100 .- 100 100 100 100 
combined with 


Decreasing -95 -90 -85 ++ -5 
annuity-due 
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Note the negative payments on the decreasing annuity-due. The pre- 
sent value of the two combined series is 


10045 —5(Dai)ig 
= 100 EX l iN) = 1,4; a; = 
= j 5| —_ ,433.333—- 647.933 = 785.40. 


o 


2.3.2.3 Continuous Annuities with Varying Payments 


The general form of a varying annuity defined at the start of this section 
had a payment of amount K, payable at time ¢. The value of a continuous 
annuity with varying payments can also be formulated in a general context. 
In this case the payment pattern is described by a continuous function 
h(t), which represents the instantaneous rate or density of payment be- 
ing made at time z. Then, incorporating the continuous annuity concept 
defined in Section 2.2.3, A(t) dt would be the instantaneous payment at 
time t, all of whose present or accumulated values would be “added,” in 
the form of an integral, from time 0 to time n, producing 


f ohe) xv! dt (2.282) 
for the present value at time 0, and 


NOE +i)" dt (228b) 


for the accumulated value at time n. Corresponding to the standard increas- 
ing annuity in the discrete case is the continuously increasing annuity, for 
which /(¢) is replaced by ¢. The notation used for the present value of this 


annuity is 


(Ta), = fhe dt (2.292) 
and for the accumulated value is 
GS = NZD dt. (2.29b) 


These can be simplified by applying integration by parts, producing 
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Tā}, = 


nli 


(2.302) 


and 


pan $4—n 
Tq, = = ; (2.30b) 


where à =In(1+/). If the force of interest is varying as well, say ô, at time 
t, then the more general expressions for the present and accumulated val- 


ues of the annuities at times 0 and n, respectively, are 
n EGET 
f. ht) e hr qu (2. 31a) 
and 


frm» PELLE (2. 31b) 


2.3.2.4 Unknown Interest Rate for Annuities with Varying Payments 


In Section 2.2 we considered methods of determining an unknown interest 
rate. For the cases considered there, and for varying annuities as well, it is 
generally true that there is a unique solution for i. The following example 
shows this. 


EXAMPLE 2.24 (Unique solution for i) 


Suppose that an annuity consists of payments K,, K, 


,K, made at times 


0«1 «t; <": «t,, where each K, » 0. Suppose also that L » 0. Show 
that there is a unique i(i » —1) for which L is the present value at time 0 


of the given series of payments, where / is the interest rate per time unit 
measured by ¢. 


With 


i the present value at time 0 of the series of payments is 


Jf) = Ky"  Kyv^ ++ K, v^. Since the K,'s and 1, "sareall >0, it 


142 > CHAPTER2 


follows that f (i) is a decreasing function of i, since v“ decreases as i in- 
creases. But lim /(/)-0, since each v" 0 as io,and 


inn 


lim f(i)=+%, since v^ — as i -1. Then since 0<L<+o and 


i34 


(i) decreases from +0 to 0 as i goes from —1 to +0, it follows that 


there is a unique i » -1 for which L= f(i). Note that i>0 if L< X K, 
ral 


and i«0 if L> X K,. a 


rel 


In a more general setting, a financial transaction may involve a series of 
disbursements (payments made out) and payments received. A computer 
routine such as “Solver” in EXCEL would be needed to solve for the un- 
known interest rate in a general setting. Financial calculators are usually 
limited to finding the unknown interest rate when payments are level (or 
with a balloon payment) or have a limited number of varying payments. 
Solving for an unknown interest rate, yield rate, or internal rate of return 
in a general setting is considered in Chapter 5. 


2.4 APPLICATIONS AND ILLUSTRATIO 


2.4.1 YIELD RATES AND REINVESTMENT RATES 


Suppose that a single amount Z is invested for an n year period and the 
value of the investment at the end of years is M. A reasonable definition 
of the annual yield rate earned by the investment over the n year period is 
the rate i that satisfies the equation Lx(I+i)"=M. 


Now suppose that a loan of amount L is made at annual effective interest 
rate i and is repaid by n level annual payments of amount K each. The 
equation of value for the loan is L = K xaj;. Suppose that we regard the 
loan as an investment from the point of view of the lender. We would like 
to have a measure of the annual rate of return or interest rate or yield rate 
earned by the lender over the n year period. In order to use the yield rate 
definition given in the previous paragraph, we would need a value of the 
investment at the end of n years. This implicitly suggests that the lender is 
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reinvesting the loan payments as they are being received, and has accumu- 
lated an amount M at the end of n years. 


In order for the lender to realize an annual yield rate of i (the original loan rate) 
over the n year period, the lender should have accumulated Lx(l-i)" as of 
time n. In order for this to occur, it can be seen from the equation of value for 
the loan that the amount the lender must have accumulated as of time n is 
Lx (l+i)" = K xag; x (1+i)" = K x sm; We see that in order for the lender to 
realize an annual yield rate of i (the loan rate), the annual rate of interest earned 
by the reinvested payments must also be i. If reinvestment is at a rate other than 
i, then the lender’s annual yield will be different from i. 


Consider the case of a 10-year loan of 10,000 at i 2.05. We look at three 
ways in which the loan can be repaid. 


(1) Ten level annual payments of Ln =1295.05. If these payments are 
los 


reinvested at 5% as they are received, the accumulated value at the 
time of the tenth payment is 1295.05s os —16,288.95. Since 


10,000(1.05)'° 216,288.95, the lender realizes an annual compound 
rate of return (or yield) of 5%. 


Q 


Ten level annual interest payments of 500, plus a return of the entire 
10,000 principal at the end of ten years. If the payments of 500 are 
reinvested at 596, the accumulated value after ten ycars is 
500s;5 76,288.95. Along with the payment of 10,000 at time 10, 
the accumulated value is again 16,288.95 (this also follows from the 
relationship l-ixsz;, =(1+i)"), which indicates an annual compound 


rate of return of 5%. 


(3) A single payment of 10,000(1.05)'° = 16,288.95. In this case it is clear 


that the lender receives an annual compound rate of return of 5%. 


As long as the reinvestment rate is 5%, then for any repayment schedule 
for which the present value of the payments is 10,000 at į =.05, the accu- 
mulated value of the reinvested payments will be 16,288.95. 


Now let us assume instead that the interest rate earned on reinvested pay- 
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ments is 396. A reinvestment rate is irrelevant in Case (3), since no reinvest- 
ment takes place. In Case (1) the accumulated value ofthe reinvested payments 
is 1295.05s.5 93 =14,846.30. In Case (2) the accumulated value is 


500s 3 10,000 215,731.94. In Cases (1) and (2) the accumulated 
value does not give an annual rate of 5% compounded for 10 years on an 
initial investment of 10,000. For Case (1), the average annual compound 
rate of return j is found from 10,000(1+/)'° =14,846.30, which results in 
j-.0403, and for Case (2) the average return is found from 


10,000(1+/)!° 15,731.94, which results in  —.0464. The reason the av- 
erage rate is less than 5% is that the reinvestment rate is less than 5%. 
Furthermore, the less reinvestment that takes place, the less of a reduction 
there is below 594. In other words Case (3) has no reinvestment and results 
in an annual compound rate of 5%, and Case (2) has more reinvestment 
than Case (3), but less reinvestment than Case (1) which has the lowest 
average compound return. 


An important measure of rate of return on an investment is the internal rate 
of return (IRR) on a transaction. As a basic example of IRR, consider a 
loan of 1000 to be repaid by payments of 149.03 at the end of each year for 
10 years. The interest rate for which 1000 is equal to the present value of 
those 10 payments is 8%. That would be the IRR for this loan. In the context 
ofa loan regarded as an investment, the internal rate of return is the rate of 
interest for which the loan amount is equal to present value of the loan pay- 
ments. In other words, the internal rate of return on a loan transaction is 
simply the interest rate at which the loan is made. 


The internal rate of return can be applied to more general financial transac- 
tions, and will be considered in some detail in Chapter 5. In each of Cases (1), 
(2) and (3) above, the internal rate of return is 5%, since in each case, the 
present value, at 5%, of the loan payments is 10,000. The reinvestment rate is 
relevant to the determination of the yield rate on a transaction as defined 
above, but the reinvestment rate is irrelevant in determining the internal rate 
of return, as the reinvestment rate is assumed to be the IRR itself. 


EXAMPLE 2.25 (Yield rates) 


Smith owns a 10,000 savings bond that pays interest monthly at i“'?) — 06. 
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Upon receipt of a bond interest payment, he immediately deposits it into 
an account earning interest, payable monthly, at a rate of ;? =.12. Find 
the accumulated value of this account just after the 12”, 24^, and 36^ 
deposit. In each case find Smith's average annual yield i"? based on his 
initial investment of 10,000. Assume that the savings bond may be cashed 
in at any time for 10,000. 


The savings bond pays interest of 50 per month, so the accumulated values 
in the account are 505;5 9) = 634.13, S0szc oi =1348.67, and 
505549, 7 2153.84 after 12, 24 and 36 months, respectively. If j is the av- 


erage monthly yield rate earned on the initial 10,000 investment, then if 
Smith was to cash in his bond at the end of 12 months, j would be the 
solution to the equation 


10,000(1+)'? = 10,634.13, 


resulting in j=.00514 and i?) —12 j —.0616. For the 24-month period 
10,000(1- j)” = 11,348.67, so that j =.00529 and i? =,0634; for the 
36-month period we find j =.00543 and i?) = 0652. a 


In general if an amount Z is invested and generates interest at rate ; per 
period which is then reinvested at rate j, the accumulated value of the re- 
invested interest at time n will be Lxixsg;, and the total value of the 


investment will be L+L xix smj = L[! +ix 537] (initial principal plus re- 
invested interest). 


EXAMPLE2.26 fM (Yield rates) 


Suppose that Smith, on a payroll savings plan, buys a savings bond for 100. 
at the end of every month, with the bond paying monthly interest at 
i?) =.06. The interest payments generated are reinvested in an account 
earning i“? —.12. Find the accumulated value in the deposit account at the 
end of 12 months, 24 months and 36 months. Find the yield rate in the form 


i) that Smith realizes over each of these time periods on his investment. 
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SOLUTION 


At the end of 12 months Smith will have bought 1200 in bonds. The first 
100 bond was bought at the end of the first month, so Smith received in- 
terest of 0.50 at the end of the second month, at which time he bought the 
second 100 bond, bringing the total in bonds to 200. At the end of the third 
month Smith receives 1.00 (monthly interest on the 200 in bonds), and 
buys a third 100 bond. At the end of the fourth month Smith receives 1.50 
in interest and buys a fourth 100 bond. Therefore the interest Smith re- 
ceives from the bonds is 0.50, 1.00, 1.50, 2.00,...,5.50 at the ends of 


months 2, 3, 4, 5,..., 12. The accumulated value in the deposit account af- 
ter 12 months is .50x (/s)j7), 734.13, after 24 months it is 


0x (Is), = 148.67, 


and after 36 months the accumulated value is 


50x (US) 321, = 353.84. 


What is meant by the monthly yield rate is the rate at which the original pay- 
ments must be invested to accumulate to the actual amount that Smith has at 
the later point in time. Smith's monthly yield j on the 1200 (100 per month) 
invested over 12 months is the solution of 100575, = 1234.13, for which the 


solution is j=.00508, or i?) =.061. Over 24 months j is found from 
1005. , = 2548.67, which gives j=.00518, or i? =.0622. Over 36 
months we have 100s.—, = 3953.84, which gives j=.00529, or 
if) = 0634, o 


As a general approach to the situation in Example 2.26, suppose that a 
series of n deposits of amount | each generate interest at rate / per payment 
period, and that the interest is reinvested as it is received at rate j per pe- 
riod. The first interest payment is i, which comes one period after the first 
of the original deposits. The second interest payment is 2i and is paid one 
period after the second of the original deposits. The following table illus- 
trates the original deposits and the interest generated by them. 
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TABLE 2.3 
Time 0 1 2 3 4 ++ n-2 n=l n Total 
Payment 1 1 1 1e 1 1 1 > n 
Interest i 2i 3i ++ (n-3)i (n-2)i (n-li > ixüsy—, 


The interest is reinvested at rate j per period, with the interest payments 
forming an increasing annuity since interest at rate i is being earned on an 
increasing principal amount. The total accumulated value of the reinvested 
interest is ix Us) which, along with the original n deposits of 1 each, 


results in a total of n+ix (Is); at time 7. 


2.4.2 DEPRECIATION 


Among the various assets owned by a business may be an automobile. As 
time goes on, the resale value of the automobile decreases, and eventually 
the automobile may be worth nothing. Tax and accounting rules generally 
allow the business to take as an expense the annual reduction in value of 
the asset. Each year the business would make an accounting for the reduc- 
tion in value (or depreciation) of the asset, and the value after the depre- 
ciation has been applied. Eventually, the asset will be sold for some 
amount (the “salvage value”) which could be zero. 


To set up a schedule of depreciation for an asset, we would need to have 

the following information: 

(i) the initial value or purchase price of the asset, say Fo, 

(ii) the number of years over which the asset will be depreciated, say n, 
and 


(iii) the salvage value of the asset at the end of the asset’s useful lifetime, 
say P,. 


A depreciation schedule would provide the year-by-year sequence of de- 
preciated values, P,,A,P),....P,;,P,, where P, denotes the depreciated 
value at time /. The amounts of depreciation year-by-year would be 
Dj. D;,..., D, ,,D,, Where D, denotes the amount of depreciation for the 


1^ year. D, is the amount of reduction in asset value from the end of the 
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tI" year to the end of the z” year, so that D, = P-P, and 
P, = P_,-D,. We see that over the course of the n years we have the 
following relationships: 


B -D-D =+- Dp- -Dp 
= R -(R-R)-(R-P,)- +- aFGF) = F, 


and 


F-fÓ = Din t Dya tot Disk (2.32) 


(the reduction in asset value from one point in time to another is the sum 
of the yearly depreciation charges during that time interval). 


There are several conventional methods for constructing the schedule of 
annual depreciation amounts and depreciated values. We consider four de- 
preciation methods. 


2.4.2.1 Depreciation Method I — The Declining Balance Method 


The declining balance method (also known as the constant percentage 
method, or the compound discount method) requires the assumption of an 
annual discount factor d. 


The factor is applied each year to the previous year-end's depreciated value 
to calculate this year's amount of depreciation, so that D, = P, +d. We get 


the following sequence of depreciation amounts and depreciated values. 


Starting asset value R 
Amount of depreciation in 1* year D,=Py:d 
I" year-end depreciated value B = P-D, = P-(l-d) 


Amount of depreciation in 2" year D, = P -d = P,-(1-d):d 


2" year-end depreciated value P,=R-D, =R -(l-d)=R, -(1-d}? 
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The pattern continues in this way, so that the depreciated value at the end of ¢ 
years is 
P = Pyx(I-ay, (2.33a) 


and the amount of depreciation for the /^ year is 
D, = Byx(l-d)^ -d. (2.33b) 
Note that the salvage value is P, = Ry x(1-d)". 


2.4.2.2 Depreciation Method 2 — The Straight-Line Method 


The straight-line method is quite simple. The total amount of depreciation 

that occurs over the 7-year period is P, - P,. In the straight-line method, 
sie sol 

the amount of depreciation each year for 7 years is E of the n year total 

depreciation charge, so that 


D, = 4(A-P,) (2.34a) 


for each year, £ =1,2,...,7. The depreciated value at the end of f years will 
be the initial value minus the / years of depreciation charges, so that 


P = P,-(D,+D,+--+D,) = Ry- xx (R-P). (2.34b) 
Notice that this can be rewritten in the form P - 4 x, +£xP,; this 
shows that the depreciated value is just the linearly interpolated value P 


of the way from the asset value at time 0 to the asset value at time 7 (not 
surprising, since there is a constant annual reduction in asset value). 


2.4.2.3 Depreciation Method 3 — The Sum of Years Digits Method 
In this method, the amount of depreciation for a particular year is a fraction 
of the total n-year depreciation charge, P, — P,. We define the following 


factor, Sp =1+2++-+k = Kp. 


tok. 


; this is the sum of the integers from 1 
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In the first year, the amount of depreciation taken is 2+ Eu —P,), and in 


the second year, the amount of depreciation taken is 4! mR- —P,). In the 


1^ year, the amount of depreciation taken is 


x (A-2). (2.35) 


In the exercises, you are asked to show that the depreciated value at the 
end of the z year is 


B =P, +Š x(P)-P,). (2.35b) 


For instance, with a 20-year egrecienon period, the depreciated value at the 
end of 8 years would be P, = Py + Sx Pay) = Pao gU - Po 


since 

So 512341 = GB - 78 
and 

Soy = 1424-0420 = GU - 210. 


2.4.2.4 Depreciation Method 4 — The Compound Interest Method 
This method may also be called the sinking fund method and it requires 


the assumption of an interest rate i, The amount of depreciation in the 7” 
year is 


D, 


d 


ey 1 
s- 


nli 


Oy x(R-P.) (2.36a) 


and the depreciated value at the end of ¢ years is 
P, = R -2ix(R-P,). (2.36b) 


Note that in this method, the annual depreciation charges are getting larger 
as time goes on. For the compound discount method and the sum of years 
digits method, the depreciation charge is largest in the first year and de- 
creases as time goes on. The Compound Interest Method is rarely used in 
practice. 
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EXAMPLE2.27 fM (Depreciation) 


An asset has a purchase price of 1,000 and a salvage value of 100 at the 
end of 10 years. For each of the depreciation methods presented above, 
create tables for the depreciated value and amount of depreciation for each 
of the 10 years of the life of the asset. For the declining balance method 
use a discount factor of 20.5696 and for the compound interest method use 
an interest rate of 1096. 


Depreciated Values 


DBC) SLQ) SY(3) cua) 

£ 100067944! 1000-90; 100-29 1000 - 7098 
1 79440 910 836.36 943.53 

2 6107 820 689.09 881.41 

3 50132 730 558.18 813.08 

9 125.99 190 11636 233.13 
10 — 100 100 100 100 


Yearly Amounts of Depreciation 


DB) SLQ) . sYQ) CI(4) 

+ 20560(744y7 go 20x70 se 
1 205.60 90 163.64 56.47 

2 163.32 90 14727 62.12 

3 129.75 90 130.91 68.33 

9 32.61 90 32.73 121.05 
10 25.90 90 16.36 133.16 
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2.4.3 CAPITALIZED COST 


An asset needed for a production process may have a finite lifetime, after 
which it will need to be replaced. The asset may have some salvage value at 
the end of its lifetime. Even if it is not necessary to borrow in order to obtain 
the asset, there will be an interest cost or interest loss because funds have to 
be used to purchase the asset. The asset may also have periodic maintenance 
costs. We define the asset's capitalized cost to be the original cost of the asset, 
plus the present value of an infinite number of replacements, plus the present 
value of maintenance costs in perpetuity. In other words, it is the present 
value of the costs involved in having use of the asset forever. 


The components of the asset purchase and maintenance can be summa- 
rized as follows: 

initial asset value is P 

lifetime of the asset is n years 

salvage value at the end of n years is S 

interest rate cost is i (sometimes called the required annual yield rate) 
periodic (usually end of each year) maintenance cost is M 


The cashflows required to maintain the asset indefinitely are: 


(i) apayment of amount P at time 0, 
(ii) payments of amount P — S at times n, 2n,..., forever, 
(iii) payments of amount M each year forever starting one year from now. 
The capitalized cost of the asset is then 
C = P*(P-S)(v ev?) M (vt). 
This can be reformulated as 
C= p4P-S,M. (2.37) 


since 


n 


VALUATION OF ANNUITIES X 153 


EXAMPLE2.28 fM (Capitalized Cost) 


Machines X and Y each sell for 100,000 and each has a life of 17 years. 
Machine X produces 1000 units per year, has an annual maintenance ex- 
pense of 1000 and a salvage value of 33,750. Machine Y produces U units 
per year, has an annual maintenance expense of 1100 and no salvage value. 
Atan annual effective rate of interest of 8%, a buyer is indifferent between 
the two machines. Determine U. 


SOLUTION 


To say that the buyer is indifferent means that the capitalized cost per unit 
produced (annual) is the same for both machines. The capitalized cost of 
Machine X is 


100,000—33,750 | 1,000 


A = 137,037. 
(1.08) -1 08 


100,000 + 


The capitalized cost of Machine Y is 


100,000 , 1,100 
SUM UM Lied 


100,000 + 
(.08)7-1 -08 


= 150,787. 


The capitalized cost per unit produced annually is 137 07 =137 for Ma- 


150,787 
U 


chine X, and is for Machine Y. In order for the buyer to be indif- 


ferent between the two machines, the unit costs must be the same, so that 


150787 137, from which we get U - 1100. a 


Related to the capitalized cost is the periodic charge to maintain the asset. 
The periodic charge is equal to the capitalized cost multiplied by the inter- 
est rate, so that 


P-S M = 
Periodic Charge = [+ Je = pis? Su, (2.38) 


ar t Sai 

We can interpret this periodic charge as being composed of the annualized 
interest on the initial purchase price (P xi), plus the annual cost to make 
up the shortfall between purchase price and salvage value that will occur 
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when the asset has to be repurchased in n years ( ); plus the annual 


Sai 


maintenance cost (M). 


2.4.4 BOOK VALUE AND MARKET VALUE 


An investor considering the purchase of an annuity (or series of cashflows) 
at time /j will typically calculate the present value of the series of cash- 


flows at some interest rate i). This rate would be related to rates in effect 


for similar investments at the time of valuation. The investor’s yield-to- 
maturity on the series of cashflows is i, if the series is received for its full 


term. At any intermediate point during the term of the series of cashflows, 
the present value of the remaining payments in the series based on the 
original rate i, is called the book value of the cashflow at that time. Such 


a valuation might be needed for accounting purposes. If the investor de- 
cides at time ż > 1, to sell the remainder of the series of cashflows that he 


is entitled to receive, an appropriate interest rate, called the market rate i, 
would be used at ; for the valuation. The present value of the remaining 
series at time 4, based on the market rate is called the market value of the 
series of cashflows. These notions of book value and market value arise 


in the context of loan amortization (Chapter 3) and in the valuation of 
bonds (Chapter 4). 


EXAMPLE 2.29 M (Book value and market value) 


Smith borrows 10,000 at annual effective interest rate i) =.10. The loan 
will be repaid by 10 annual payments of amounts 2000, 1900, 1800,..., 
1100, with the first payment made one year after the loan. Determine the 
book value and the market value of the loan payments just after the 5^ 
payment if the market rate of interest is then 12%. 


Note that the present value at ¢=0 of the loan payments at ig =.10 is 
100047 9 +100(Da)> , = 10,000. The book value just after the 5" pay- 
ment is BV; -1000ag |, 100(Da)s o =5000, and the market value is 


MV; =1000az,,,+100(Da)z |, = 4767.46. a 
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2.4.5 THE SINKING FUND METHOD OF VALUATION 


A situation may arise in which a lender or investor is considering the pur- 
chase of an annuity (a specified series of payments). In previous sections of 
this chapter we have considered the valuation of the series of payments in the 
form of the present value of the series at some interest rate į per payment 
period. However, as noted earlier, in order for an investor to actually realize 
a return of i per period to the end of the term, we must have a reinvestment 
rate of i as well. 


In practice, the interest rate i, payable on a loan would tend to be larger than 
the rate j earned on reinvestment, such as in a deposit account. The sinking 
fund method is a way for an investor to value the annuity when j #i, The 
sinking fund method of valuing a level annuity of K per period for periods 
allows an investor to receive a periodic return of i per period while recovering 
his initial investment amount (the principal) in a sinking fund (deposit ac- 
count). The idea is that the investor pays an amount P for the series of pay- 
ments, and receives a periodic return at rate i on the initial outlay, which 
would be Px; per period. The actual payment being received from the an- 
nuity is K per period, so the amount of the payment in excess of the periodic 
return is K — P x i. This excess is the amount that is deposited into the sinking 
fund at rate j. At the end of the n-period term, the sinking fund has accumu- 
lated to (K-Pxi)s;;. This accumulated amount should be just enough to 
repay the investor's initial outlay, allowing him to recover the principal. This 
scenario is illustrated in Table 2.4. 


TABLE 2.4 
Time 0 1 2 ass n 
Initial Outlay P 
Interest per period Pu Poi fe Pei 
Actual payment K K E K 
Sinking fund deposit K-P.i K-P.i en K-P-i 
—(K-P-i)sg j 
=P 

Then we see that 

(K-Pxi)s = P (2.392) 


or, equivalently, 
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Kxsg 
Por ny (2.39b) 
I*ixsg; 
This situation is similar to Case (2) considered at the start of this section, 
where the 10,000 loan is repaid by interest alone and the principal is re- 
turned at the end of the term. In this case the initial investment of P earns 
interest of P; per period, and the principal amount is returned at the end 


of the term by means of the accumulated sinking fund. 


EXAMPLE2.30 fi (Sinking fund) 


A manufacturer is considering the purchase of some equipment that will 
generate income of 15,000 per year, payable at the end of each year. The 
equipment has a lifetime of 8 years and no salvage value. What price 
should be paid for this equipment in order to realize an annual return of 
10% while recovering the principal in a sinking fund earning 7% per an- 
num? 


We can apply Equation (2.39b) with K 215,000, n=8, i=.10, and 
15.0005; 
1+.10x5 o7 


tion (15,000-.10P)sș]ọ7 = P. Note that the income of 15,000 per year can 


Jj =.07, obtaining P = = 75,961.77 as the solution of the equa- 


be split into the following two parts: 

(i) 7596.18, which is 10% of the purchase price of 75,961.77, plus 
(ii) 7403.82, which is deposited into the sinking fund that earns 7%. The 8 
deposits of 7403.82 accumulate to 75,961.73 at 7% at the end of 10 years. 
Note that the present value of the income at ;-.10 is 
15,000ag 1o = 80,023.89. g 


Exercises at the end of this chapter relate to various aspects of the sinking 
fund approach to valuing a series of payments. The relationship between 
the usual present value method of valuing an annuity and the sinking fund 
method is considered in the following example. 


EXAMPLE 2.31 f(Valuation methods) 


Let A be the present value of an n-payment level annuity-immediate val- 
ued in the usual way at a periodic interest rate of i per period. Let P, be 
the "present" value of the annuity based on the sinking fund method with 
annual return of ; > 0 (the same interest rate as in the calculation of 2 ) 
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to the investor along with recapture of principal in a sinking fund at rate 
j>0. (The quotation marks around “present” indicate that present value 
is not being found in the usual sense using a present value factor v at some 
specified rate of interest.) Derive each of the relationships 


(a) i= j>R =P, (D i» j B» P, and (c) i< j 9 R«P.. 


SOLUTION 


Let the periodic payment be 1. Then R =ap; and P, = 


Tey inh 


then P, = a5; 7 P, establishing relationship (a). Note that 


i 
P, can be rewritten in the form P, -A[ “Tag | Then we have the 


following sequence of implications: 


i>j > sa? Say 
> btixsg; 2l*ixsy; 
1 1 


ae CE T 
l+ixsm  b*ixs, 


rn 


1 1 1 1 
> P =a = 1-——— |22x|l-————— |=, 
at 1+ixsy, i I*ixsg; - 


which establishes relationship (b). Relationship (c) is established in the 
same way as (b), except that all inequalities are reversed. a 


The sinking fund method of valuation can be applied to a varying series of 
payments K,,K>,...,K, made at times 1,2,...,/. Suppose L is the pur- 
chase price to provide a return of / per payment period while allowing the 
recapture of principal in a sinking fund at rate j. Then Z must be the accu- 
mulated value at time n of the series of sinking fund deposits, where the 
sinking fund deposit at time t is K, — L-i. Then 


L = (K,-Lxiy(l+ jy" +(K,-Lxi)(l+ jy"? 
eK, oT xij)! +(K, -Lxi(e jy 


n- 


n 
= 2 Kb jy"! -Lxix say, 
tz 
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Solving for L results in 


n 
X Kj 
m us 


L- (2.40) 


lixs 


The most general case would also allow for varying periodic rates of return 
and sinking fund rates j,, j,,..., J,. 


l5, 
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2.5 SUMMARY OF DEFINITIONS AND FORMULAS 


Finite Geometric Series 


k lex d 


2 
xa tet — : 
I- x-1 


Definition 2.1 — Accumulated value of a level n-payment 
annuity-immediate of 1 per period 


n-l 
sg; = (905 2 e 41 = S QD = 
= 


Accumulated value k periods after the n deposit 
of an n-payment annuity-immediate 


oi (+É Value at time n x growth 
factor from time n to time nk. 
= syx(i+i)* 
= SE 


Separation of an accumulated annuity-immediate into 
two payment groups 


Sal = Sal x(L+i)* +59 sg x(I4i)" +55. 


Definition 2.2 — Present value of a level n-payment 
annuity-immediate of 1 per period 


Separation of the present value of an annuity-immediate 
into two payment groups 


= k m n 
a = Ag+ xag = am +V" xap. 


(i — 
i 


(2.1) 


. (2.3) 


(2.4) 


(2.5) 


(2.7) 


(2.9) 
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Present value of an annuity with non-level interest rates for an n + k- pay- 
ment annuity with equally spaced payments, with an interest rate of j} per 
period up to the time of the n payment followed by a rate of iz per 


period from the n" payment onward, the present value of the annuity one 


period before the first payment is aj. + vi xajgj.- 
Present value of a perpetuity-immediate 


dai = -- 
i 


Definition 2.3 — Annuity-due 


-2devey ty”! 


G, 


ni 


_ quy -1 


Sy = D HY e RH" i 
d 


Gy = (l+i)am and Sy = (l+i)Smi 


Giz, = l+v+v + = n 
=l slt L (sijan = 1405 
Continuous annuities 
Tay = f Dde = wet 
Iv _ l-e" 


a Weir. 
mi Jo 5 E 


(2.12) 


(2.13) 


(2.14) 


(2.15) 


(2.16) 


(2.18) 


(2.19) 
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Annuity whose payments follow a geometric series 


A series of n periodic payments has first payment of amount 1, and all 
subsequent payments are (1--r) times the size of the previous payment. At 
a rate of interest i per payment period, the present value of the series one 
period before the first payment is 
"m 
(e) 


vlr? e (Ier) +--+ (ery = BU. — (222) 
iF 


and the accumulated value at the time of the final payment is 


yt -qépy 
Ui yup = C0 OY. 
FÉ fef 


(2.23) 


If i=r then the present value one period before the first payment is 


v4 (ler? + (+r +--+ (lr) Ty" = vvv = nv 


Dividend discount model for valuing a stock 


If the next dividend payable one year from now is of amount K, and the 
annual compound growth rate of the dividend is 7, and the interest rate 
used for calculating present values is i, the present value one payment pe- 
riod before the first dividend payment is E s (2.24) 
n-payment increasing annuity-immediate and 

increasing perpetuity-immediate 


(Ja) v42y? 4 3i) +--+ (n-1)v ^ + nv" 


nli 


(2.25) 


(2.26) 
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Decreasing annuities 


a Qn 


(Da); = nv (n-1v? + (n-2)? e 2v v 


= frag (2.27) 


n(I+i)"—s3 


Da = 77 
= (Da)g x(I+i)". 


2.6 NOTES AND REFERENCES 


A finite difference approach to simplifying the present value of a varying 
annuity is discussed in the Theory of Interest, by S. Kellison. Chapter 2 of 
Compound Interest by M. Butcher and C. Nesbitt contains an extensive 
collection of numerical and algebraic problems on annuities. 


2.7 EXERCISES 
SECTION 2.1 


2.1.1 50,000 can be invested under two options: 
Option | 
Deposit the 50,000 into a fund earning an annual effective 
rate of i; or 
Option 2 
Purchase an annuity-immediate with 24 level annual pay- 
ments at an annual effective rate of 10%, 


The payments under Option 2 are deposited into a fund earning an 
annual effective rate of 5%. Both options produce the same accu- 
mulated value at the end of 24 years. Calculate i. 


N 
io 
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Bob wants to purchase a perpetuity paying 1000 per year with the 

first payment due at the end of year 11. He can purchase it by 

either: 

(i) paying 900 per year at the end of each year for 10 years; or 

(ii) paying K per year at the end of each year for the first 5 years 
and nothing for the next 5 years. 


Calculate K. 


Write the annuity Siili in series form (assume 7 and k are inte- 


gers). Group separately the accumulated values (as of the time of 
the final payment) of the first payments and final k payments. 
Use this formulation to derive Equation (2.4). 


Smith makes deposits of 1000 on the last day of each month in an 
account earning interest at rate ;? =.12. The first deposit is January 
31,2010 and the final deposit is December 31, 2034. The accumulated 
account is used to pay for monthly payments of Y starting January 31, 
2035 with the final one on December 31, 2059. Find Y. 


Since June 30, 2014 Smith has been making deposits of 100 each 
into a bank account on the last day of each month. For all of 2014 
and 2015 Smith’s account earned nominal interest compounded 
monthly at an annual rate of 9%. For the first 9 months of 2016 
the account earned i?) =.105, and since then the account has 


been earning i"? =.12. 


Find the balance in the account on each of the following days: 
(i) January 1, 2015, 

(ii) January 1, 2016, and 

(iii) February 1, 2017 


Find the amount of interest credited on February 28, 2017. 
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2.1.68 


2.1.88 


2.1.10 


To accumulate 8000 at the end of 37 years, deposits of 98 are made 
at the end of each of the first n years and 196 at the end of each of 
the next 2n years. The annual effective rate of interest is i. You are 
given (1+/)" =2.0. Determine i. 


(a) Ina series of 40 payments the first 10 payments are 10 each, the 
second 10 payments are 20 each, the third ten payments are 30 
each, and the final 10 payments are 40 each. The payments are 
equally spaced and the interest rate is 5% per payment period. 
Find the accumulated value at the time of the final payment. 

(b) Show that the accumulated value of the series is equal to 


10[ silos + Solos + solos t slos ]- 
10, 
Given Silio S, find the value of 2s jo in terms of S. 


A deposit of 1 is made at each of times ¢=1,2,..., to an account 
earning interest at rate i per payment period. Let 7, denote the 
interest payable at time f. Find an expression for /,, and show that 


n 
È I; = sq; —n. Whatis the interpretation of this relationship? 
tl 


Smith buys 100 shares of stock ABC at the same time Brown buys 
100 shares of stock XYZ. Both stocks are bought for 10 per share. 
Smith receives a dividend of .80 per share, payable at the end of 
each year, for 10 years, at which time (just after receiving the 10^ 
dividend) he sells his stock for 2 per share. Smith invests his div- 
idends at annual rate 6%, and invests the proceeds of the sale of 
his stock at the same rate. Brown receives no dividends for the 
first 10 years, but starts receiving annual dividends of .40 per share 
at the end of 11 years. Brown also invests his dividends in an ac- 
count earning 6%. If Brown sells his shares n years after purchase, 
what should be the sale price per share in order that his accumu- 
lated investment matches that of Smith, for each of n 215,20 and 
25? 


2.1.11$ 


2.1.128 


2.1.138 


2.1.14 


2.1.15 


2.1.16 
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(a) If $5 —70 and sz; —210, find the values of (1+i)",i, and 
3j 


(b) If sx; =X and s; — Y, express v" in terms of X, Y and con- 


stants. 
(c) If s —48.99, 5.5 =36.34, and i» 0, find i. 


An m+n year annuity of | per year has i = 7*6 during the first m 


years and has ; - 1196 during the remaining n years. If 5715; =34 


and s5,, 7128, what is the accumulated value of the annuity just 
after the final payment? 


Chuck needs to purchase an item in 10 years. The item costs 200 
today, but its price inflates 4% per year. To finance the purchase, 
Chuck deposits 20 into an account at the beginning of each year 
for 6 years. He deposits an additional X at the beginning of years 
4, 5, and 6 to meet his goal. The annual effective interest rate is 
10%. Calculate X. 


Show that Equation (2.7) can be written as 1 2 v^ +i-aj;, and 


give an interpretation of this relationship. 


For the situation described in Exercise 2.1.5, find the present value 
on June 1, 2014 of all of the payments made in 2014, 2015, and 
2016 combined. 


A scholarship fund is started on January 1, 2015 with an initial 
deposit of 100,000 in an account earning ;?) =.08, with interest 
credited every June 30 and December 31. Every January 1 from 
2016 on, the fund will receive a deposit of 5000. The scholarship 
fund makes payments to recipients totaling 12,000 every July 1 
starting in 2015. What amount is in the scholarship account just 
after the 5000 deposit is made on January 1, 2025? 
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2.1.178 


2.1.18 


2.1.198 


2.1.20 


2.121 


*2.1.22 


At an annual effective interest rate of i, i » 0, both of the follow- 
ingannuities have a present value of X: 


(a) a 20-year annuity-immediate with annual payments of 55 


(b) a 30-year annuity-immediate with annual payments that pays 
30 per year for the first 10 years, 60 per year for the second 
10 years, and 90 per year for the final 10 years. 


Calculate X. 


10,000 can be invested under two options: 


Option l. Deposit the 10,000 into a fund earning an annual ef- 
fective rate of i; or 


Option 2. Purchase an annuity-immediate with 24 level annual pay- 
ments at an annual effective rate of 10%, The payments 
are deposited into a fund earning an annual effective rate 
of 596. 


Both options produce the same accumulated value at the end of 24 
years. Calculate i. 


Dottie receives payments of X at the end of each year for n 
years. The present value of her annuity is 493. Sam receives pay- 
ments of 3X at the end of each year for 2n years. The present value 
of his annuity is 2748. Both present values are calculated at the 
same annual effective interest rate. Determine v". 


A loan of 10,000 is being repaid by 10 semiannual payments, with 
the first payment made one-half year after the loan. The first five 
payments are K each, and the final five payments are K +200 
each. What is K if i?) =.06? 


Show that a;; can be written as the difference between a perpetuity- 
immediate and an n-year deferred perpetuity-immediate. 


Derive Equation (2.8): (a) by means of a line diagram similar to 
the derivation of Equation (2.4), and (b) by considering the series 
forms of the annuities in Equation (2.8). 


*2.1.23 


*2.1.24 


*2.1:25 


*2.1.26 


*2.1,21 


*2.1.28 
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For the series of part (a) of Exercise 2.1.7, find the present value 
one payment period before the first payment. Show that this 
present value can be written as 


10% [tamos "glos ~ “2010s ~ "3010s } 


Suppose an annuity of n+ equally-spaced payments (where 7 
and k are integers) of amount | each is subject to interest at rate i 
per payment period until the n” payment, and at rate j per pay- 
ment period starting just after the n” payment. If Y is the accu- 
mulated value of the series at the time of the final payment and X 
is the present value of the series one period before the first pay- 


ment, show that Y =(1+i)" (1-J)* - X. 


A n sz cdd i 
Derive the relationship —— = Api 
Ui Sali 
For an annuity of 37 payments of equal amount at periodic interest 


rate i, it is found that one period before the first payment the pre- 
sent value of the first n payments is equal to the present value of 
the final 27 payments. What is the value of v"? 


Derive the following identities: 
(a) dj, = Utia = aj; 17V" = lta 
(b) $5, = (Òs = 53; 71e (D = sa; -l 


A loan of 5000 can be repaid by payments of 117.38 at the end of 
each month for n years (127 payments), starting one month after the 
loan is made. At the same rate of interest, 127 monthly payments of 
113.40 each accumulate to 10,000 one month after the final pay- 
ment. Find the equivalent annual effective rate of interest. 
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*2.1.29 


*2.1.30 


*2.1.31 


32.1.32 


(a) A perpetuity pays | every January | starting in 2020. The an- 
nual effective rate of interest will be i in odd-numbered years 
and j in even-numbered years. Find an expression for the pre- 
sent value of the perpetuity on January 1, 2019. 


(b 


A perpetuity starting January 1, 2020 pays 1 every January 1 
in odd years and 2 every January | in even years. Find an ex- 
pression for the present value at rate i per year of the perpetu- 
ity on (i) January 1, 2019, and (ii) January 1, 2020. 


(a) Three schemes are considered for the repayment of a loan of 
amount L which is to be repaid with 10 annual payments. 
Scheme (i) has 5 payments of X each followed by 5 payments of 
2X each, scheme (ii) has 10 payments of Y each, and scheme (iii) 
has 5 payments of 2Z each followed by 5 payments of Z each. 
For each scheme the first payment is made one year after the 
loan. Assuming that i » 0, show that X > A SZ. 


(b) A loan of amount L is to be repaid by n >1 equal annual pay- 
ments, starting one year after the loan. If interest is at annual 
effective rate i the annual payment is A, and if interest is at 
annual effective rate 2i the annual payment is P,. Show that 
P, «2R. 


Smith borrows 5000 on January 1, 2015. She repays the loan with 
20 annual payments starting January 1, 2016. The payments in 
even-numbered years are Y each and the payments in odd-num- 
bered years are X each. If / -.08 and the total of all 20 loan pay- 
ments is 10,233, find X and Y. 


A loan of 11,000 is made with interest at a nominal annual rate of 
12% compounded monthly. The loan is to be repaid by 36 monthly 
payments of 367.21 over 37 months, starting one month after the 
loan is made, there being a payment at the end of every month but 
one. At the end of which month is the missing payment? 
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*2.133 Derive the following identities assuming / <n. 


(a) vxsj = apes = dag EL 
(b) (1i) x äg = 5] +ü = Sa t Goa 


Formulate corresponding expressions for the case f >n. 


SECTION 2.2 


2.1 A 50,000 loan made on January 1, 2010 is to be repaid over 25 
years with payments on the last day of each month, beginning Jan- 
uary 31, 2010. 


(a) If i =10%, find the amount of the monthly payment X. 


(b) Starting with the first payment, the borrower decides to pay 
an additional 100 per month, on top of the regular payment of 
X, until the loan is repaid. An additional fractional payment 
might be necessary one month after the last regular payment 
of X +100. On what date will the final payment of X +100 
be made, and what will be the amount of the additional frac- 
tional payment? 


2.2.2 The following is an excerpt (no longer posted) from the website 
of the Bank of Montreal (www4.bmo.com). The website gives 
some examples of accumulation over 25 years in a Registered Re- 
tirement Savings Plan (the Canadian version of an IRA). 


Derek, Ira, and Anne each contribute $1,200 annually to their 
RRSPs earning a 6% average annual compounded return. 


* Derek contributes $1,200 at the beginning of each calendar year. 

* Ira contributes $100 at the start of each month throughout the year. 

* Anne contributes $1,200 each year on the very last day for RRSP 
contributions deductible in the tax year (assume that this is the last. 
day of the calendar year). 


Determine the accumulated values in the three numerical exam- 
ples given. 
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2.2.3 


2.2.4 


22.58 


2.2.68 


2.2.78 


On the Bank of Montreal website is another RRSP example. The 
difference between a tax-sheltered investment and a non-sheltered 
investment is illustrated. The example gives the following infor- 
mation: 


RSP vs. Non-RSP Investing 


RSP Non-RSP 
Amount Invested $10,000 $10,000 
Years Invested 30 years 30 years 
Marginal Tax Rate N/A 46% 
Average Annual Return 6% 6% 
Total Savings $838,016.77 $510,717.60 
Difference $327,299.17 


Verify the total savings figures given in this example. 


Jerry will make deposits of 450 at the end of each quarter for 10 
years. At the end of 15 years, Jerry will use the fund to make annual 
payments of Y at the beginning of each year for 4 years, after which 
the fund is exhausted. The annual effective rate of interest is 7%. 
Determine Y. 


Kathryn deposits 100 into an account at the beginning of each 4-year 
period for 40 years. The account credits interest at an annual effective 
interest rate of i. The accumulated amount in the account at the end of 
40 years is X, which is 5 times the accumulated amount in the account 
at the end of 20 years. Calculate X. 


A perpetuity paying | at the beginning of each 6-month period has 
a present value of 20. A second perpetuity pays X at the beginning 
of every 2 years. Assuming the same annual effective interest rate, 
the two present values are equal. Determine X. 


Sally lends 10,000 to Tim. Tim agrees to pay back the loan over 5 
years with monthly payments at the end of each month. Sally can 
reinvest the payments from Tim in a savings account paying interest 
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SS 


2.2.8 


2.2.11 


at 6%, compounded monthly. The yield rate eamed on Sally's invest- 
ment over the five-year period turned out to be 7.45%, compounded 
semi-annually. What nominal rate of interest, compounded monthly, 
did Sally charge Tim on the loan? 


A sum of 10,000 was invested on September 1, 1970 at an annual 
effective interest rate of 5% in order to provide an annual scholar- 
ship of 2000 every September 1 forever, starting as soon as possi- 
ble. In what year will the first payment of 2000 be made? What 
smaller payment could be made one year earlier while still permit- 
ting the annual scholarships of 2000 thereafter? Assume that in- 
terest is credited every August 31. 


On the first day of each month, starting January 1, 1995, Smith 
deposits 100 in an account earning i? = .09, with interest cred- 
ited the last day of each month. In addition, Smith deposits 1000 
in the account every December 31. On what day does the account 
first exceed 100,000? 


On the first day of every January, April, July and October Smith 
deposits 100 in an account earning i —.16. He continues the 
deposits until he accumulates a sufficient balance to begin with- 
drawals of 200 every 3 months, starting 3 months after the final 
deposit, such that he can make twice as many withdrawals as he 
made deposits. How many deposits are needed? 


Ten annual deposits of 1000 each are made to Account A, starting on 
January 1, 1986. Annual deposits of 500 each are made to Account 
B indefinitely, also starting on January 1, 1986. Interest on both ac- 
counts is at rate i=.05, with interest credited every December 31. 
On what date will the balance for Account B first exceed the balance 
for Account A? Assume that the only transactions to the accounts are 
deposits and interest credited every December 31. 
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2.2.12 


2.2.158 


A loan of 1000 is repaid with 12 annual payments of 100 each 
starting one year after the loan is made. The annual effective in- 
terest rate is 3.5% for the first 4 years. Find the annual effective 
interest rate for the final 8 years. 


An insurance company offers a “capital redemption policy” whereby 
the policyholder pays annual premiums (in advance) of 3368.72 
for 25 years, and, in return, receives a redemption amount of 
250,000 one year after the 25" premium is paid. The insurer has 
determined that administrative expenses are 20% of the first pre- 
mium and 10% of all remaining premiums, and these expenses are 
incurred at the time the premium is paid. The insurer anticipates 
investing the net (after expenses) premiums received at an annual 
effective interest rate of 12.5%, What is the insurer’s accumulated 
profit just after the policy matures and the redemption amount of 
250,000 is paid? Find the annual effective rate of return earned by 
the policyholder for the 25-year period. 


Smith is negotiating to purchase a car, and he determines that he 
must borrow 12,000 to complete the purchase. He is offered fi- 
nancing at a nominal interest rate of i?) with monthly payments 
beginning one month after the loan is made. He can repay the loan 
over a 2-year period (24 payments) at 592.15 per month, or over 
a 3-year period (36 payments) at 426.64 per month (the same in- 
terest rate in both cases). Find i‘'?) and the monthly amount pay- 
able if he were able to repay the loan over a 4-year period (still at 
the same interest rate). 


At an annual effective interest rate of i,/>0, the present value of 
a perpetuity paying 10 at the end of each 3-year period, with the 
first payment at the end of year 6, is 32 . At the same annual ef- 
fective rate of i, the present value of a perpetuity-immediate pay- 
ing | at the end of each 4-month period is X. Calculate X. 
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2.2.16 


2.2.17 


*22.18 


*22.19 


*2.2.20 


Payments of 25 each are made every 2 months from June 1, 2003 to 
April 1, 2009, inclusive. Find the value of the series (a) 2 months 
before the first payment at annual effective interest rate i —.06, (b) 
10 months before the first payment at nominal annual rate ¿©? = .06, 
(c) 2 months after the final payment at nominal annual rate 
d?) 2.06, and (d) | year after the final payment at annual. force of 
interest à =.06. 


A perpetuity consists of monthly payments. The payment pattern 
follows a repeating 12-month cycle of eleven payments of 1 each 
followed by a payment of 2. The effective monthly interest rate is 
J. Show that the present value of the perpetuity valued one month 


before the first payment is ji *x-] 


5a, 


Find the present value at time 0 of an n-year continuous annuity 


based on force of interest ô = p ase 


A loan of amount Z is to be repaid with periodic payments of 
amount K each at periodic interest rate / » 0, where n is even. The 
same loan can be repaid by 4 payments if the periodic payment 


is increased to an amount larger than K. Determine whether the 
new payment is exactly double, more than double, or less than 
double the value of K. 


Deposits of 500 each are made into an account on the first day of 
every January and July beginning on January 1,1999, 


(a) If i =.06 and interest is credited on the last day of every Feb- 
ruary, April, June, August, October and December, on what date 
does the account balance first exceed 10,000? 


(b) Suppose instead that i=.04 and interest is credited only on De- 
cember 31 each year, with simple interest credited for fractions 
of a year. On what date should the account be closed in order 
that the closing balance be nearest 10,000? 
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*2.2.21 Find the smallest integer n for which deposits of 1 per period ac- 
cumulate to at least 100 in each of the following cases. 


(a) 20 deposits at 3% followed by deposits at 4% 
(b) n deposits at 3% followed by n deposits at 4% 


*2.2.22 Apply the following approximation method to find n in Example 
2.16. Take natural logarithms of both sides of the equation 


(1.0075) = 1+.008333n, 


and use the Taylor expansion of In(12-.0083337) to: (i) 2 terms and 
(ii) 3 terms. 


*2.223 Solve for i and n in terms of A and B, where A= sp; and B= szi 


*22.24 (a) For the equation L— K ap; L, Kn» 0, note that L - n- K if 
i — 0. Use the following principles: 
© Jman =0; 
(ii) lim az, =o, and 
i 
(iii) az; is a decreasing function of i 


to show that the equation has a unique solution for i between 
—] and © if L,K andn are given. Also show that i>0 if 
L«n-K andi «0 if L>n-K. 


(b) Derive a result similar to that in part (a) for the accumulated 
annuity relationship M =J -Szi 


422.25 


*2.2.26 


32:221 
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A fund has value A at the start of a year, B at the end of the year, 
and interest of / earned for the year. Assuming that interest income 
accrues continuously on the fund, use the approximate relation- 


ship 4 z 142 to show that the annual interest rate earned by the 


fund is approximately wee 


An annuity has n annual payments of amount | each. Interest is 
(m) ge 


Let j=4,-. Express the 


quoted at a nominal annual rate of ;' 
equivalent annual effective rate of interest į in terms of j. 
1-v" 


1 


(a) Show that (i) s;, = 5227-1. (ii) äg; 


eset? 


s 
vj 


(b) Let P=" be the payment required every B of a year for 
Sj m 


one year to accumulate to 1 at the end of the year (i.e., at the 


th 


x " th 
time of the m" payment of P) at interest rate j per 1 ofa 


year. Show that sp; from part (b) is equal to P- 55; = 


Spi. 


(c) If the quoted rate is i“) =6, the annual force of interest, 


show that sj; =g 


(d) Repeat part (b) for the present value of perpetuities, both im- 
mediate and due. 


à th 
An annuity has level payments of 4 every 4 of a year for n 


years (a total of n-m payments). Interest is at annual effective 


5 th x ; 
rate i. Let j denote the interest rate for 4 of a year that is equiv- 


alent to i. 


(a) Show that the accumulated value of the annuity at the time of 
the final payment is 
1 1 (e -1 


=~, St i, 
m "mij m "mz =] 
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(b) Show each of the following: 


(i) 1 " 1-w » i 

— dm = = gs 

m rmi KE E n) 
sy l as —1 i 
(ii) m sk = qo = Smi’ qo 


PE CS E o N S 


* im QUO Log E: E 
2.228 (a) Show that Jim sy; = lim 57; EICHLICLISS 


(b) If i>0 and m>1, rank the following values in increasing 


s ü. (m) zn) Z- 
order: G5; du, Gmo Gmo dg 


(c) Assuming simple interest at rate i, find Sp- 


SECTION 2.3 


23.1 


Stan elects to receive his retirement benefit over 20 years at the 
rate of 2000 per month beginning one month from now. The 
monthly benefit increases by 5% each year. At a nominal interest 
rate of 6% convertible monthly, calculate the present value of the 
retirement benefit. 


The first ofa series of 30 annual payments is 1000 and each sub- 
sequent payment is 1% smaller than the previous one. What is the 
accumulated value of this series at the time of the final payment if 
(i) i=1%, (ii) i=5%, and (iii) i 21096? 


Jeff and Jason spend X dollars each to purchase annuities. Jeff 
buys a perpetuity-immediate, which makes annual payments of 
30. Jason buys a 10-year annuity-immediate, also with annual pay- 
ments. The first payment is 53, with each subsequent payment k% 
larger than the previous year's payment. Both annuities use an an- 
nual effective interest rate of k%. Calculate k. 


2.3.48 


2.3.58 


2.3.8 
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Mike buys a perpetuity-immediate with varying annual payments. 
During the first 5 years, the payment is constant and equal to 10. 
Beginning in year 6, the payments start to increase. For year 6 and 
all future years, the current year’s payment is K% larger than the 
previous year’s payment. At an annual effective interest rate of 
9.2%, the perpetuity has a present value of 167.50. Calculate K, 
given K « 92. 


A senior executive is offered a buyout package by his company that 
will pay him a monthly benefit for the next 20 years. Monthly bene- 
fits will remain constant within each of the 20 years. At the end of 
each 12-month period, the monthly benefits will be adjusted upwards 
to reflect the percentage increase in the CPI . You are given: 


(i) The first monthly benefit is R and will be paid one month from 
today. 


(ii) The CPI increases 3.2% per year forever. 


At an annual effective interest rate of 6%, the buyout package has 
a value of 100,000. Calculate R. 


(a) Show that the accumulated value one period after the final pay- 
ment of the annuity on page 111 is (l+r)" 8; j. 


(b) Show that the present value one period before the first pay- 
ment of the annuity on page 111 is ibm. 


Smith has 100,000 with which she buys a perpetuity on January 1, 
2005. Suppose that i =.045 and the perpetuity has annual payments 
beginning January 1, 2006. The first three payments are 2000 each, 
the next three payments are 2000(1--7) each ,..., increasing forever 


by a factor of 1+7 every three years. What is r? 


An employee serves 37 years before retiring on a pension. His in- 
itial salary was 18,000 per year and increased by 4% each year. 
Assume that the whole year's salary is paid at the middle of each 
year. 
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(a) If his pension is 70% of his average annual salary over his 
entire career, what is his ultimate pension? 


(b) If the pension is 2.5% of career average salary multiplied by 
years of service, what is his ultimate pension? 


(c) If his pension is 2.5% of his average salary over the final 10 
years he worked, multiplied by his total years of service, then 
what is his ultimate pension? 


(d) Ifhe contributes 3% of his salary (at the time it is paid), matched 
by an equal contribution from his employer, to an account earn- 
ing annual interest at rate / —.06, and the accumulated value (at 
the end of his 37 year of employment) is used to purchase a 
20-year annuity-due with annual payments, valued at / —.06, 
find the annual payment from the annuity. 


The following is adapted from the website of an insurance company. 
It describes a “structured settlement” in which an income stream 
is to be paid out over time. Verify that the total payout over the 20 
years is $644,889. 


Installment Payment Example 


Situation: A young man, 25 years old, is injured in an automo- 
bile accident. 


Needs: Financial Security to provide young man with funds 
to satisfy current obligations and guaranteed pay- 
ments to provide for future needs such as: 

e Replacement of Lost Income ($2,000 per month 
with 3% annual cost of living increase) 


Claim Summary 
Structured Settlement 


Life 

Guaranteed Annuity 

Future Needs Payout puce tancy Cost 
'ayout 


Replace Lost Income 

Age 25-45 monthly 

payment range $2,000 $644,889 $644,889 $346,851 
to $3,507 


2.3.10S 


2.3.11S 


2.3.128 


2.3.13S 


2.3.14S 
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Find the annual effective rate of interest that was used to get the 
present value of $346,851 (this will require a numerical approxi- 
mation routine such as the EXCEL Solver program). 


Susan invests Z at the end of each year for seven years at an 
annual effective interest rate of 5%. The interest credited at the 
end of each year is reinvested at an annual effective rate of 6%. 
The accumulated value at the end of seven years is X. Lori invests 
Zat the end of each year for 14 years at an annual effective interest 
rate of 2.596. The interest credited at the end of each year is rein- 
vested at an annual effective rate of 3%. The accumulated value 
at the end of 14 years is Y. Calculate Y/Y. 


Sandy purchases a perpetuity-immediate that makes annual pay- 
ments. The first payment is 100, and each payment thereafter in- 
creases by 10. Danny purchases a perpetuity-due which makes 
annual payments of 180. Using the same annual effective interest 
rate, i 0, the present value of both perpetuities are equal. Calcu- 
late i. 


Olga buys a 5-year increasing annuity for X. Olga will receive 2 
at the end ofthe first month, 4 at the end of the second month, and 
for each month thereaflerthe payment increases by 2. The nominal 
interest rate is 9% convertible quarterly. Calculate X. 


1000 is deposited into Fund X, which earns an annual effective 
rate of 6%. At the end of each year, the interest cared plus an 
additional 100 is withdrawn from the fund. At the end of the tenth 
year, the fund is depleted. The annual withdrawals of interest and 
principal are deposited into Fund Y, which earns an annual effec- 
tive rate of 9%. Determine the accumulated value of Fund Y at the 
end of year 10. 


A perpetuity costs 77.1 and makes annual payments at the end of 
the year. The perpetuity pays | at the end of year 2, 2 at the end of 
year 3,...,” at the end of year (nl). After year (n+l), the pay- 
ments remain constant at n. The annual effective interest rate is 
10.5%. Calculate n. 
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2.3.15 


2.3.16 


2.178 


2.3.18S 


*2.3.19 


A loan of 12,000 is repaid by 36 monthly payments starting one 
month after the loan. The first 12 payments are 395+ X. each, the 
next 12 payments are 395 each, and the final 12 payments are 


395— X each. If i0” =.12, find X. 


What series of payments is represented by the present value 
Aag B- (Day ? Formulate the present value of a 25-year de- 


creasing annuity-immediate with first payment of 100 and subse- 
quent payments decreasing by 3 per period. 


Victor invests 300 into a bank account at the beginning of each 
year for 20 years. The account pays out interest at the end of every 
year at an annual effective interest rate of i%. The interest is rein- 
vested at an annual effective rate of iw. The yield rate on the 


entire investment over the 20 year period is 8% annual effective. 
Determine i. 


Joe can purchase one of two annuities: 


Annuity 1: A 10-year decreasing annuity-immediate, with annual 
payments of 10,9,8,...,1. 


Annuity 2: A perpetuity-immediate with annual payments. The per- 
petuity pays | in year 1,2 in year 2, 3 in year 3,..., and 11 in year 
11. After year 11, the payments remain constant at 11. 


Atan annual effective interest rate of i, the present value of Annu- 
ity 2 is twice the present value of Annuity 1. Calculate the value 
of Annuity 1. 


A government provides each citizen over the age of 65 with a 
monthly pension payable for life. The current monthly payment is 
400. The payment is indexed to inflation so that every year there 
is an adjustment to reflect the rate of inflation for the year (but 
payments within a year are level). The government proposes a 
cost-cutting measure whereby the payments will be “partially de- 
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indexed," so that the payment increase will be the excess of the 
inflation rate over 3%. The increase is 0 if the inflation is less than 
3%. As a simplified model the government regards the lifetime 
payments as a perpetuity. What are the pension present values 
both before and after de-indexing under each of the following 
annual interest/inflation scenarios? 


(i) i=.12,r=.09 (ii) i912, 7 =.03 
(iii) i-.09, 72.06 (iv) i=.06, r =.03 


On January 1, 2005 Smith deposits 500,000 in an account earning a 
effective monthly rate of 1%, with interest credited on the last day of 
each month. Withdrawals are made on the first day of each month 
starting February 1, 2005, with an initial withdrawal of 1000. Each 
subsequent withdrawal is 1% larger than the previous one, continuing 
in this pattern for as long as possible. 


(a) When does the account finally become exhausted, and what is 
the amount of the last regular withdrawal? 


(b) What is the maximum amount the account balance reaches 
during this process? 


For 100,000, Smith purchases a 20-payment annuity-immediate 

with annual payments. For each of the following cases find the 

unknown interest rate i. 

(a) The first payment is 7000 and each subsequent payment is 750 
more than the previous one. 


(b) The first payment is 7000 and each subsequent payment is 
10% larger than the previous one. 


This problem requires a numerical approximation routine such as 
the EXCEL Solver program. 
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*2.3.22 (a) Write out the terms of the series for (s);;;. 


Show (1s); = m» 


(b) Draw a line diagram and explain verbally why sz; must 


equal (n1) +i- (Is)5;. 
*2.3.23 Show that the following relationships are valid, and illustrate them 
using line diagrams: 


(a) (a)n +(Da)n = (n4): am 


n-l n 
(b (aa E ug and (45); = » 
=0 k=l 


© U)m = Us)m+ Sm- n 


(d) (Dàü)y, =(Da)q +n- ap 


() (Da) =) dg 
=I 


Ge T Ghee 
^ Ld 


verbal interpretation for the final expression. 


*2.3.24 Show that if ; » 0 then (/a)z; = 


*2.3.25 (a) Show that 
© Lamy =-v- Da), 


(ii) Zi - (Ds), and 
(iii) P IZ --Tay. 


(b) Find expressions for PI and ELI 
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Smith is arranging a mortgage loan of 100,000 to be repaid with 
monthly payments over 25 years, with the first payment due one 
month after the loan is made. Interest is quoted at a nominal annual 
rate compounded semiannually of i?), The loan will not be issued 
for several months, and the interest rate will be set at the time of 
the loan. Smith, in determining the sensitivity of his monthly pay- 
ment to the interest rate, calculates ofsk , where K is the monthly 


payment. Find the value of this derivative for the following values 
of i); 21%, 13%, 10%, 5%. 


Smith retires on January 1, 2004. She deposits 500.000 inan ac- 
count earning annual effective interest at. / —.10, with interest cred- 
ited every December 31. Smith withdrawals E ofthe balance in the 
account on January 1, 2005, + of the balance on January 1, 
2006,..., 4 of the balance on January 1, 2022, and the entire balance 
on January 1, 2023. Find an expression for the amount of the with- 
drawal on January 1,2004+¢, for f=1,2,...,19. This is not as unu- 
sual a situation as it might first appear. It is similar to the minimum 
required withdrawal pattern for annual withdrawals per year from a 
“matured” RRSP in Canada. 


On January 1 Smith deposits 100,000 in an account earning inter- 


est at rate i?) =.09, credited on the final day of each month. 


(a) Suppose Smith withdraws 1000 on the first day of each month 
starting on February 1. Smith continues the withdrawals as 
long as possible with a smaller withdrawal one month after 
the final regular withdrawal of 1000. Find the number of reg- 
ular withdrawals and the date and amount of the final smaller 
withdrawal. 


(b 


Instead of level withdrawals of 1000 each, let Smith's 
monthly withdrawals start at 1000 on February 1, and increase 
by 10 each month (March 1 is 1010, April 1 is 1020, and so 
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on). Withdrawals continue in this pattern for as long as possi- 
ble with a final smaller withdrawal one month after the last 
regular increasing withdrawal. Find the number of regular 
withdrawals and the date and amount of the final smaller with- 
drawal. 


(c 


Repeat part (b) assuming that the withdrawals grow by 1% per 
month, so that March 1 is 1010, April 1 is 1020.10, and so on. 


(d) For each of parts (a), (b), and (c) find the total amount with- 
drawn, and explain the relationship among the three totals. 


Each year on Smith's child's birthday, Smith makes a deposit of 
100 multiplied by the child's age (100 on the I birthday, 200 on 
the 2", and so on)to an account earning annual effective interest 


rate į. The final deposit is on the child's 12" birthday. The ac- 
count continues to accumulate, and on the child's 18^ birthday 
the balance is 17,177.70. Find i. The solution requires the use of 
a program such as EXCEL Solver or the cashflow worksheet of 
the BA II PLUS calculator. 


For i» 0 and n», show that (Ja); «(ata < (Da). 


(a) An increasing perpetuity at annual effective interest rate į has 
a payment once every k years, with payment amounts 
1,2,3,... . Show that the present value of the perpetuity at the 

1 


(ia; 


time of the first payment is 


K 

(b) Find an expression for the present value of an increasing per- 
petuity-due with annual payments whose first payments are 
1 each, next k payments are 2 each, and so on, increasing in 
this way forever. Assume annual effective interest rate i. 
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n 
Show, in Example 2.24 that i>0 if L<EK,, and i«0 if 
L»XK, € 


sz 


Suppose that Kj, K;....,K, are payments made to an account at 
times 0«1 «t; <= «t,. Show that if L>0, then there is a 


unique interest rate i > —1 for which Z is the accumulated value of 
the series of payments at time £, . 


A perpetuity-due with annual payments pays | now, 1+2=3 in 
one year, 1+2+3 = 6 in two years,...,.1+2+--+n in n—-1 
years, and so on. Show that the present value of this perpetuity- 
due is dz x(a). 


A (2n—1)-payment annuity has payments in the pattern 1,2,..., 


n-I,n, n-1, n—2,..., 2,1. Show that the present value of this an- 


nuity one payment period before the first payment is @ x a. 


Show that EJ is the present value of a perpetuity-immediate 


whose payments increase by | per period for n periods, from 1 to 
n, and then remain level at n forever. 


(a) Show that. lim (a)? - (a). 


(b) Jim a) is denoted (/a);. Give a verbal description of 


C 


this expression. 
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A general continuous annuity has rate of payment A(t) at time f, 
£2 0, and had an initial discrete payment of F, at time 0. If the 
force of interest is à and F, denotes the accumulated value in the 


fund at time 1, show that £F, = 5x F,+h(t). 


(a) If h(t) = n-t,0<¢<n, in the general continuously varying 
annuity, the present value is denoted (Da); Using integration 
by parts, derive an expression for (Dà)s. Show that 
(a); + (Da); =n Gq. 


n 


of 


(b) Show that I); =f is dt and (Da) =f" a dt. 


An n-payment annuity has the following series of payments: 
A,A+B,A+2B,...,A+(n-l)B 


Formulate expressions in terms of level and increasing annuity no- 
tation for the present value of the series of payments one period 
before the first payment, and the accumulated value of the series 
at the time of the final payment. 


SECTION 2.4 


24.1 


Jones buys from Smith the right to receive 20 annual payments of 
1000 each beginning 1 year hence. 


(a) In their discussion regarding this transaction, Smith and Jones 
consider three ways of determining the amount Jones must 
pay to Smith. Find this amount according to each of the fol- 
lowing approaches: 


(i) The present value at i =.12. 


(ii) A price to yield Jones an annual return of 12% while re- 
covering his principal in a sinking fund earning an annual 
rate of 6%, 
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(iii) Accumulate the payments at 6% and then find the present 
value at 12% of that accumulated value. 


(b) Jones calculates his annual rate of return a number of different 
ways. In case (iii) of part (a) Jones earns an annual rate of 
return of 12% for the 20 years Find his annual “yield” accord- 
ing to each of the following approaches. 


(i) In part (a)(i) above, assume that Jones can reinvest the 
payments at 6% per year; find Jones’ average annual com- 
pound rate of return based on the accumulated amount af- 
ter 20 years compared to his initial investment. 


(ii) Using the amount invested based on the approach in (a)(ii) 
as the present value of the annuity, find the unknown in- 
terest rate (internal rate of return). 


(iii) Assuming that the full 1000 is deposited in the sinking fund 
at 6%, find the average annual compound rate of return 
over the 20 years based on the accumulated value of the 
sinking fund and the initial amount invested in (a)(ii). 


A loan is set up at periodic interest rate i, to be repaid by n periodic 
payments of amount K each. As the lender receives the payments, 
he reinvests them at interest rate j. Show that the average com- 
pound periodic rate of interest earned by the lender based on his 
initial outlay and his accumulated amount at time n is i’, where i 


=m] 
BEIM 


between i andj (i.e. if j «i then j «i' «i; if i<j then i«i' « j; 
if i=j then iz i'- j). 


is the solution of the equation (1+i’)” Show also that i’ is 


An investor is considering the purchase of an annuity of K per year 
for n years, starting one year from the purchase date. He calculates 
a purchase price on each of two bases: (i) the present value of the 
annuity at rate į per year, resulting in price P, and (ii) the sinking 
fund method with annual return of i per year (same ; as in (i)), 
recovering the principal in a sinking fund with an accumulation 
rate of j per year, resulting in price P,. 
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Derive the following relationships by comparing i and + and 
1 2 


using the identity yl- +k = gl. 


(i) R=P if i=j 
(ii) R >P, if i>j 
(iii) R «P, if i< j 


Repeat Example 2.30 in each of the following cases 


(a) If the equipment has a salvage value after 10 years of 10,000, 
find the purchase price based on the sinking fund method using 
the same i and j as before. 

(b) Find the salvage value for which the purchase price would be 
85,000 based on the sinking fund method using the same i and 
jas before. 


Repeat Example 2.31 by showing that £P, >0. 


The average periodic compound yield rate earned over an n-period 
term on an annuity-immediate of 1 per period whose payments 
earn initial interest of i per period which is then reinvested at rate 


Jis i’, where spy =nti- s). Show that /' lies between i and 


J, and that if i= j then i’ =i= j. 


A purchaser pays 245,000 for a mine which will be exhausted at 
the end of 18 years. What level annual revenue (received at the 
end of each year) is required in order for the purchaser to receive 
a 5% annual return on his investment if he can recover his princi- 
pal in a sinking fund earning 3.5% per year? 
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Smith wishes to purchase an increasing annuity with 20 annual 
payments of 1000, 2000, 3000, ..., 20,000. Smith considers the 
following three methods of valuing the annuity one period before 
the first payment. Find the purchase price in each case. 


(a) Present value method at į =.10. 


(b) Sinking fund method, eaming annual interest of 10% on the ini- 
tial investment and recovering the initial investment in a sinking 
fund earning 6% per year. (Note that this involves negative sink- 
ing fund deposits for several years, which is algebraically feasi- 
ble but unrealistic from a practical point of view.) 


(c 


Capitalizing unpaid interest each year at rate 1096: with initial 
investment 7, the outstanding balance at time 1 is 
P, = P(1.10)-1000; at time 2 it is P, = P (1.10) — 2000, 
and so on. This continues until P, is such that the payments 
are large enough to support the sinking fund method with a 
purchase price of P, and Smith earns 10% per year on P, for 


the remaining years while accumulating P, in a sinking fund 
earning interest at 6%. 


Machine I costs X, has a salvage value of x, and is to be depre- 


ciated over 10 years using the declining balance method. 


Machine II costs Y, has a salvage value of x, and is to be depreci- 
ated over 10 years using the sum-of-the-years digits method. 


The total amount of depreciation in the first seven years for Ma- 
chine I equals the total amount of depreciation in the first seven 


years for Machine II. Calculate i. 
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A copier costs X and will have a salvage value of Y after n years. 


(i) Using the straight line method, the annual depreciation ex- 
pense is 1000. 


(ii) Using the sum of the years digits method, the depreciation ex- 
pense in year 3 is 800. 


(iii) Using the declining balance method, the depreciation expense is 
33.125% of the book value in the beginning of the year. 


Calculate X. 


A manufacturer buys a machine for 20,000. The manufacturer esti- 
mates that the machine will last 15 years. It will be depreciated using 
the constant percentage method with an annual depreciation rate of 
2096. At the end of each year, the manufacturer deposits an amount 
into a fund that pays 6% annually. Each deposit is equal to the depre- 
ciation expense for that year. How much money will the manufacturer 
have accumulated in the fund at the end of 15 years? 


A machine is purchased for 5000 and has a salvage value of S at 
the end of 10 years. The machine is depreciated using the sum-of- 
the-years-digits method. 


At the end of year 4, the machine has a book value of 2218. At 
that time, the depreciation method is changed to the straight-line 
method for the remaining years. Determine the new depreciation 
charge for year 8. 


CHAPTER 3 


LOAN REPAYMENT 


"Before borrowing money from a friend, decide which you need most. " 
— American Proverb 


When a loan is being repaid by a series of payments, the total of all payments 
must repay the original amount of the loan (the principal) as well as provide 
interest on the loan. It is usually the case that each loan payment can be sep- 
arated into two components, the amount of interest and the amount of prin- 
cipal. There are several ways in which a loan repayment scheme can be set 
up, each of which specifies the division of payments into interest and princi- 
pal. In this chapter we will consider various loan repayment methods. The 
most common one is the amortization method. 


3.1 THE AMORTIZATION METHOD OF LOAN REPAYME! 


The definition and basic properties of an amortized loan can best be de- 
scribed by means of a simple illustration. We consider a loan of amount 
1000 with an interest rate of 10% per year. Suppose that there is a payment 
of 200 at the end of | year, a payment of 500 at the end of 2 years, and a 
final payment at the end of 3 years to completely repay the loan. At the 
end of the first year, before the first payment is made, the amount owed, 
including interest, is 1000 x (1.10) 21100. The payment of 200 reduces the 
amount owed to 900 just after the first payment; this is the outstanding 
balance on the loan just after the first payment is made. At the end of the 
second year, before the second payment is made, the amount owed is 
900 x (1.10) 2 990. The payment of 500 reduces the outstanding balance 
to 490 just after the second payment. At the end of the third year, before 
the third payment is made, the amount owed is 490 x (1.10) = 539. This is 
the amount needed to completely repay the loan at the end of the third 
year. 


This illustration captures a defining feature of an amortized loan. Each time a 
payment is made, the outstanding balance from the previous payment point is 
accumulated with interest, (using the interest rate on the loan), to the current 
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payment point, and the new payment is subtracted from that accumulated 
amount. This results in the new outstanding balance (or amount owed) at the 
current point. 


Another important aspect of an amortized loan is the separation of each pay- 
ment into interest and principal. Continuing the illustration, we see that at the 
end of the first year there will be interest of 100 owed on the loan, along with 
the previous original loan balance of 1000. The amortization method requires 
that whenever a payment is made, interest is paid first, and any amount remain- 
ing is applied toward reducing the loan balance. Therefore, for the payment of 
200 made at the end of the first year, 100 is interest paid, and the remaining 
100 is principal repaid. The outstanding loan balance is reduced by 100 from 
1000 to 900. At the end of the second year there will be interest of 90 (10% of 
900). Using the amortization method, the payment of 500 at the end of the 
second year is composed of an interest payment of 90, and the principal repaid 
is 410. The outstanding balance after the second payment is 490 (the previous 
balance of 900 minus the 410 in principal just paid). At the end of the third year 
there will be interest due of 49 (10% of 490). The total payment required to 
completely repay the loan at the end of the third year is the interest payment of 
49 plus the principal amount of 490 still owed; the total payment required is 
539, 


Considering this illustration a little further we see that the outstanding loan 
balance can be updated from one point to the next as follows, 


1000 x (1.10) — 200 = 900, 900x (1.10) — 500 2 490, 490x (1.10) —539 =0. 


Combining these expressions, we get 


1000 x (1.10) —200x (1.10)? —500x(1.10) —539 = 0. 


This can also be written in the form 1000 —200v--500v? 4-539). We 


have illustrated another important aspect of the loan amortization method: 
the original loan amount is equal to the present value of the loan pay- 
ments using the loan interest rate. 


Another point to note about the example is that the total amount paid is 
1239, which is 239 above the original loan amount of 1000. Therefore, the 
total amount of interest paid over the loan period is 239. We also saw that 
interest paid in the three payments was 100, 90, and 49 for a total amount 
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of 239 during the course of the loan, which is consistent with the previous 
determination of the total interest paid over the lifetime of the loan. 


3.1.1 THE GENERAL AMORTIZATION METHOD 


Definition 3.1 — Amortized Loan 


An amortized loan of amount L made at time 0 at periodic interest rate 
i and to be repaid by n payments of amounts Kj, K»,..., K, at times 
1,2,...,n (where the payment period corresponds to the interest period) 
is based on the equation 


L = Kyxv+ Ky xv? 4 K, xv. (3.1) 


The simplest example of a loan repayment is one in which a loan made at 
a specified point in time is to be repaid by a single payment at some later 
point in time. If a loan is to be repaid one interest period later, the amount 
of that single payment is Lx(l--i) = L-- Lxi. It is clear that in this pay- 
ment L represents the repayment of the original principal on the loan, and 
Lxi is a payment of interest due. Just before the payment is made the 
accumulated amount owed is Lx(1-i), and the payment of that amount 
reduces the amount owed to zero. 


Suppose that the payment made after one period, say Kj, is somewhat less 
than L(14i). In this case the loan is not fully repaid by the payment of Kj, 


and there remains a balance owed, called the outstanding balance or out- 
standing principal. The amount of the outstanding balance just after that 
first payment is the unpaid part of the loan, so that 


OB, = Lx(l+i)- Ki. (3.2) 


The process involved in the amortization method of loan repayment can 
be described by reformulating Equation (3.2) as 


OB, = Lx(l+i)—K, = L-(Ki-Lxi). (3.3) 


Lxi represents the accrued interest on the original principal amount for 
the period. The payment of K, is regarded as first paying the accrued in- 
terest, Lxi and the remainder of the payment, K,— Lxi, is applied to 
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reduce the principal, or balance owed. Therefore the outstanding balance 
that remains is equal to the initial balance owed minus the amount of prin- 
cipal repaid. Thus L —(K,—L xi) = OB. In the example presented in the 
previous section with L=1000, i=.10 and K,=200, we see that 
OB, =1000x(1.10) — 200 =900, Lxi —1000x.1—100 is the interest paid 
in the first payment, and K, — Lxi — 200—100 —100 is the principal paid 
in the first payment. 


We will now denote the initial loan amount Z by OB}, the outstanding bal- 


ance at time 0. At the end of the first period the loan has accumulated, with 
interest, to OB, x (1). The payment of amount K, is then applied, so that 


the resulting outstanding balance at time 1 (just after the first payment) is 
OB, -OB,x(l-i)- K,. This relationship can also be written as 
OB, = OB, -(K,-OB,xi), where OB, xi — I, represents the amount of in- 
terest paid at the end of the first period, and K, OB, xi=K,—J, = PR, 
represents the amount applied to reduce the outstanding balance. Thus PR, 
is the amount of principal repaid by the first payment. Then we have 


OB, = OB, —(K,-OByxi) = OB) -(K,-1) = OBy — PR}. 


This process can now be extended to the end of the second payment period, 
where we have an accumulated balance of OB, x (14i) which is then reduced 
by the second payment K,, resulting in an outstanding balance just after the 
second payment of OB, = OB, x (1--i) — K;. This can be written as 


OB, = OB, x(l+i)- K,= OB, -(K5-OByxi) 
= OB, -(K-15) = OB, — PR). 


In this expression, /; = OB, xi is the interest due at the end of the second 
period, and PR, = Kz 
ues from one payment period to the next. Just after the £” payment there will 


be an outstanding balance of OB,. During the following period this outstand- 
ing balance will accumulate with interest to OB, x(1+i), at which time the 


I5 is applied to repay principal. This process contin- 
th 


t+1" payment K;,; is made so that the outstanding balance is 
OB, = OB, x (Vei) Ku. (3.4) 


LOAN REPAYMENT < 195 


This can be rewritten as 
OB,+ı = OB, —(K141-OB, xi) = OB, -(Ki-1,4) = OB, — PR... (3.5) 
The interest due at the end of the ¢ +1” period is 
l4 = OB, xi (3.6) 
The part of the ¢+1 payment which is applied to repay principal is 
PRA = Kuala (3.7) 


This pattern of interest paid and principal reduction continues until the 
time of the 1^, and final, payment, which reduces the outstanding balance 
to zero. That is, OB, = OB, , x (1+i)—K, 20. Therefore, we see that 
each payment can be decomposed into a part that pays the interest that has 
accrued since the last payment and a part that repays some of the principal 
outstanding. The following time diagram illustrates the successive out- 
standing balances as the amortization progresses. 


0 1 2 tee t-1 di ney 
OBy —> OBy&i)  OB,(1+i) OB, (1i) 
Ky A n7 y -K, 
=0B; =0B, OB, = OB, 
FIGURE 3.1 


Definition 3.2 — Components of a General Amortized Loan 

Loan Amount L: 

Loan amount Z at interest rate i per period, to be repaid by n payments 
of amounts Kj, K»,..., K, at the ends of n successive periods. 
Outstanding balance just after payment at time £: 

OB, is the amount still owed on the loan just after the payment is made. 
Interest due in the payment at time ż: 

1, is the interest on the outstanding balance since the previous payment 
was made. 

Principal repaid in the payment at time f: 

PR, is the part of the payment K, that is applied toward repaying loan 
principal. 
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3.1.2 THE AMORTIZATION SCHEDULE 


The amortization of a loan as described above can be summarized in an amor- 
tization schedule, which sets out at each point in time the outstanding balance 
just after the payment made at that time, the interest paid, and the principal 
repaid. For the example from the previous section with Z —1000, i =.10, 
K, =200, K, —500 and K, —539, we can summarize the various com- 
ponents of the amortization as follows. 


TABLE 3.1 
Interest Principal Outstanding 
0 = = - L —- OB, =1000 
1,=OByxi | PR, -Ki-l, OB, = OBy-PR, 
1 200 =1000(.1) = 200-100 = 1000-100 
=100 =100 =900 
1,-OBxi | PR,=K,-l, | OB, =OB,-PR, 
2 500 =900(.1) = 500-90 =900-410 
=90 =410 =490 
1,=0B,xi | PR;=K3-I; | OB, -OB,-PR, 
3 539 = 490(.1) = 539-49 = 490-490 
=49 = 490 =0 


Table 3.2 illustrates the entries in an amortization table in a general way. 


TABLE 3.2 


Interest Principal Outstanding 
Due i Balance 


0 L = OB, 
1 K, | L2OByxi | PR,=K,-1, | OB, -OB,-PR 
2| K, | L=0Bxi | PR,=K,-l, | OB; -OB.-PR, 


t OB, 
(| Ku L4, = OBxi | PR, = Kj 471,44 | OB, = OB, PR 


n K, I, =OB,,xi | PR,-K,-I, | OB, =OB, ,-PR, 
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From Table 3.2 we see that the total amount paid during the course of 
repaying the loan is Ky -i K,, of which 7y -i. is the total interest 
paid over the course of the loan, and the total principal repaid is 
Kr-Ir = X(K,-1)- L — OBs. Note that total interest paid /7 can be 
written as F 


Ir = XI, = X(0B, xi) 
ixEOB,, = i[QB «OB OB, ,] — G.8) 


If the final loan payment occurs at time n to completely repay the loan, 
then OB, =0. 


(Amortization table) 


A loan of amount 1000 at a nominal annual interest rate of 12% com- 
pounded monthly is repaid by 6 monthly payments, starting one month 
after the loan is made. The first three payments are amount X each and the 
final three payments are amount 2X each. Construct the amortization 
schedule for this loan. 


SOLUTION 


To solve for X we have 1000 — Xa, i +2Xv a5 9, as the equation of value, 


so that X —115.61 to the nearest cent and 2X = 231.21 to the nearest 
cent. The amortization schedule, with ¢ measured in months, is given in 
Table 3.3. The exact value of OB, is 0, and the value of —01 in the sched- 
ule is due to roundoff error which accumulates in the calculation of all 
quantities to the nearest cent. In practice the final payment would have 
been increased by 1 cent to 231.22 in order to reduce OB, to zero. If X 
and the various quantities in the schedule had been calculated with a few 
additional digits of accuracy, the value of OB, would be closer to its exact 
value of zero. The total amount paid on the loan is 1040.46, of which 40.47 
is interest and 1000 (999.99 because of roundoff) is principal repayment. 
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TABLE 3.3 
Principal Outstanding 
t Payment |Interest Due Repaid Balance 
0 - e: L= OB, - 1000 
= OB, = OB,-PR, 
1 |K,=115.61 MUS 
= OB, = OB,-PR; 
2 |K,=115.61 eta 
= OB; = OB,—PR; 
3 |K3=115.61 o5 
7 OB, = OB,-PR, 
4 |K,-223121 —455.58 
_ OB; = OB,-PR; 
5 |K,-23121 ge 
é OB, = OB,-PR; 
=.01 
Totals} 1040.46 
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3.1.3 RETROSPECTIVE FORM OF THE OUTSTANDING BALANCE 


If we follow the amortization process from one period to the next for the 
general n-payment loan we see that the successive outstanding balance 
amounts can be formulated as 

OB, = OB, x (1-1) - K, 

OB, = OB, x (l+i)- K, = OBy x (Ici - Ki x (Ei) - K3 

OB, = OB, x (i) - K, = OB, x dif — Ky x (ci — Ky x (Vei) - Ky 


OB, = OB, x (li) - K, x Mi! — K, x (Ed)? -e K, 4 x (1) K, 


OB, = OB x (1+i)" - K, x (ei)! — Ky x (Vei) ? ——K, 4 x(I4i) - K, =0. 
The general relationship is given by 


OB, = OB, x (i — Kyx (i)! — K, x (eei) ^ —— K, x (1+i)- K, 

(3.9) 
is the retrospective method of formulating the outstanding balance of 
the loan just after the p payment. The retrospective method formulates 
OB, as the amount of the original loan accumulated to time t 
(L x (1+i)' = OB x (1+i)'), minus the accumulated value of all payments to 
time z, up to and including K,. 


0 1 2 se 1-1 to 
OB, > OB, x (1+i) 
K, > -K x (I+) 


K, ——————_> -K, x E 


Kia -K,_, x (I+) 
-K, 


t 


FIGURE 3.2 
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Applying the retrospective form of the outstanding balance to Example 
3.1, we see that the outstanding balance of the loan just after the third pay- 
ment is 


1000 x (1.01)? —115.61x (1.01)? —115.61x (1.01) 115.61 
1000x (1.01) — 115.61xsg o, = 679.99. 


OB, 


1 


In a general amortization, the loan is completely repaid by the n" payment, 
so 


OB, = OB, x (I-i)" — K, x (Ii)! — K, x (1i)? —.— K, x (181) - K, =0. 


Multiplying both sides of this equation by v" and rearranging the terms 
we have 


L = OB) = Kv+ Kj? ++K v". 68.1) 
This is a restatement of the relationship showing that the loan amount is 
equal to the present value of the loan payments. 
3.1.4 PROSPECTIVE FORM OF THE OUTSTANDING BALANCE 


The general retrospective form of the outstanding balance at time ¢ is given 
by Equation (3.9). If we replace OB, in that equation by 


OB, = Ky Ky? eK, 
from Equation (3.1), then Equation (3.9) is transformed into 


OB, = [ Kv Ky! KY  K ay e Kv" |x iy 
-K 0+) —K, (+i)? —..— K, (1) - K, 
= KVt Kay! e Kv (3.10) 
Thus we see that OB, is equal to the present value, at time t, of all remaining 
payments from time ¢+1 onward, but not including the payment just made 


at time /. This is the prospective form of the outstanding balance, and it is 
algebraically equivalent to the retrospective form. Just as the original loan 
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amount is the present value of all of the loan payments, the amount owed at 
any point in time is the present value of the remaining payments. 


0 1 2 iti t t+1 t+2 s n 
m 
OB Ka Kus K, 
FIGURE 3.3 


In Example 3.1 we can apply the prospective form to find OB, as 
OB, = 23121v23121v? «23121? = 23121ag,, = 679.98, 


where the difference from the retrospective OB, value of 679.99 is due to 
roundoff error. 


3.1.5 ADDITIONAL PROPERTIES OF AMORTIZATION 


3.1.5.1 Non-Level Interest Rate 


In the discussion of the amortization method given above, it was assumed 
that the interest rate on the loan remained unchanged from one period to 
the next. The amortization method can also be applied when the interest 
rate changes over time. Let i, denote the interest rate for the first period, 


which runs from time 0 to time 1, i, denotes the interest rate for the second 


period, and so on, with the interest rate for the / --" period denoted by 
i, Then the amortization relationships become 


OB, = OByx(1& ij) - Ki 
= OB  -(K\—OBoxi\) = OBy - (Ki-11) 
= OB)—PR, (3.11) 
and, in general, 


OB, = OB, -(Kia-OB, ira) 
OB, - (Kia) 


OB, - PR ox. (3.12) 


M 
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EXAMPLE 3.2 (Non-level interest rates) 


A loan of amount 1000 is repaid by 6 monthly payments, starting one 
month after the loan is made. The interest rate for the first three months is 
a nominal annual rate of 12% compounded monthly, and the interest rate 
for the next three months is a nominal annual rate of 6% compounded 
monthly. The first three payments are amount X each and the final three 
payments are amount 2X each. Construct the amortization schedule for this 
loan. 


To solve for X we have 1000 = Xa, 2X vi, a: as the equation of 
3loi :01 "3|99s q 


value, so that X =114.85 to the nearest cent and 2X = 229.71 to the near- 
est cent. The amortization table for this loan is in Table 3.4. 


TABLE 3.4 
Interest Principal | Outstanding Bal- 
i Payment Due Repaid ance 
0 = = a L=OB, =1000 
1 K, 2114811, = OByxi | PR, = Ki-1, |OB, = OB,—PR, 
=10 = 104.85 = 895.15 
> |K2=114.8| 7, = OB,xi | PR, = K,—I, | OB, = OB\—PR, 
P. = 8.95 =105.90 = 789.25 
4 K, 2114811, = OB,xi | PR, = K,-1, | OB, = OB,—PR; 
P .89 =106.96 = 682.29 
4 K4 2229.7 1, = OB;xi | PR, = K,-I, | OB, = OB,—PR, 
=3.41 = 226.30 = 455.99 
5 K; =229.7| I; = OB,xi | PR; = K;-I; | OB; =OB,—PR; 
= 2.28 = 227.43 = 228.56 
6 | Ko = 229.7) Is = OBsxi | PR; = Ks-Is | OBs = OB;-PR; 
=1.14 = 228.57 =-01 
Totals | 1033.68 33.67 1000.01 


LOAN REPAYMENT < 203 


3.1.5.2 Capitalization of Interest 


In Example 3.1 the interest amounts are relatively small compared to the 
actual loan payments, and the excess of the total payment amount over the 
interest due, K, — /,, is equal to the principal repaid in that payment, PR,. 
It is possible that during the repayment of a loan by the amortization 
method, a particular payment is not large enough to cover the interest due 
(K, < L), so there is a shortfall of 7, — K, in the payment of interest. For 
instance, this will happen if an originally scheduled payment is missed. In 
this case PR, the amount of principal repaid, is negative 
(K, -1, = PR, <0). Algebraically the new outstanding balance just after 
the z” payment is OB, = OB, , — PR,, and since PR, <0 we find that 
OB, = OB, , -(K,-1,) = OB,., * (1I, -K,) = OB,_, — PR, > OB, ,. In other 
words the outstanding balance increases by the amount of unpaid interest. 
The unpaid interest is capitalized and added to the balance still owed. For 
the purpose of dividing payments into interest and principal, the unpaid 
interest, which will accumulate as time goes on, should still be regarded 
as interest when payments are made at a later time. 


(Capitalization of interest) 


A loan of 100,000 has payments at the end of each month for 12 years. For 
the first 6 years the payments are Z each month, and for the final 6 years 
the payments are 27 each month. Interest is at a nominal annual rate of 
12% compounded monthly. Find the outstanding balance at the end of the 
first year. 


The initial amortization relationship is 
72 
100,000 = Z azo; +2Z voi dz 
Solving for Z results in Z = 988.89. 


The interest due at the end of the first month is 1000, but the payment is 
only 988.89. The shortfall of 11.11 is added to the loan amount so that 


PR, = K, — 1, =988.89-1000=-11.11 
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and OB, —100,000 — (-11.11) 2 100,011.11. This can also be seen alge- 
braically from 


OB, = OBox(I-i)-Z, = 100,000x1.01—988.89 = 100,011.11. 


The outstanding balance at the end of the first year (just after the 12^ 
monthly payment) can be expressed retrospectively as 


OB; = 100,000x (1.01)? -988.89.s;519, = 100,140.90. a 


3.1.5.3 Amortization with Level Payments of Principal 


Repayment via level payments is the most common form of repaying a loan. 
In such a case, the amounts of principal repaid increase from one payment 
to the next in a systematic way and the amounts of interest due decrease, 
Occasionally a loan repayment is structured to have specified amounts of 
principal repaid with each payment, along with payment of interest due on 
the previous period’s outstanding balance. This is illustrated in the following 
example. 


(Loan with level payments of principal) 


A loan of 3000 at an effective quarterly interest rate of j =.02 is amor- 
tized by means of 12 quarterly payments, beginning one quarter after the 
loan is made, Each payment consists of a principal repayment of 250 plus 
interest due on the previous quarter’s outstanding balance. Construct the 
amortization schedule. 


With an initial outstanding balance of L =OBy =3000, we have interest 
due at the end of the first quarter of amount /, = 3000(.02) = 60. Since the 
principal paid in the first payment is PR; = 250, the total amount of the 
first payment is Kı = /;+PR, =310. Then 


OB, = OB, — PR, = 3000-250 = 2750. 


Table 3.5 gives the full amortization schedule, where t counts quarters. 
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TABLE 3.5 
t Payment| Interest Due | Principal Re- | Outstanding Balance 
paid 
1) K, 2310]; =OByxi=60} PR -250 |OB,  OBo-PR, - 2750 
2| 305 55 250 2500 
3| 300 50 250 2250 
4| 295 45 250 2000 
5 290 40 250 1750 
6| 285 35 250 1500 
7| 280 30 250 1250 
8] 275 25 250 1000 
9| 270 20 250 750 
10| 265 15 250 500 
11| 260 10 250 250 
12| 255 3 250 0 


The total interest paid during the course of the loan is 60+55+---+5=390. 


Note that the present value, at quarterly rate 2%, of all payments is equal 
to 3000, satisfying the requirement of an amortized loan. Note also that 
the interest due payments form a decreasing annuity. a 


3.1.5.4 Interest Only With Lump Sum Principal Payment at the End 
Occasionally a loan will call for periodic payments of interest only, and a single 
payment of the full principal amount at the end of a specified term. Such a loan 
has interest payments of /, = /, =---=,, = Lxi, and principal payments of 
PR, = PR, =- = PR,, =0 and PR,=L. (43) 


The outstanding balances are 
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OB, - L, 
OB, = OB,-PR, = L, 

OB, = L...,OB,, = L, 

OB, = OB,,-PR, = L-L = 0. (3.14) 


n 


We see that there is no reduction in outstanding balance throughout the 
lifetime of the loan until the very end of the loan, at which time the entire 
loan amount is paid. In this situation the borrower might accumulate the 
principal amount L by means of deposits into an account during the life- 
time or term of the loan. The deposit account is called a sinking fund, and 
this method of loan repayment is called the sinking fund method, and it 
is similar to the theory described in Chapter 2. The sinking fund method 
of loan repayment is considered in detail in Section 3.3. Again, it is not 
difficult to show that at interest rate i, the present value of all payments 
(interest payments and final payment of amount L) is equal to L. 


3.1.6 LOAN DEFAULT 


When a loan is arranged, the lender assumes that the borrower will, to the 
best of the borrower's ability, make the scheduled payments according to 
the payment schedule. There is the possibility that the borrower is unable 
to make some payments, or may only be able to make a fraction of a pay- 
ment that was scheduled at a particular time. The lender will usually assess 
the creditworthiness of the borrower when a loan is negotiated. The loan 
interest rate will reflect the lender's assessment of the level of default risk 
of a borrower. 


An example of how default risk affects the interest rate charged by a lender 
is the following. 


(Loan default) 


A lender is considering a one year loan to a particular risk class of borrow- 
ers and wishes to obtain a minimum 10% interest rate on the loan for the 
year. The lender has reviewed information on loan default for members of 
that risk class and has determined that in a group of 100 borrowers, on 
average, one borrower will default on the loan. Default on the loan in this 
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context means that the lender will not collect any payment from the lender 
at the end of the year. Determine the interest rate that the lender must 
charge for a one year loan to borrowers in this risk class in order to obtain, 
on average, the minimum desired interest rate of 10% for the year. 


SOLUTION 


Suppose that the lender makes a loan of 1,000 to each of 100 borrowers in 
the risk class. In order to receive a return of 10% for the year, the lender 
wishes to be paid 100x1,000x1.1=110,000 in total at the end of the 
year. As a result of the risk, the lender expects only 99 borrowers to pay, 
so the amount required from each borrower at the end of the year is 
100x1,000x1.1 _ 110,000 


, or equivalently, a payment at the end of 
99 99 qi y, à pay! 


the year of amount 1100 per loan for each of the original 100 loans. At 


interest rate j, the present value at the time the loan is made of the amount 


t100 paid at the end of the year is PEU a On a per loan basis, this 
99 x (1+ j) 


1100 


— T —-1000, 
99x (14- 7) 


should be the original loan amount of 1000, so that 


or equivalently j —.111. 


Another way of looking at this is the following. At an annual effective rate 
of j, at the end of the year the lender will receive, on average, 
99x1,000 x (1-- j) from the 99 borrowers who do not default. In order 
to obtain a return of at 1096, the lender must receive at least 
100x1,000x1.1— 110,000. In order for this to happen, the following 
inequality must be satisfied: 99x1,000» (12- /) 2 110,000 , 

or equivalently, j 2.111 (11.1%). The lender must charge a risk premium 
1.1% above the 10% desired rate as a result of the default risk. g 


By modifying the average number of defaults that will occur, it can be seen 
from Example 3.5 that if the risk of default increases, the risk premium 
(increase in interest rate above the desired rate) will increase as well. 


Default can occur in alternative ways. It may be the case that a certain 
average fraction of borrowers in the risk class will make a fraction, say 
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one-half, of the full payment due. A similar analysis to that done in Exam- 
ple 3.5 will lead to the interest rate that the lender must charge in order, on 
average, to obtain the desired interest rate. If a loan of several periods is 
considered, past experience may indicate how many defaults will occur 
each period and this can be used to determine the interest rate required on 
the loan. 


3.2 AMORTIZATION OF A LOAN WITH LEVEL PAYMENTS 


A loan is typically repaid with level payments, and if this is the case the 
amortization schedule has a systematic form. The original loan amount, 
based on the amortization method is the present value of the payments. Sup- 


pose that each payment is of amount l, so that L— OB, =a, and 


nis 


K, 2 K; 2: — K, =1. The prospective form of the outstanding balance 


th 


just after the ¢ payment is OB, = a;—;;. This is the present value of the 


remaining 7 —/ payments of amount | each. The retrospective form of the 
outstanding balance just after the z” 


payment is 
OB, = Lx(I+i)! -K X Spi 
This is algebraically equivalent to the prospective form: 
OB, = Lx(l+i) -K x sp = ag, x li) — Sp 


= stân Sa = Gy (3.15) 


The full amortization schedule is shown in Table 3.6. 
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TABLE 3.6 
t Pay- | Interest Due Outstanding 
ment Balance 
a crm = B L-OB,-a; 
1 l = OB, xi PR,=K,-1, | OB, - OB, — PR, 
ag zy! =a,-V" 
z1-v" =a 
2 | K,=1 | L=0B,xi | PR,=K,-1, | OB, =0B,-PR, 
ia =y" =a- yn 
2]-y =a 
dim OB, = a5 
E | ne OB, = OB, ,-PR, 
=a- yn 
= a= 
n | K,=1 | I, -OB,,xi | PR, - K,-I, | OB, -OB, ,-PR, 
=iay =v =a- 
zi-v 2o 


The total amount paid during the term of the loan is K, =n ( payments 
of 1). The total amount of interest paid is 


Tp = (I-v)«(-7)...4(I-v) = n-ap — (16) 

and the total principal repaid is 
Kp-lj = n-(n-ag) = ag = L, (3.17) 

the original amount of the loan, 


Another point to note about this amortization schedule concerns the principal 
repaid column. Moving down this column from time 1 to time 2 and onward, 
we see that 

PR, = y = v" (eel) = PR, x(1+i), 
and, in general, 
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PR, = y = v" (Ibi) = PROH). (3.18) 


This relationship involving the principal repaid amounts is valid provided 
the payments and the interest rate remain level. In Exercise 3.1.7 it is 
shown that if two successive payments on an amortized loan are equal 
(K,=K;.:) and if the corresponding periodic interest rates are also equal 
(i,=i,=i), then PR, =PR,x(I+i). In Example 3.1 where 
K, = Kz = Ks, we expect that PR; = PR, x(1+j) and PR3 = PR; x (I4-j). 
This is easily verified since 


PR, =105.61x 1.01 = 106.67 


and 
PR, = 106.67 «1.01 =107.74. 


Furthermore, since K4- Ks - Kc, we have PR4x(l-j)- PRs and 


PRs(I+j) = PRs. Note that ZR = 22441 — 9.993 4 1j, since Ks # Ky. 
: PR, 7 107.74 J 


(4 30-year mortgage) 


A homebuyer borrows $250,000 to be repaid over a 30-year period with 
level monthly payments beginning one month after the loan is made. The 
interest rate on the loan is a nominal annual rate of 9% compounded 
monthly. Find each of the following: 


(a) the amount of interest and the amount of principal paid in the first year, 
(b) the amount of interest and the amount of principal paid in the 30” year. 


The monthly interest rate is .75%, and the monthly payment is K, where 
K X a39),9975 = 250,000. Then K =2,011.556542. In practice, the actual 


payment by the borrower would be rounded to the nearest .01 (cent), For 
the purpose of consistency in the algebraic relationships being illustrated, 
calculations will be based on full calculator accuracy without rounding. 


(a) The outstanding balance at the end of the first year (after 12 months, 
with 348 months remaining) is (prospectively) 
2,011.556542 as; 9975 = 248, 292.0073. The amount of principal paid 


in the first year is the amount by which the outstanding balance was 
reduced 
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250,000 —248,292.0073 = 1,707.9927. 
The total amount paid in the first year is the 12 payments of 
2,011.556542 for a total of 24,138.6785. Of that total, 1,707.9927 was 
principal repaid, so the remaining 


24,138.6785 —1,707.9927 = 22,430.6858 


was interest paid in the first year. 


(b) The outstanding balance at the end of the 29" year is (prospectively) 


2,011.556542aj5 9975 = 23,001.9734. Since the loan is completely re- 
paid at the end of the 30^ year, the amount of principal repaid during the 
30" year must be the total amount of 23,001.9734 still outstanding when 


the 30” year begins. The total amount paid in the 30” year is still 12 
payments of 201 1.556542 for a total of 24,138.6785. Therefore, the to- 
tal amount of interest paid in the 30” year is 


24,138.6785 — 23,001.9734 = 1,136.7051. 


Notice that since this is a level payment amortization, the amount of 
principal repaid grows by a factor of 1.0075 from one month to the 


next. Therefore, for each payment in the 30^ year, the amount of prin- 
cipal repaid is (1.0075) times as large as the principal paid in the 
corresponding payment in the first year (29 years or 348 months ear- 
lier). Therefore, the total principal paid in the 30" year should be 
1,707.9927 x (1.0075) = 23,001.9728. The amount of principal paid 
in the 30^ year calculated in (b) above is 23,001.9734. The difference 


from the value of 23,001.9728 is due to roundoff error within the cal- 
culator. 


In practice, any discrepancies that arise due to roundoff error would be 
corrected when the loan is finally settled. For instance, if the payment is 
2,011.56, the retrospective outstanding balance calculation at the end of 
the first year would be 


250,000(1.0075)'? —2,011.56s:5,,, = 248,291.96. 
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There is a difference of .05 between this value and the value found in 
part (a) based on more accuracy in the payment amount. 


Some entries in the amortization table for this loan are in the following 


table. 
TABLE 3.7 

Principal | Outstanding 
t | Payment | Interest Due Repaid Balance 
0 | 2011.56 m = 250,000.00 
1 | 2011.56 | 1875.00 13656 | 249,863.44 
2 | 2011.56 | 187398 13758 | 249,725.86 
3 | 2011.56 | 187294 138.62 | 249,587.25 
4 | 2011.56 | 1871.90 139.65 | 249,447.60 
5 | 2011.56 | 1870.86 140.70 | 249,306.90 
6 | 2011.56 | 1869.80 141.75 | 249,165.14 
240| 2011.56 | 119708 | 81448 | 158,795.68 
300| 2011.56 | 736.34 | 127522 | 96,903.46 
348| 2011.56 186.20 | 182535 | 23,001.97 
358| 2011.56 44,59 | 196697 3978.30 
359| 2011.56 2084 | 1981.72 1996.58 
360| 2011.56 1497 | 199658 0 


m] 


Figure 3.4 below shows two graphs of the outstanding balance over the 
lifetime of the loan in Example 3.6. The first graph was generated by a 
computer routine, and the second graph was taken from the financial cal- 
culation website www.dinkytown.net/java/SimpleLoan.html. 
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Bin = 248,292 


250,000 


OB, 


12 t (months) 348 


Loan payment is $2,011.56 for 360 payments. 


Source: www.dinkytown.net/java/SimpleLoan.html 


FIGURE 3.4 
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3.2.1 MORTGAGE LOANS IN CANADA 


The Canada Interest Act of 1900 


The following is paragraph 6 of this statute first enacted by the federal 
parliament of Canada in 1900. 


“6. Whenever any principal money or interest secured by mortgage on 
real property or hypothec on immovables is, by the mortgage or hy- 
pothec, made payable on a sinking fund plan, on any plan under which 
the payments of principal money and interest are blended or on any plan 
that involves an allowance of interest on stipulated repayments, no in- 
terest whatever shall be chargeable, payable or recoverable on any part 
of the principal money advanced, unless the mortgage or hypothec con- 
tains a statement showing the amount of the principal money and the 
rate of interest chargeable on that money, calculated yearly or half- 
yearly, not in advance.” 


As a result of this law, the interest rate on a mortgage on property in 
Canada must be quoted as either an annual effective rate of interest or 
a nominal annual rate of interest compounded semiannually, although 
almost all Canadian mortgages call for monthly payments. Canadian 
mortgage lenders almost universally quote mortgage interest rates as 
nominal annual rates compounded semiannually. 


Source: Consolidated Statutes of Canada 


If the loan in Example 3.6 was a Canadian mortgage, and if the interest rate 
of 9% was a nominal annual rate compounded semi-annually, then the equiv- 


alent monthly rate of interest would be j — (1.045)"5—1 =.00736312. The 
monthly payment would be 1,982.08. 


3.2.2 MORTGAGE LOANS IN THE U.S. 


The loan interest rate quoted for a mortgage in the United States is, by law, 
a nominal annual rate of interest compounded monthly. This is the rate 
that is used to calculate the monthly payment on the loan. When a mort- 
gage loan is arranged, there may be some fees and other costs associated 
with the loan. The Annual Percentage Rate (APR) is a measure of the 
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cost of the loan in terms of an interest rate that takes into account the fees 
that must be paid. 


Suppose that a loan of amount L is to be repaid with monthly payments for 
30 years, and suppose that the quoted annual loan rate of i is compounded 
monthly. The monthly interest rate is. j => and the monthly payment K 
is found by solving the equation L= Kay; Suppose that the loan has 
associated fees of amount F, that are payable at the time the loan is made. 
The result of the payment of these fees up front is that the borrower re- 
ceives a net amount of L-F. The APR for the loan is a nominal annual 
rate of interest compounded monthly, say i’, with a corresponding 
it 


monthly rate of /'—-i5 and which satisfies the relationship 


L-F = Kasay, Note that the payment amount K originally calculated 


based on the loan rate i is used in the calculation to find the APR i’. The 
APR will be larger than the loan rate when there are fees on the loan, be- 
cause a larger interest rate is needed to make the present value equal to 
L-—F , which is smaller than the loan amount Z. 


EXAMPLE 3.6 continued (APR for a 30- year mortgage) 


Suppose that the loan has fees of $5,000 that are paid at the time of the 
loan. Find the APR on the loan. 


The APR will be i’, with corresponding monthly rate ^ , satisfying 
the relationship 250,000 — 5,000 = 2,01 l.56as je Using a calculator 
unknown interest function, we get j’=.007689577, so that the APR is 


= 


.0922749 (nominal annual rate of interest compounded monthly). 
[m] 


A fixed rate mortgage (FRM) is a loan for which the interest rate is set for 
a specified period of time. For instance, a fixed rate, 30-year mortgage with 
monthly payments would have an interest rate specified in advance that will 
remain constant for the life of the loan, with payments calculated so that the 
loan will be repaid in 30 years. An adjustable rate mortgage (ARM) is a 
loan for which the interest rate will be reset periodically (as often as every 
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month, or perhaps only every 3 years). The rate will be reset based on a for- 
mula linking the rate to some current market interest rate (often the prime 
rate). When the interest rate is reset, the payment is recalculated based on the 
current outstanding balance so that the loan will still be paid off in the origi- 
nally scheduled time. An ARM generally has a lower initial interest rate than 
an FRM, but the ARM carries the risk that interest rates, and therefore pay- 
ment amounts, will rise at some time during the lifetime of the loan. 


The original loan may have a provision which allows the borrower to fully 
repay the loan prior to the original ending date. In such a case, there might be 
a pre-specified penalty that the borrower must pay to “prepay” the loan. In 
spite of a possible penalty for prepayment of the loan, this might be an attrac- 
tive option for the borrower if the borrower can find a loan at an interest rate 
that is significantly lower than the original loan rate (or if the borrower wins 
the lottery and wants to repay all debts they have). 


The Subprime Loan Crisis of 2007 


The subprime mortgage crisis began in 2007 and contributed to a more 
general financial crisis that has been regarded as the most intense pe- 
riod of financial difficulty since the Great Depression in the 1930s. A 
subprime borrower is one who is a relatively high credit risk. Low 
interest rate adjustable rate mortgage loans made to subprime borrow- 
ers in the early 2000s along with increasing interest rates and a burst- 
ing of the bubble in housing prices that occurred later in the decade 
had resulted in an increasing number of loan defaults and foreclosures 
on properties. This resulted in an unwillingness on the part of investors 
to make mortgage loans. As a result, even the more creditworthy bor- 
rowers found it difficult to obtain financing for mortgages, and this in 
turn had the effect of depressing the housing market further. The U.S. 
Federal Reserve, in an attempt to stabilize the U.S. economy, reduced 
long-term interest rates to historically low levels and short-term rates 
to near zero. This level of interest rates has continued through to the 
time that this edition of this book is being prepared in 2017. 
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3.3 THE SINKING-FUND METHOD OF LOAN REPAYMENT 


The final comments in Section 3.1 considered the case of a loan which called 
for periodic payments of interest only during the term of the loan, along with 
repayment of the full principal amount at the end of the term. For such a loan, 
the borrower would have to make a series ofn interest payments to the lender, 
each of amount Lxi, along with a payment of L at time n. The borrower has 
an obligation to pay the single lump sum of amount L at time n, and may wish 
to meet this obligation by accumulating that amount during the term of the 
loan by means of n periodic deposits into an interest-bearing savings account 
called a sinking fund. This method of loan repayment is called the sinking- 
fund method. 


There is no guarantee that the rate earned in the sinking fund, say j, is the 
same as the periodic interest rate on the loan, i. In a practical situation it 
would usually be the case that the interest rate charged by the lender is 
larger than the rate that can be earned in a deposit account, so that i> j. 


A standard way of accumulating the principal amount in the sinking fund is 
by using level deposits. If this is the case, then for the loan situation just de- 
scribed, the borrower's periodic payment would be Lx i, which is the inter- 


est payment to the lender, plus ee which is the level sinking fund deposit, 
nj pi 


producing a total periodic outlay of L x [i + ay}: 


(Sinking fund) 


A loan of 100,000 is to be repaid by ten annual payments beginning one year 
after the loan is made. The lender wants annual payments of interest at a rate 
of 10% and repayment of the principal in a single lump sum at the end of 10 
years. The borrower can accumulate the principal in a sinking fund earning 
an annual interest rate of 8%, and decides to do this by means of 10 level 
deposits starting one year after the loan is made. 


(a) Find the borrower’s total annual outlay and compare this to the level 
annual payment required by the amortization method at 10%. Find the 
annual rate of interest i’ for which the amortization method at rate i’ 
results in the same total annual outlay as the borrower pays in the sink- 
ing fund method in this example. 
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(b) Suppose that the lender's rate is 8% and the sinking fund rate is 10%. 
Repeat part (a), comparing this to the amortization method at 8%. 


SOLUTION 


(a) The total annual outlay under the sinking fund method is 
100,000[.1+1-| = 16,902.95, and the annual payment under amor- 


'To.os. 
100,000 
"ijo 


100,000 — 16,902.95 ay which results in i’ 2.1089. 


tization at 10% is = 16,274.54. To find i’ we have 


(b) The total annual outlay under the sinking fund method is 


100,000) 08 +1 | = 14,274.54, and the annual payment under 


amortization at 8% is 30500. = 14,902.95. To find i’ we have 
iilos 
100,000 =14,274.54 ar; which results in i’ =.0706. a 


As deposits are made to the sinking fund, the fund balance grows toward 
the target value of L. For instance, in part (a) of Example 3.7, just after the 
fifth deposit into the sinking fund, the fund balance is 
6902.95 x ss. = 40,496.85. This is the accumulated value after five years 


in the fund that will eventually pay back the principal amount. The value 
of the net debt outstanding after 5 years can be regarded as the initial loan 
amount minus the amount for repayment of principal that has already been 
accumulated to that point. This is 


100,000— 40,496.85 = 59,503.15. 


This can be regarded as OB,. Similarly OB, would be 100,000 minus the 


accumulated value of the sinking fund just after the sixth deposit, so 
OB, =100,000-6902.95x sq og = 49,360.45. The principal repaid in the 
sixth year is the amount by which the amount of the debt decreases, which 
is PR, = OB,-OB, = 10,142.70. 


Also in Example 3.7 we see that the amount of interest paid to the lender 
is 100,000x.1—10,000 each year. This amount is offset by the interest 
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earned in the sinking fund for the year. For the sixth year the amount of 
interest earned by the sinking fund is equal to .08 multiplied by the balance 
in the account at the end of the fifth year, producing 
(.08)(40,496.85) = 3239.75. Then the net interest paid for the sixth year 
is the amount paid to the lender minus the amount earned in the sinking 
fund; this is 1, =10,000-3239.75=6760.25. It then follows that 


I, PR, = 6760.25+1 0,142.70 = 16,902.95, which is the total annual pay- 


ment made by the borrower. It is possible to construct a schedule showing 
the principal repaid for each period (growth in the sinking fund for that 
period) and the net interest paid for each period (interest paid to the lender 
for the period minus interest earned in the sinking fund that period). This 
is the equivalent of an amortization schedule in the context of loan repay- 
ment by the sinking fund method. This idea is outlined in the next para- 
graph. 


3.3.1. SINKING-FUND METHOD SCHEDULE 


To construct the schedule, we know that the net amount of the debt at the 
th th 


end of the / period, just after the /" deposit, is 
OB, = L-skexs,, = tx/ 1-2], (3.19) 
and similarly, OB, = Lx -m)] 
The principal repaid in the /^ period is 
PR, = OB, ,-0B, = iSi] = HD" (20 


Note that if the sinking fund deposits are level, then the amount of princi- 
pal repaid grows by a factor of 1+j per period, which is similar to the 
growth of PR, in the amortization method when payments are level. 


th 


The net interest paid in the £” payment is 


SE ps r-e], 6.21) 


Say 
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Note that I+ PR =L x[ +a} the borrower’s total periodic outlay. 


3.4 APPLICATIONS AND ILLUSTRATIONS 


3.4.1 MAKEHAM’S FORMULA 


We have seen examples of loans in which the lender receives payments of 
only interest each period, and then receives the full amount of principal 
after several periods. For a loan of this type, with principal repaid after n 
periods, the sequence of payments received by the lender is 
Li, Li,..., Li, Li*L, where there are n terms in this sequence. Suppose the 
lender sells the loan to an investor, and the investor values the sequence of 
payments at the time the loan is purchased by finding the present value at 
periodic interest rate j. The investor will pay the original lender an amount 
equal to the present value of the payments, with the valuation based on 
interest rate j; the investor has purchased the right to receive the payments. 
This present value is A=Lvj+Lia,,, where the first term is the present 
value of the principal amount repaid at time zi, and the second term is the 


present value of the interest payments. This present value can be written 
as 


[] 
E. 
* 

E 
= 
li 
ST v 


j 


Lv} +-(L-Lvt) = K+4(L-K). (3.22) 
J J 

In this equation, K = xv? is the present value of the repayment of prin- 

cipal. Equation (3.22) is called Makeham’s formula for valuing the orig- 

inal series of cashflows at rate j. Note that if j — i, then the total present 

value of principal and interest payments reduces to L, the original loan 


Makeham’s formula provides a useful method for valuing a loan for which 
there is a schedule of repayments of principal at various points in time, 
along with payments of interest every period on the outstanding balance. 
The example considered above involves a single repayment of principal, 
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with interest payable up to and including the time of that payment of prin- 
cipal. Suppose that a loan of amount L is to be repaid by m payments of 
principal of amounts L),L2,...,Lm to be made at times 1j,/5,...,,, so that 
Li+ L +++ Lm = L, with payments of interest at rate i on the outstand- 
ing balance at the end of every period. This situation can be regarded as m 
separate loans, all issued at the same time and each of the type described 
in the previous paragraph, and is illustrated in the following figure. 


0 1 2 t b be 

Higi hi Li*L 

L > Li Li Lyi Li+ Ly 

T T Là c7 Lc LO ooe LÍ, 
FIGURE 3.5 


Note again that the interest payments on the original loan are at rate i but 
the valuation rate is j for the series of principal and interest payments. The 
present value of the s" Joan at rate of interest j per period is found from 
Makeham's formula to be 


A, = Lp Lag, = Ks+— "2 -K,.) 


The present value of the entire loan is then the sum of the present values 
of the m parts of the loan. This total present value is 


m 


m 
Ti^ = Meri etsina;] 


th 
= [s Ls Ks ) -K«L(L-K) (333) 
1 J i 


where K = È K, and L= z L,. We see that the form of the present value 


sel 

(at rate /) in Equation (3.23) i is ilio valid if the principal is repaid in a series of 
payments. However K now represents the total present value of all principal 
payments, 5(L-K ) represents the present value of all interest payments, and 
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L represents the total amount of principal. Note that Makeham's formula ap- 
plies if the interest rate i on the original loan remains constant throughout the 
course of the loan (ifnot, the loan would have to be broken into separate loans 
each at its associated interest rate), and the investor’s valuation rate j also re- 
mains constant for the term of the payments. The investor’s valuation rate must 
be based on the same compounding period as are the payments of interest. 


(Makeham 's formula) 


A loan of 100,000 is to be repaid with 10 annual payments of principal of 

10,000 each, starting one year after the loan is made, plus monthly interest pay- 

ments on the outstanding balance. The interest rate is i? =.12. Two years 

after the loan is made (just after the second principal payment and monthly 
interest payment), the lender sells the loan to an investor. Find the price paid 
by the investor if he values the remaining payments at a nominal annual rate of 

interest convertible monthly of (a) 6%, (b) 12%, and (c) 18%. 

(a) At the time the loan is sold, the outstanding balance is L — 80,000 
with m=8 annual principal payments of L, =L, =*= L 210,000 
and monthly interest payments at 1% per month on the outstanding 
balance. The present value of the principal payments is 


K = Ki + Ka Kg = 10,000 (2 2*4... 195) 
y!? los 
12 


= too ) = 61,687.68, 
where v is at 4%. The price paid by the investor is then 


61,687.68 +- (80,000-61,687.68) = 98,312.33. 


(b) In this case the monthly interest rate is _j=.01, so K = 48,513.85 and 
the investor pays 48,513.85+ Ht (80,000—48,5 13.85) = 80,000. 


(c) In this case j=.015, so K =38,878.04 and the investor pays 
66,292.68. a 
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3.4.2 THE MERCHANT'S RULE 


According to the Merchant's Rule of loan repayment, all amounts ad- 
vanced and all loan repayments made are accumulated with simple interest 
until the settlement date, at which time the aggregate accumulated values 
of the amounts advanced must be equal to the aggregate accumulated val- 
ues of the repayments made. Example 3.9 illustrates the Merchant's Rule. 


(Merchant's Rule) 


Smith borrows 2000 on January 17 and makes payments of 800 each on 
the last day of each month, starting January 31. On March 15, he borrows 
an additional 2000. He continues the payments of 800 through May 31, 
and then pays the remainder of the obligation on June 30. What payment 
must be made on June 30 if the annual interest rate is 13% and the loan is 
based on the Merchant's Rule? (Assume a non-leap year.) 


All loan amounts and payments are accumulated with simple interest to 
the settlement date of June 30. Let X denote the payment required at that 
time. Then the equation of value is 


2000) 2+4 1 aatan] 


s soo| 546.13)» Saas], y, 


365 


which has the solution X = 63.68. o 


3.4.3 THE U.S. RULE 


As with most transactions involving simple interest, the Merchant's Rule 
would not normally be used in transactions whose duration is more than 
one year. Another method for calculating the loan repayment is the United 
States Rule, also known as the actuarial method. According to this 
method, interest is computed each time a payment is made or an additional 
loan amount is disbursed. The interest calculation is based on simple in- 
terest from the time the previous payment or additional loan disbursement 
is made. The balance on the loan after the current payment is the previous 
balance, plus interest accrued, minus the current payment (or plus the cur- 
rent addition to the loan). 
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EXAMPLE 3.10 (U.S. Rule) 


Solve for X in Example 3.9 assuming the loan calculations are based on 
the U.S. rule. 


SOLUTION 


The interest and outstanding balance calculations are summarized in Table 
3.8 below. 


The payment required on June 30 is 65.76. A typical calculation made in 
Table 3.8 is the one for January 31. The amount of accrued interest is 


2000(.1 »(4&) 9.97, so the outstanding balance is 


2000--9.97 —800 — 1209.97. 


TABLE 3.8 
Jan 17 es (2000) 2000.00 
Jan 31 9.97 800 1209.97 
Feb 28 12.07 800 422.04 
Mar 15 2.25 (2000) 2424.29 
Mar 31 13.82 800 1638.11 
Apr 30 17.50 800 855.61 
May 31 9.45 800 65.06 
Jun 30 10 65.76 0 


The U.S. Rule is essentially amortization in which the interest rate for the 
fraction of a year from one transaction point to the next is the correspond- 
ing fraction of the annually quoted interest rate. g 


3.5 SUMMARY OF DEFINITIONS AND FORMULAS 


Definition 3.1 — Amortized Loan 


An amortized loan of amount L made at time 0 at periodic interest rate i 
and to be repaid by n payments of amounts K;,K5,..., K, at times 
1,2,...," (where the payment period corresponds to the interest period) 


satisfies the equation 
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L = Ky Kay? e Ks". (3.1) 


Definition 3.2 — Components of an Amortized Loan 


Loan Amount L: 
Loan amount L at interest rate / per period, to be repaid by n payments of 
amounts K,,K,,...,K,, at the end of n successive periods. 


Outstanding balance just after payment at time £: 
OB, is the amount still owed just after the payment is made. 


Interest due in the payment at time 7: 
1, is the interest on the outstanding balance since the previous payment 
was made. 


Principal repaid in the payment at time f: 


PR, is the part of the payment K, that is applied toward repaying loan 
principal. 


OB,4 = OB, (li) - Kr. (34) 
Im = OB, xi (3.6) 
PR = Kali (3.7) 


Retrospective form of outstanding balance 


OB, = OB)(1+i)' -K\(1+i)' 
—K(1+i)' 
Ki 
-K, 


(3.9) 


Prospective form of outstanding balance 


OB, = K, xv Kpa xv i K, xv, (3.10) 
t (d 142 n 
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Amortization with n level payments of amount K each 


OB, = L(I+i)! —Ksq, = K(ag 0*iy -5;) 


K(syáz-5755) = K (aza). 


M 


I, = Kü-v*?) 


PR, = Ky"! 


PR, = PRa( i) = PR i. 


3.6 NOTES AND REFERENCES 


There are a number of websites with information on loan amortization. An 
online mortgage and APR calculator with accelerated payment options can 
be found at www.dinkytown.net. A search of the internet for loan amorti- 
zation examples can return some interesting results and examples, some 
of which may have incorrect calculations. 


The era of historically low interest rates continues as this edition of the 
book is being written, and there is no indication that there will be major 
changes in interest rates for the near term. 


The “double-up option" for loan repayment of Exercise 3.2.19 and the weekly 
repayment scheme in Exercise 3.2.23 are based on actual loan repayment op- 
tions of financial institutions. These have been promoted in times of high in- 
terest rates because of the significant reduction in repayment time and interest 
paid. The situation in Exercise 3.2.35 in which a loan is amortized at a rate of 
interest higher than the lender's rate, with the difference used for an insurance 
premium or sales commission, is considered in detail in Mathematics of Com- 
pound Interest, by Butcher and Nesbitt. 
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3.7 EXERCISES 


SECTION 3.1 


3.1.1 


3.128 


An amortized loan has 10 annual payments at the end of each year 
starting one year from now. The first 5 payments are $1000 each 
and the final 5 payments are $500 each. Interest is at an effective 
annual rate of 10%. Find each of the following: 


(i) the initial loan amount 
(i) the outstanding balance just after the 3" payment 
(iii) the interest and principal in the 4^ payment 


(iv) the outstanding balance just after the 8" payment. 


A loan is amortized over five years with monthly payments at a 
nominal interest rate of 9% compounded monthly. The first pay- 
ment is 1000 and is to be paid one month from the date of the loan. 
Each succeeding monthly payment will be 2% lower than the prior 
payment. Calculate the outstanding loan balance immediately af- 


ter the 40” payment is made. 


Verify that at quarterly interest rate j =.02, the total payments in 
Example 3.4 (i.e., 310,305,...,255) have present value 3000. 


Smith borrows 20,000 to purchase a car. The car dealer finances 
the purchase and offers Smith two alternative financing plans, 
both of which require monthly payments at the end of each month 
for 4 years starting one month after the car is purchased. 


(i) 0% interest rate for the first year followed by 6% nominal an- 
nual interest rate compounded monthly for the following three 
years. 


(ii) 3% nominal annual interest rate compounded monthly for the 
first year followed by 5% nominal annual interest com- 
pounded monthly for the following three years. 
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3.1.58 


For each of (i) and (ii) find the monthly payment and the outstand- 
ing balance on the loan at the end of the first year. 


Betty borrows 19,800 from Bank X. She repays the loan by making 
36 equal payments of principal at the end of each month. She also 
pays interest on the unpaid balance each month at a nominal rate of 
12%, compounded monthly. Immediately after the 16" payment is 
made, Bank X sells the rights to future payments to Bank Y. Bank Y 
wishes to yield a nominal rate of 14%, compounded semi-annually, 
on its investment. What price does Bank X receive? 


For the general loan of amount L that is amortized over n periods 
by payments K),K>,...,K, at interest rate i per payment period 
(see Table 3.2), show that Kr—J7 = L. 


Suppose that during the course of a loan, two successive periods 
have the same interest rate (4 =i, =i) Show that 


PR PR (1+i)+ K;;4 — K; It then follows that if Ka =K, and 
j =i4 =i, then PR = PR). 


A loan at rate i'?) =.12 is repaid with 120 monthly payments starting 


one month after the loan. The amount of the first payment is 600 and 
each subsequent payment is 5 larger than the previous payment. Find 
the original amount of the loan. Find PR, and use the result of Exer- 


cise 3.1.7 to show that PR, = PR\(1.01)'"'+5+s7y,. Find OBgo pro- 

spectively, retrospectively, and by verifying that 
60 

OB — L- Y. PR,, using the form of PR; found earlier in this 
ia 


exercise. Find /6;. Find PR, using the formula above and also 
from PR; = Keı—161, and verify that they are equal. 


3.1.98 


3.1.10 


*33.11 


*3.1.12 


*3.1.13 
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A 30-year loan of 1000 is repaid with payments at the end of each 
year. Each of the first ten payments equals the amount of interest 
due. Each of the next ten payments equals 150% of the amount of 
interest due. Each of the last ten payments is X. The lender charges 
interest at an effective annual rate of 10%. Calculate X. 


A loan of amount L at rate i per period calls for payments of inter- 
est only (at the end of each period) for n periods, plus a single 
repayment of principal of amount L at the end of n periods. Show 
that the present value at periodic rate i of the interest and principal 
payments is equal to L. 


Example 3.1 is modified so that monthly payments are made for 
12 years starting one month after the loan. The monthly payment 
is K for the first 6 years (72 payments) and 2K for the last 6 years 
(72 payments). 


(a) Find K and construct the amortization table for the first year. 


(b) Verify that the result in Exercise 3.1.7 applies here, although 
the PR amounts are negative during this period. 


(c) Using monthly payment amounts rounded to the nearest 
penny, find the amount of the final payment required at 
1 —144 to retire the debt. 


Plot the OB, functions for Example 3.1 and Example 3.2. 


A loan of amount Z is repaid by 15 annual payments starting one 
year after the loan. The first 6 payments are 500 each and the final 
9 payments are 1000 each. Interest is at effective annual rate i. Show 
that each of the following is a correct expression for PR;. 


(a) 500(2v"° — y) 
(b) soo([1 -ix(2aig - »)]) 


(c) (500-Lxiy(I+i)> 
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3.1.14. A lender wishes to obtain a minimum average annual interest rate 


of 10% on a loan to a particular risk class of borrowers. Determine 
the interest rate that must be charged on loans to members of that 
risk class in the following cases. 

(a) One year loan and on average 2% of borrowers default at the 
end of the year. 

(b) One year loan and on average 1% of borrowers default in full 
and 1% of borrowers have a 50% default (repay half of the full 
amount due). 

(c) Two year amortized loan with level payments and on average 
1% of borrowers default at the end of the first year and 1% default 
at the end of the second year. 


SECTION 3.2 


3.21 


3.2.2 


A loan of L is amortized by n level payments of amount K at rate / per 
period. Show that 


OB, = L(\+i)! — Ksy; = Kay, = L-PR xs); 


Suppose the loan in Example 3.4 is repaid by 12 level quarterly pay- 
ments at rate j =.02. Find the total amount of interest paid over the 


course of the loan. This total is larger than the total in Example 3.4. 
Provide a non-algebraic justification for this by general reasoning. 


Fill in the blanks of the following amortization schedule for a loan 
with level 5 level payments. 


t OB, L PR, 
0 aise 

1 706.00 43.10 156.00 
2 

3 

4 

5 0 = 5 


324 


32.5 


32.6 


32.78 


3.2.88 
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A 5-year loan made on July 1, 2014 is amortized with 60 level 
monthly payments starting August 1, 2014. If interest is at 
i0? =.12, find the date on which the outstanding balance first 
falls below one-half of the original loan amount. 


(a) A 5-year loan is amortized with semiannual payments of 200 
each, starting 6 months after the loan is made. If PR, = 156.24, 
find i"), 


(b) A loan is repaid by 48 monthly payments of 200 each. The 
interest paid in the first 12 payments is 983.16 and the princi- 
pal repaid in the final 12 payments is 2215.86. Find i'), 


A loan is amortized by level payments every February 1, plus a 
smaller final payment. The borrower notices that the interest paid 
in the February 1, 2014 payment was 103.00, and the interest in 
the February 1, 2015 payment will be 98.00. The rate of interest 
on the loan is į 2.08. 


(a) Find the principal repaid in the 2015 payment. 


(b) Find the date and amount of the smaller final payment made 
one year after the last regular payment. 


Iggy borrows X for 10 years at an effective annual rate of 6%. If 
he pays the principal and accumulated interest in one lump sum at 
the end of 10 years, he would pay 356.54 more in interest than if 
he repaid the loan with 10 level payments at the end of cach year. 
Calculate X. 


A 10-year loan of 2000 is to be repaid with payments at the end of 

each year. It can be repaid under the following two options: 

(i) Equal annual payments at an effective annual rate of 8.07%. 

(ii) Installments of 200 each year plus interest on the unpaid bal- 
ance at an effective annual rate of i. 


The sum of the payments under option (i) equals the sum of the 
payments under option (ii). Determine i. 
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3.2.9 


32.10 


32.11 


3.2.12 


A person borrows money at i?) =,12 from Bank A, requiring 


level payments starting one month later and continuing for a total 
of 15 years (180 payments). She is allowed to repay the entire bal- 
ance outstanding at any time provided she also pays a penalty of 
k% of the outstanding balance at the time of repayment. At the end 
of 5 years (just after the 60" payment) the borrower decides to 
repay the remaining balance, and finances the repayment plus pen- 
alty with a loan at i?) =.09 from Bank B. The loan from Bank B 
requires 10 years of level monthly payments beginning one month 
later. Find the largest value of k that makes her decision to re- 
finance correct. 


(a) For each of Examples 3.1 and 3.4 find the total present value 
(at the time of the loan) of the interest payments and principal 
payments separately. 


(b) For a loan of amount Z repaid by n level payments, find the 
total present value of the interest payments and principal pay- 
ments separately. 


A loan is being repaid with level payments of K every 6 months. 
The outstanding balances on three consecutive payment dates are 
5190.72, 5084.68, and 4973.66. Find K. 


Smith wishes to sell his house for 200,000. Jones has 100,000 
available for a down payment, and can take a bank loan with 
monthly payments at i?) —.15. Smith offers to "take back" the 
mortgage for 100,000 with monthly payments at i?) =.12, based 
on a 25-year amortization period, with a provision that Jones will 
refinance the outstanding balance of the loan elsewhere after 3 
years. Jones accepts Smith's offer. Immediately after the transac- 
tion Smith sells the loan to a broker for a price that yields the broker 
i?) 5,15 over the 3-year period. (The broker becomes entitled to 
the 3 years of monthly payments as well as the outstanding bal- 
ance.) What is the net amount that Smith receives for the house? 


3.2.13 


32.14 


*3:2: 15 


*32.16 
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A loan of amount Z is to be repaid by n payments, starting one 
period after the loan is made, with interest at rate / per period. Two 
repayment schemes are considered: 


(i) level payments for the lifetime of the loan; 


(ii) each payment consists of principal repaid of L plus interest 
on the previous outstanding balance. 


Find the total interest repaid under each scheme and show alge- 
braically that the interest paid under scheme (i) is larger than that 
paid under scheme (ii). Show that for each ¢=1,2,..., n—1, OB, 


is larger under scheme (i) than under scheme (ii). Verify algebra- 
ically that L is the present value at the time of the loan, at rate of 
interest į per payment period, of all payments made under scheme 


(ii). 


An estate of 1,000,000, invested at an annual interest rate of 5%, 
is being shared by A, B, and C. Starting 1 year after the estate is 
established, A receives 125,000 of principal each year for 5 years, 
B receives 75,000 of principal each year for 5 years, and C receives 
the interest each year. Find the present values of the shares of A, B, 
and C at 5%, and verify that their sum is 1,000,000. 


A loan of 1000 at interest of i=.01 per period is amortized by 
payments of 100 per period, starting one period after the loan, for 
as long as necessary, plus a final smaller payment one period after 
the last regular payment. Solve for the number of regular pay- 
ments and the final smaller payment by constructing the amorti- 
zation table. 


Smith has two options to repay a loan at effective annual interest 
rate i » 0 over an n-year period: (i) n level annual payments start- 
ing one year after the loan, or (ii) 127 level monthly payments 
starting one month after the loan. 
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*3.2.17 


*32.18 


*3.2.19 


(a) Show that on each annual anniversary of the loan, the out- 
standing balance just after payment is made is the same under 
both options. 


(b) Show that the total interest paid under scheme (i) is greater 
than under scheme (ii). 


A loan is being repaid by 27 level payments, starting one year after 
the loan. Just after the n payment the borrower finds that she 
still owes 3 of the original amount. What proportion of the next 


payment is interest? 


An amortized loan of 1000 is to be repaid with 24 monthly pay- 
ments starting one month after the loan. The nominal interest rate 
convertible monthly is 9% for the first 18 months and 12% for the 
final 6 months. Construct the amortization table for this loan, and 
find the amount of principal repaid in the first year (first 12 pay- 
ments). 


On July 1, 2005 Smith will borrow 75,000 at rate i0” —.12. He 
has three amortization options for repayment with monthly pay- 
ments starting August 1, 2005. 


(i) A standard 25-year loan with monthly payment K. 


(ii) A "double up" option, with the same monthly payment K as 
in (i), except that every 6" payment is 2K. Payments continue 
in this pattern for as long as necessary plus a final smaller 
payment one month after the last regular payment. 


(iii) Constant principal of 250 per month for 25 years plus a 
monthly payment of interest on the previous month's out- 
standing balance. 


For each option find the total amount of interest paid during the 
lifetime of the loan, and for part (ii) find when the loan is repaid 
and the final smaller payment required. 


*3.2.20 


*322] 


*3.2.22 


*3.2.23 
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A loan at ; —.05 is to be repaid by n level annual payments of p 
each starting one year after the loan. The borrower misses the 5^ 
and 6" payments. He is told that if he pays 1.16p for each of the 
remaining payments, the loan will be repaid at the originally 
scheduled time. Find the number of payments on the original loan. 
Give a verbal explanation of the equation s} —.16xa;— which 
arises in this situation. 


A loan of amount Z is being repaid by n level payments of amount 
K each at interest rate i per period. If ¢+u<n, show that 
OB,+u = OB, -(1+i)" — K-s;. Formulate a general version of this 
relationship for a loan repayment scheme with payment amounts 
Ky Esse KE 


A loan of 10,000 at effective annual rate i —.08 is to be repaid with 
20 level annual payments of amount K each. The borrower is unable 
to make the 6”, 7”, and 8” payments. The lender allows the pay- 
ments to be missed on the condition that the loan will still be repaid 
on time by increasing the 9” through 20" payments to K +X. Show 
K; 


x " , " 

that X — = . Find the difference in the total interest paid between 
al 

this repayment scheme and the repayment scheme in which no pay- 


ments are missed. 


In times of high interest rates, lending institutions may offer some 
variations in repayment schemes. Suppose a loan of amount L is to 
be amortized with level monthly payments of K each for 25 years. 
The lender offers an alternate repayment plan with weekly pay- 
ments, starting one week after the loan is made. The borrower is of- 


fered two choices for the payment: (i) B, = x and (ii) B, = — y 


The weekly payments continue for as long as necessary with an ad- 
ditional final smaller payment. Suppose that L =100,000. The one- 
7/365 


week rate jy is jy — (1-1) —1, where is the equivalent effec- 


tive annual rate. For each of cases (i) and (ii) find the term of repay- 
ment and the reduction in interest paid over the course of the loan as 
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*3.2.24 


43.2.25 


*3.2.268 


compared to the monthly repayment scheme for each of the interest 
rates i1? 694, and 24%. 


A loan of amount L is amortized according to scheme (ii) in Ex- 
ercise 3.2.13. 


L ; = 
(a) Show that K, = La Lxix(= 21). 
Use the result of Exercise 3.1.7 to show that PR, = £L. 
n 
(b) Use part (a) to show that X [1+ (n-t+1)xi]xv! = n. 
tal 


Give a verbal interpretation of this identity. 


n 
(c) Show that È [1+ (n-t)xd]xĘv™ =n, and give a verbal inter- 
t=l 


pretation. 


A loan ofamount L is being amortized by level continuous payments 
over n interest periods, with interest rate of i per period. The amount 


of payment per period is z- Find the rate at which principal is 
i 


being repaid at time t, the rate at which interest is being paid at time 
t, and OB,. Find the amount of principal and interest paid in the in- 


terval from time / to time ¢+1. Show that 4508, <0, so that the 


OB, curve is concave downward. 


A bank customer borrows X at an effective annual rate of 12.5% and 
makes level payments at the end of each year for n years. 


(i) The interest portion of the final payment is 153.86. 
(ii) The total principal repaid as of time (n —1) is 6009.12. 
(iii) The principal repaid in the first payment is Y. 


Calculate Y. 


*3.227 


*3.2.28 


*3.2.29 


*3.2.30 
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(a) A loan ofamount L at interest rate i per period is repaid by n —1 
level periodic payments of K each, starting one period after the 
loan is made, followed by a single payment of amount B at time 
n to completely repay the loan. Show that the principal repaid 
in the z payment (t <n) is 


Ky + (K-B)"™ xd. 


(b) Apply the result in part (a) to Exercise 3.2.15, after finding 
the final payment B, to show that PR, — 90. 


Find the form of OB,, /,, and PR, for each of the following 
loans. 


(a) L - (Ja)g;. with n payments K, =1, K3 =2,..., K, =n. 


(b) L- (Day, with n payments K, =n, Ky 2 n-l,..., K, =1. 


(a) Show that a loan of amount 7 at interest rate į per period can 
be repaid by the series of n geometrically increasing pay- 


ments Kı =(l+i), Ky 2 (Lc)... K, =(I+i)", with the 
first payment made one period after the loan. 


(b) Show that OB, = (n-t)(1+i)'. 


(a) A loan of amount Z at interest rate i per period, with equiv- 
alent force of interest 5 is repaid by means of continuous 
payment for n periods, at rate of payment K, at time f, so 
that L =f; K,+:v* ds. Formulate the prospective and retro- 
spective outstanding balance at time / and show that 


d 
20B, = 8-OB,- K,. 
(b 


Find an expression for the amount of principal repaid and 
the amount of interest paid between times f) and /, on the 
loan in part (a). 
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(a) A loan of 10,000 at effective annual rate i 2.08 is to be repaid 


with 20 level annual payments of amount K each. At the time 
ofthe 5" payment, the borrower makes an additional payment 
of amount PA&--PR;- PR, The regular payments of 
amount K continue as usual from time 6 onward, for as long 
as necessary. Show that the loan will be repaid with the 17^ 
payment, as measured from the date of the loan, and show that 
the amount of interest paid is /; +Z; +Z; less than would 
have been paid under the original scheme. 


(b) Generalize part (a) for a loan of amount L at interest rate i 


to be repaid by n level payments, where, at the time of the 
gp payment, the borrower makes an additional payment of 


PRigsi1 + PR 42 PRU. Show that the loan is repaid 


with the (n-m)^ payment, and the interest is 


Tua t [a2 t Iim less than would have been paid un- 
der the original scheme. 


*3.2.32 A loan of 10,000 is to be repaid by 10 annual payments of 1000 


of principal, starting one year after the loan, plus periodic pay- 
ments of interest on the outstanding balance. Find the total 
amount of interest paid in each of the following cases. 


(a) Annual interest payments at effective annual rate of interest 


1255088194. 


(b) Semiannual interest payments at effective 6-month rate of 


6.09% 


(c) Quarterly interest payments at effective 3-month rate of 3%. 


Show that at rate //? —.12 the present values on the loan issue 
date of the interest payments in each of cases (a), (b) and (c) are 
equal. Explain why this is so. 


*3.2.33 


*3.2.34 


*3:2.35 
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A loan of amount L is made at interest rate i per period to be repaid 
by n periodic payments of amounts Kj, K2,..., Kn. When a pay- 
ment is made, there is income tax payable at rate 7 «1 on the in- 
terest portion of the payment; thus at the time of the / payment 
the lender receives a net payment of K, —rx1,. Show that the 


present value of the net after-tax payments received by the lender 
are equal to Z at interest rate i x (1—7). 


An amortized loan for 10,000 has interest at 8% per year on the 
first 5000 of outstanding balance, and 10% per year on the OB in 
excess of 5000. Suppose that annual payments are 1500 for as long 
as necessary. Construct the amortization table for the loan. 


A loan of 100,000 at effective annual rate 12% is to be repaid by 
level annual payments for 10 years. Part of each payment is an 
insurance premium to insure the loan against default due to the 
death of the borrower. In each payment the amount of the insur- 
ance premium is 2% of the previous year’s outstanding balance, 
so the net amount of interest paid to the lender is 10% of the pre- 
vious year’s outstanding balance. The principal repaid in each 
payment is the same as in an ordinary amortization at 12%. Con- 
struct a table showing the net amount of interest and principal re- 
ceived in each payment, and show that the present value at /=.10 
of the principal plus net interest payments is 100,000. 


SECTION 3.3 


33.1 


The lender of a loan of 100,000 receives annual interest payments at 
12% per year for 10 years, and, in addition, will receive a lump-sum 
repayment of the principal along with the 10^ interest payment. The 
borrower will pay the annual interest to the lender and accumulate 
the 100,000 by annual deposits to an 8% sinking fund. The bor- 
rower wishes to schedule the deposits so that his total annual outlay 
is X for each of the first 5 years, and 2X for each of the final 5 years. 
Find X. Construct a table listing *outstanding balance," "principal 
repaid" and "net interest paid" for cach / from 1 to 10. 
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3.3.3 


3.3.4 


3.3.5 


(a) With reference to part (a) of Example 3.7, suppose the loan 
amount of 100,000 was not given, but rather that the bor- 
rower's total annual outlay of 16,902.95 was given. Show that 
the loan amount is 100,000. 


(b) A borrower's total annual outlay is K per period for n periods, 
including interest at rate i to the lender on a loan of L, and 
accumulating the principal in a sinking fund at rate j with n 
level periodic deposits. Solve for L in terms of K, n, i and j. 


The borrower of a loan of 10,000 makes monthly interest pay- 
ments to the lender at rate ;? —.15, and monthly deposits of 100 


to a sinking fund earning i'?)=.09. When the sinking fund 
reaches 10,000 the borrower will repay the principal and discharge 
the loan. Find the total amount paid by the borrower over the 
course of the loan. 


Smith can repay a loan of 250,000 in one of two ways: 


(i) 30 annual payments based on amortization at i —.12; 


(ii) 30 annual interest payments to the lender at rate į —.10, along 
with 30 level annual deposits to a sinking fund earning rate j. 


Find the value of j to make the schemes equivalent. 


(a) The borrower's annual outlay in part (a) of Example 3.7 is 
16,902.95. Suppose that an investor wishes to purchase a 10- 
payment annuity of 16,902.95, starting one year after the pur- 
chase date, and is willing to pay a price that will yield 10% 
per year on his investment while allowing him to recover his 
principal (purchase price) in a sinking fund earning 8% per 
year. Find the purchase price the investor will pay. 


(b) Ona loan of amount L the lender receives interest only at rate i 
per period and a lump-sum principal repayment of amount Z at 
the end of n periods. The borrower plans to accumulate the 
lump-sum payment by means of 7 level deposits into a sinking 
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fund earning interest at rate j. An investor considers purchasing 
the right to receive the annuity formed by the series of total an- 
nual outlays (interest plus sinking fund deposit) by the bor- 
rower for the periods. The investor will pay a price P so that 
he can receive a return of i per period (same as lender’s rate) on 
his investment, while recovering his initial investment in a sink- 
ing fund earning interest at rate j (same rate as the borrower's 
sinking fund). Show that P = L. (In this situation the investor 
is the lender in the sense that he loans out an amount P, but the 
investor also plays the role of “borrower” accumulating the in- 
itial loan amount in a sinking fund.) 


3.3.68 John borrows 1000 for 10 years at an annual effective interest rate 


of 10%. He can repay this loan using the amortization method with 
payments of P at the end of each year. Instead, John repays the 
1000 using a sinking fund that pays an annual effective rate of 
14%. The deposits to the sinking fund are equal to P minus the 
interest on the loan and are made at the end of each year for 10 
years. Determine the balance in the sinking fund immediately after 
the repayment of the loan. 


A business currently produces 9000 units of its product each month, 
which sells for 85 per unit at the end of the month. The company 
considers an alternative process which has a startup cost of 
1,500,000 and continuing monthly costs (on top of previous 
monthly costs) of 15,816 incurred at the end of each month. The 
alternative process will result in monthly production of 12,000 
units. The company can borrow the 1,500,000 on an interest-only 
loan at monthly rate 1.596, with the principal repayable after 40 
months. The company can accumulate the principal in a sinking 
fund earning interest at 1% per month over the 40-month period. 
The company can reduce the selling price of the product to X per 
unit and still make a profit that is 30,000 more per month than it 
was before the new process was implemented. Find X. 
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3.3.9) 


*3.3.10 


*3.3.11 


A loan is made so that the lender receives periodic payments of in- 
terest only at rate i per period for n periods plus the return of princi- 
pal in a single lump-sum payment at the end of the periods. The 
borrower will accumulate the principal by means of n level peri- 
odic deposits to a sinking fund earning periodic interest rate j, such 
that the accumulated value in the sinking fund is equal to the princi- 
pal just after the n” level deposit is made. The borrower's total an- 
nual outlay is the same as if the loan were being amortized at 
periodic rate i’. Show that if j<i then /'» i, and if j=i then 


i =i. An approximation to i’ in terms of i andj is i’ ~ i1. (i— j). 
Compare the exact values for i’ found in Example 3.7 to the ap- 
proximate values found by this formula. Try various combinations 


of i, j and n, and compare the exact value of ;' to that found by 
the formula. 


In repaying a loan of amount L, the total periodic outlay made by 
a borrower at time / is K, for 1 —1,2,...,5. The borrower pays 
interest on L at rate i, with the rest of the outlay going into a sink- 
ing fund earning rate j to accumulate to L at time n. Solve for L in 
terms of i, j, n, and the K,'s. Let X be the present value of the 


K,'s at rate j per period. Show that L can be written in the form 
Æ, and solve for Y. Show that Y -1 if i=. 


Show that the borrower's total outlay for a standard sinking-fund 
method repayment as described at the start of Section 3.3 can be 


written as L| —-+/--.)], and use this to compare to amor- 
ami \Smj i 


tization at rate i. 


A loan of 100,000 is to be repaid by 20 level annual payments. 
The lender wishes to earn 12% per year on the full loan amount 
and will deposit the remainder of the annual payment to a sinking 
fund earning 8% annually. 


(a) Find the amount of the level annual payment. 
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(b) Just after receiving the 10” payment, the lender sells the re- 
maining 10 payments. The purchaser considers two ways of 
valuing the remaining payments: 


(i) amortization at 10% per year, or 


(ii) earning an annual return of 12% on his investment 
while recovering his principal in a sinking fund earn- 
ing 8%. 
Find the amount in the original lender’s sinking fund at the time the 
remainder of the loan is sold, and in each of cases (i) and (ii) find 
the amount paid by the investor to the original lender. 


(c) In each of cases (i) and (ii) of part (b), the original lender wants 
to calculate the average annual return (internal rate of return) 
on his investment for the 10 years. He uses two different ap- 
proaches: 


(a) Equating 100,000 to the present value (at rate i,) of 
the 10 annual payments of 12,000 plus the present 
value of the accumulated amount in the sinking fund 
and the proceeds of the sale at time 10; 


(A) Equating 100,000 to the present value (at rate ig) of 
the 10 actual payments received plus the present value 
of the proceeds of the sale at time 10. 


For each of cases (i) and (ii), find i, and ig. 


SECTION 3.4 


34.1 


342 


Solve part (a) of Example 3.8 by setting up the full cashflow se- 
quence and finding the present value. There would be 12 monthly 
payments of 800 each plus a payment of 10,000 with the 12" pay- 
ment, followed by 12 monthly payments of 700 each plus a pay- 
ment of 10,000 with the 12" payment, and so on. 


A loan of 15,000 is repaid by annual payments of principal starting 
one year after the loan is made, plus quarterly payments of interest 
on the outstanding balance at a quarterly rate of 4%. Find the pre- 
sent value of the payments to yield an investor a quarterly rate of 
3% if the principal payments are 
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3.4.3 


3.4.4 


3.4.5 


(a) 1000 per year for 15 years; or 

(b) 1000 in the 1" year, 2000 in the 2” year ,..., 5000 in the 5” 
year; or 

(c) 5000in the 1" year, 4000 in the 2™ year,..., 1000 in the 5" year. 


An amortized loan of amount ap; at rate i per period has n peri- 


odic payments of | each. Show that if the payments on the loan 
are valued at rate j per period, then the present value of the interest 
payments on the original loan is 


= Nal par} 


A home builder offers homebuyers a financing scheme whereby 
the buyer makes a down payment of 10% of the price at the time 
of purchase. At the end of each year for 5 years the buyer makes 
principal payments of 2% of the original purchase price, as well as 
monthly payments of interest on the outstanding balance at a 
monthly rate of 2%. Just after the fifth annual principal payment, 
the full outstanding balance is due (the homebuyer will negotiate 
with a bank for a loan of this amount). The cost of the home to the 
builder is 200,000, and the builder will be selling the buyer’s 5- 
year loan to an investor who values the loan at ji? =.15. What 
should the builder set as the purchase price of the house so as to 
realize a net profit of 40,000 after the sale of the loan to the inves- 
tor? 


(Alternative derivation of Makeham’s Formula) A loan of amount 
L is repaid by a series of principal payments along with interest on 
the outstanding balance at the end of each period. If the rate of in- 
terest is i per period and the loan is valued on the issue date at a rate 
of j per period, denote the present value on the issue date by A, (i). 


Let K; denote the present value at rate j of the principal payments. 


34.6 


3.4.7 


3.4.8 


3.4.9 


3.4.10 
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Then 4,(i)- K , is the present value (at rate j) of the interest pay- 


AjG-K; 
AGK; 


(ii) to show that 4,(/) = K; +4x(L-K;). 


ments. Show that (i) ih and (ii) 4;() = L. Use (i) and 


A loan of 500,000 is to be repaid by 25 annual principal payments of 
20,000 cach, starting one year after the loan, along with quarterly in- 
terest payments on the outstanding balance at a nominal annual rate of 
i) =.10. An investor purchases the loan just after issue. Find the 
nominal annual yield convertible quarterly realized by the investor if 
the purchase price is (a) 450,000, (b) 500,000, or (c) 550,000. This 
will require the use of a computer routine such as Excel Solver. 


Using Equation (3.22), show that 4 « L is equivalent to j> i, 
A=L is equivalent to / 2 i, and A>L is equivalent to j< i. 


Suppose the investor in Exercise 3.4.2 is subject to a tax on all interest 
payments at the time they are made. Find the net present value to the 
investor who is subject to a tax rate of (i) 25%, (ii) 40%, or (iii) 60%. 


Smith borrows 1000 on January | (of a non-leap year) at i —.10, 
and repays the loan with 5 equal payments of amount X each. The 
payments are made every 73 days, so that the final payment is made 
exactly one year after the loan was made. Calculate X based on the 
Merchant's Rule, and then based on the U.S. Rule. 


Suppose that a loan of amount L is made at time 0, and payments of 
7, 4. Show that if 
i>0, A, >0 for each k, and p A, < L, then the amount 4,,, re- 


Ajs 45, 4,4 are made at times Oct <h < 


quired to repay the loan at time tyst, 7 ta» is larger under the 
U.S. Rule than it is under the Merchant's Rule. 
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A corporation wishes to issue a zero-coupon bond due in 20 years 
with maturity value of 1,000,000 and compound annual yield rate 
of 9%. The corporation wants to charge the interest expense on an 
annualized basis and plans to use a straight-line approach (i.e., the 
difference between the proceeds of the bond and the maturity 
value is divided into 20 equal parts, one part to be charged as an 
expense in each of the 20 years). The tax authorities insist that the 
“actuarial method" is the appropriate way of determining the an- 
nual interest charge (i.e., the interest charge for year k is the 
amount of compound interest accrued on the debt in year &). For 
each of the first year and the 20" year, what is the interest charge 
under each of the two methods? In what year would the interest 
charges under the two methods be most nearly equal? 


Smith has a /ine of credit with a bank, allowing loans up to a certain 
limit without requiring approval. Interest on the outstanding balance 
on the loan is based on an annual simple interest rate of 15%. Interest 
is charged to the account on the last day of each month, as well as the 
day on which the line of credit is completely repaid (the month-end 
balance is the accrued outstanding balance from the start of the month 
minus accrued payments). On January 15 Smith borrows 1000 from 
his line of credit, and borrows an additional 500 on March 1. Smith 
pays 250 on the 15" of March, April, May, June, and July. What pay- 
ment is required to repay the line of credit on August 15? Suppose that 
instead of charging interest on the last day of each month, the line of 
credit bases calculations on (a) the U.S. Rule, or (b) the Merchant's 
Rule. In each of cases (a) and (b) find the payment required on August 
15. 


CHAPTER 4 


BOND VALUATION 


“Gentlemen prefer bonds.” 
Andrew Mellon, 1855-1937 


It is often necessary for corporations and governments to raise funds to 
cover planned expenditures. Corporations have two main ways of doing so; 
one is to issue equity by means of common (or preferred) shares of owner- 
ship (stocks) which usually give the shareholder a vote in deciding the way 
in which the corporation is managed. The other is to issue debt, which is to 
take out a loan requiring interest payments and repayment of principal. For 
borrowing in the short term, the corporation might obtain a demand loan (a 
loan that must be repaid at the lender’s request with no notice) or a line of 
credit (an account which allows the borrower to maintain outstanding bal- 
ances up to a specified maximum amount, with periodic interest payable). 
For longer term borrowing it is possible to take out a loan that is amortized 
in the standard way, but this would usually be done only for loans of a rela- 
tively small amount. To borrow large amounts over a longer term a corpo- 
ration can issue a bond, also called a debenture (from the Latin word 
debentur, meaning “they are due”), A bond is a debt that usually requires 
periodic interest payments called coupons (at a specified rate) for a stated 
term and also requires the return of the principal at the end of the term. It 
will often be the case that the amount borrowed is too large for a single 
lender or investor, and the bond is divided into smaller units to allow a vari- 
ety of investors to participate in the issue. 


Definition 4.1 — Bond 


A bond is an interest-bearing certificate of public (government) or pri- 
vate (corporate) indebtedness. 


Governments generally have the option of raising funds via taxes. Gov- 
ernments also raise funds by borrowing, in the short term, by issuing 
Treasury bills, and in the longer term, by issuing coupon bonds (called 
Treasury notes for maturities of 10 years or less). Government savings 
bonds pay periodic interest and might not have a fixed maturity date, and 
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can usually be redeemed by the owner of the bond at any time for the re- 
turn of principal and any accrued interest. Savings bonds would be pur- 
chased and held by individual investors, while government T-Bills and 
coupon bonds are held by individuals, financial institutions such as insur- 
ance companies and banks, and other investors. Bonds are crucial compo- 
nents in government and corporate financing. 


The initial purchaser of a bond might not retain ownership for the full term to 
maturity, but might sell the bond to another party. Ownership of the bond 
refers to the right to receive the payments specified by the bond. There is a 
very active and liquid secondary market in which bonds are bought and sold. 
Through this market, bonds also provide an important investment vehicle, 
and can make up large parts of pension funds and mutual funds. Bonds issued 
by corporations are usually backed by various corporate assets as collateral, 
although a type of bond called a junk bond has been used with little or no 
collateral, often to raise funds to finance the takeover of another company. 
Bonds issued by financially and politically stable governments are virtually 
risk-free and are a safe investment option. There are agencies that rate the risk 
of default on interest and principal payments associated with a bond issuer. 
The purchaser of a bond will take into account the level of risk associated 
with the bond when determining its value. 


The risk of loss of principal or loss of a financial reward stemming from 
a borrower's failure to repay a loan or otherwise meet a contractual obli- 
gation is referred to as credit risk. Credit risk arises whenever a borrow- 
er is expecting to use future cash flows to pay a current debt, such as in 
the case of a bond. Investors are compensated for assuming credit risk by 
way of interest payments from the borrower or issuer of a debt obliga- 
tion. Credit risk is closely tied to the potential return of an investment, 
the most notable being that the yields on bonds correlate strongly to their 
perceived credit risk. 


In this chapter, the terms issuer, seller and borrower will be used inter- 
changeably and will all refer to the same party selling the bond. The 
terms purchaser, buyer, lender and bondholder will be used inter- 
changeably to refer to the purchaser of the bond. 
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4.1 DETERMINATION OF BOND PRICES 


A bond is a contract that specifies a schedule of payments that will be made 
by the issuer to the bondholder (purchaser). The most common type of bond 
issue is the straight-term bond, for which the schedule of payments is simi- 
lar to that of a loan with regular payments of interest plus a single payment of 
principal at the end of the term of the loan. A bond specifies a face amount 
and a bond interest rate, also called the coupon rate, which are analogous 
to the principal amount of a loan and rate at which interest is paid. The bond 
also specifies the maturity date or term to maturity during which the cou- 
pons (bond interest payments) are to be paid, and the redemption amount 
that is to be repaid on the maturity date. It is generally the case that the face 
amount and the redemption amount on a bond are the same, and this will be 
assumed to be the case throughout this chapter unless specified otherwise. 


For bonds issued in Canada and the United States, the coupons are nearly 
always paid semiannually, with the coupon rate quoted on a nominal an- 
nual basis. (Some bonds issued in some European countries have cou- 
pons payable annually). Unless specified otherwise, when coupon rates 
are quoted in this chapter they will refer to annual rates payable semian- 
nually, with the first coupon payable one period after the bond is issued, 
and with coupons payable up to and including the time at which the re- 
demption amount is paid. Note that bonds may be issued on a non- 
coupon date, in which case the first coupon is paid less than one coupon 
period after issue. 


The website of the U.S. Bureau of the Public Debt has a great deal of 
information about bonds issued by the U.S. Government. At that website, 
a historical record of all notes, bonds, and T-Bills issued by the U.S. 
Government is available. A Treasury Note is a bond with a term to ma- 
turity of less than 15 years when issued, and a Treasury Bond has a 
term to maturity of 15 or more years when issued. An excerpt from that 
website in May 2017 is in Table 4.1. In the table, “CUSIP” is a Treasury 
assigned identifier for the T-bill or bond. 
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TABLE 4.1 
Historical Securities Search Results 


Treasury Notes and Bonds 


Security| Auction Issue | Maturity | Interest] Yield} Price 
Term Date Date Date |Rate?6| % | Per $100 | CUSIP 


2-YR |05-23-2017/05-31-2017|05-31-2019| 1.250 | 1.316 | 99.870143 |912828XS4 


30-YR | 05-1 1-2017|05-15-2017}05-15-2047| 3.000 | 3.050 | 99.021791 |912810RX8 


The first bond in the website excerpt has the following characteristics: 


Issue Date: May 31, 2017 
Maturity Date: May 31, 2019 
Interest Rate: 1.25096 

Yield Rate: 1.31696 

Price per $100: 99.870143 


This describes a 2-year Treasury Note with a face amount of $100. The pur- 
chaser of this bond will receive payments of 1x1250 =0.625 every No- 


vember 30 and May 31, starting November 30, 2017 and ending May 31, 
2019 (the maturity date of the bond). The purchaser will also receive $100 
on May 31, 2019. This payment of $100 is the redemption value or ma- 
turity value of the bond. 


The “interest rate” in the table is the coupon rate on the bond, quoted on an 
annual basis. It is understood in practice that coupons are paid semi- 
annually, so that the coupon rate is divided by 2 to calculate the actual 
coupon amount of 0.625. The purchaser will pay a price that is equal to the 
present value of the series of coupon and redemption payments based on a 
rate of return, or yield rate that is indicated by current financial market 
conditions. For this example, at the time of purchase, it is indicated that the 
yield rate is 1.316%. This is the rate used by the purchaser to calculate the 
present value of the series of bond payments for that 2-year Treasury Note. 
It is a long established convention that bond yield rates, like coupon 
rates, are quoted as nominal annual interest rates compounded twice 
per year. Therefore, the yield rate per half-year is 0.658%. 


It should be emphasized again that the phrase “interest rate” in Table 4.1 is 
the rate used to determine the coupons that the bond will pay, and the 
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phrase “yield rate" is the rate which is used to calculate the present value 
of the stream of coupons and redemption amount. During the lifetime of 
the bond, the coupon rate will not change; it is a part of the contract de- 
scribing the stream of payments that the bond issuer will make to the bond 
purchaser. The yield rate is set by market conditions, and will fluctuate as 
time goes on and market conditions change. 


The following time diagram describes the payments made by the first 
bond in Table 4.1. 


5/317 11/30/17 5/31/18 11/30/18 5/31/19 
| i | i | 
7 T T Hy T 
Purchase bond on issue date, 
Pay 99.870143 
Receive 0.625 0.625 0.625 100.625 


If we regard the period from the issue date to the first coupon (May 31, 
2017 to November 30, 2017) and the time from one coupon period to the 
next each as exactly one-half year, then the present value of the bond 
payments is 


1 
100 x 90658) 


1 1 1 l 
+0.625 x 100658 * (1.00658)? ^ (1.00658 (1.00658)! 


| = 99.870143. 


This is the listed purchase price of the bond. Exercise 4.1.8 at the end of 
this chapter asks to verify the price for the 30-year bond in Table 4.1. 


4.1.1 THE PRICE OF A BOND ON A COUPON DATE 


The following notation will be used to represent the various parameters 
associated with a bond: 


F — The face amount (also called the par value) of the bond 


r — The coupon rate per coupon period (six months unless otherwise 
specified) 
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C- The redemption amount on the bond (equal to F unless otherwise 
noted) 


n — The number of coupon periods until maturity or term of the 
bond 
The coupons are each of amount F xr, and the sequence of payments 
associated with the bond is shown in the following time diagram 


0 1 2 n 
| | ] 
I T | 
Fr Fro FrtC 
FIGURE 4.1 


The purchase price of the bond is determined as the present value, on the 
purchase date, of that series of payments. There will be a number of fac- 
tors that influence the yield rate used by the purchaser to find the price of 
the bond. We will not explore here the relationship between economic 
factors and interest rates on investments, but this is addressed in Chapter 
8. We will simply accept that “market forces” determine the interest rate 
used to value the bond and thus to determine the purchase price. We will 
use j to denote the six-month yield rate. 


It is now a straightforward matter to formulate the price of the bond on a 
coupon date using the notation defined above: 


P= Cx 


ca + Fes + ae 4 TF ] OV] + Frag j. (4.1) 
The first term on the right hand side of the equation is the present value of 
the redemption amount to be received by the bondholder when the bond ma- 
tures at the end of n coupon periods. The second term is the present value of 
the annuity of coupons to be received until the bond matures. Note that it is 
being assumed that the next coupon is payable one full coupon period from 
the valuation point (hence the annuity-immediate symbol), and there are n 
coupon periods until the bond matures. 


It is usually the case that the redemption amount and the face amount are 
the same (C=F). Unless indicated otherwise, this is assumed when 
bond prices are listed in the financial press. If this is so, the bond price 
can be expressed as 
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P = Fv} + Frag. (4.2) 
Using the identity vj =1 Jaq js Equation 4.1 becomes 
P = C«(Fr-Cj)a;, = F+F(r-j)aq;- (4.3) 


5j 
1-v! 
Alternatively, writing aj; in Equation (4.1) as a, > and letting 


nj mj 7 


the present value of the redemption amount be denoted by K = Fv’, 
Equation (4.1) becomes 


P = Fy" e r-n) = K+ (F-K). (44) 


Equation (4.4) is known as Makeham's Formula, which is the same as 
Equation (3.22) with F replacing the loan amount L, and r replacing the 
interest rate i in Equation (3.22). Note that, as in Equation (3.22), Equa- 
tion (4.4) requires r and j to be based on the same period. 


Equation (4.2) was used in finding the price of the U.S. Treasury note in 
the previous section. For that note, the price was found on the issue date 
March 31, 2017 for a bond with a face and redemption amount of 
F=C=100. The coupons were payable semiannually at rate 
r-.00625 (this is the six-month coupon rate found from the annual 
quoted coupon rate of 1.250%). The bond matures on March 31, 2017, 
which is 1 —4 coupon periods after the issue date. The yield rate is 
quoted as 0.59896 (compounded semi-annually), which corresponds to a 
yield rate of j =.00299 every six months. The price of the other bond in 


Table 4.1 can be found in the same way. 


(Price of a bond on a coupon date) 


A 10% bond with semiannual coupons has a face amount of 100,000,000 
and was issued on June 18, 2010. The first coupon was paid on Decem- 
ber 18, 2010, and the bond has a maturity date of June 18, 2030. 


(a) Find the price of the bond on its issue date using i?) equal to 
(i) 5%, (ii) 10%, and (iii) 15%. 
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(b) Find the price of the bond on June 18, 2020, just after the coupon is 
paid, using the yield rates of part (a). 


(a) We have F =C =100,000,000, r=.05, and n=40. Using Equation 
(4.2), we see that the price of the bond is 


4 
P = 100,000,000v/" + (100,000,000)(.05)azq,. 


With (i) j =.025, (ii) j =.05, and (iii) j =.075, the bond prices are 
(i) P=162,756,938, (ii) P =100,000,000, and (iii) P = 68,513,978. 


(b) We still have F =C=100,000,000 and r=.05, but now n=20 
(since there are 10 years, or 20 coupons, remaining on the bond). 
Using Equation (4.2), we have 

P = 100,000,000+ 100,000, 000(.05- j)azg j- 

This results in prices of (i) 138,972,906, (ii) 100,000,000, and 

(iii) 74,513,772. o 


Note that as the yield rate is increased in Example 4.1 the bond price de- 
creases. This is due to the inverse relationship between interest rate and 
present value; the bond price is the present value of a stream of payments 
valued at the yield rate. 


In the Canadian and U.S. financial press, bond prices are generally quoted 
as a value per 100 of face amount, to the nearest .001 and yield rates are 
quoted to the nearest .001% (one-thousandth of a percent). Thus the quot- 
ed prices in Example 4.1 would be (i) 162.757, (ii) 100.000, and (iii) 
68.514 in part (a), and (i) 138.973, (ii) 100.000, and (iii) 74.514 in part (b). 


For corporate bond quotations in the financial press, along with yield, price 
and coupon rate listed, another measure that is often listed is the current 
yield. The current yield is the coupon rate divided by the bond’s price. 
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4.1.2 BONDS BOUGHT OR REDEEMED AT A PREMIUM OR DISCOUNT 


In looking at the bond price formulation of Equation (4.3) it is clear that 
the relative sizes of the bond price and face amount are directly related to 
the relative sizes of the coupon rate and yield rate. We have the relation- 
ships 


P>F © r>j, (4.5a) 

P=F © rzj, (4.5b) 
and 

P«F e r«j, (4.5c) 


These relationships are another illustration of the inverse relationship 
between present value (purchase price P, in this case) and interest rate 
(yield rate j, in this case). Also, these relationships are similar to the ones 
between the loan amount L and the price paid for the loan based on 
Makeham's Formula in Section 3.4. The terminology associated with 
these relationships between P and F is as follows. 


Definition 4.2 — Bond Purchase Value 


(a) If P» C, the bond is said to be bought at a premium. 


(b) If P=C, the bond is said to be bought at par. 
(c) If P «C, the bond is said to be bought at a discount. 


Equation (4.3) can be rewritten as P—F = F(r-j)ag;. Suppose that 
the bond is bought at a premium so that P » F. The rewritten version of 
Equation (4.3) indicates that the amount of premium in the purchase 
price (P—F) can be regarded as a loan (from the buyer to the seller) re- 
paid at rate j by n payments of F(r— j), the excess of coupon over yield. 


We can also see from Equation (4.3) that if > / and the time n until 
maturity is increased, then the bond price P increases, but if r< j then P 
decreases as n increases. This can be seen another way. If r» j then 
P » F, so that the bondholder will realize a capital loss of P— at the 
time of redemption. Having the capital loss deferred would be of some 
value to the bondholder, so he would be willing to pay a larger P for such 
a bond with a later maturity date. The reverse of this argument applies if 
r< j. In any event, the level of bond yield rates would influence a bond 
issuer in setting the coupon rate and maturity date on a new issue, since 
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both coupon rate and maturity date have an effect on the actual price re- 
ceived for the bond by the issuer. 


In the case where F and C are not equal, an additional parameter can be 


defined, called the modified coupon rate and denoted by g = TE, so that 


Cg = Fr. Exercise 4.1.18 develops alternative formulations for bond prices 
when C + F , that are equivalent to Equations (4.2), (4.3) and (4.4). When 
C =F ,the bond is said to be redeemed at par, when C >F the bond is 
said to be redeemed at a premium, and when C « F the bond is said to 
be redeemed at a discount. 


The U.S. Treasury Department “Halloween Surprise” 
of October 31, 2001 


On October 31, 2001, the U.S. Department of the Treasury announced 
that it would no longer be issuing 30-year treasury bonds. Prior to that, 
the yield on a 30-year treasury bond had become a bellwether for long 
term interest rates. The announcement resulted in a surge in demand 
for the long-term bonds, prices rose and yield rates fell on 30-year 
bonds by about 33 basis points (.33%) that day (yields on 2-year 
Treasury bonds fell only 4 basis points that day). Among the reasons 
given by the Treasury Department to discontinue the 30-year bonds 
were 


(i) they were expensive for the government (30 year yields at that 
time were about 5.25% and 10-year yields were below 4.25%; 
yield represents a measure of the cost to the bond issuer) and 

(ii) the government was running a large budget surplus and govern- 
ment borrowing needs had diminished. 


A significant deficit reappeared a few years later, resulting in in- 
creased borrowing needs by the government. On February 15, 2006, 
the Treasury Department reintroduced 30-year bonds with a $14 bil- 
lion issue. The annual U.S. budget deficit is in the neighborhood of 
$500 billion at the time this edition of the book is being prepared and 
the total debt is almost $19 trillion. 
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4.1.3 BOND PRICES BETWEEN COUPON DATES 


We have thus far considered only the determination of a bond's price on its 
issue date or at some later coupon date. In practice, bonds are traded daily, 
and we now consider the valuation of a bond at a time between coupon 
dates. Let us regard the coupon period as the unit of time, and suppose that 
we wish to find the purchase price A of a bond at time t, where 0 € / € l, 

with ¢ measured from the last coupon payment. The value of the bond is 
still found as the present value at the yield rate of all future payments (cou- 
pons plus redemption). Suppose that there are n coupons remaining on the 
bond, including the next coupon due. At yield rate j per coupon period, the 
value P, of the bond just after the next coupon could be found using one of 
Equations (4.2), (4.3) or (4.4). Then the value of the bond at time 1, includ- 
ing the coupon payable at time 1, is P, + Fr , and the value of the bond at 
time / is found as the present value at time ¢ of that amount (P, + Fr) 
“payable” at time 1 (the present value of both the coupon due at time 1 and 
all of the future coupons and redemption). This is 


B = v [RA rr]. (4.62) 
0 t 1 
T T T 
P; P, Fr+P, 
FIGURE 4.2 


Alternatively, if we define P, to be the value of the bond just after the last 
coupon, then (see Exercise 4.1.27) we also have 


B, = Be jy. (4.6b) 


The value P, given by Equations (4.6a) and (4.6b) is the purchase price 
paid for the bond at time ¢, and it is also called the price-plus-accrued of 
the bond. Price-plus-accrued may also be referred to as the “full price," 
the “flat price" or the “dirty price" of the bond. 


In the calculation involved in Equations (4.62) and (4.6b), the value of ¢ 
is between 0 and 1 and measures the time since the last coupon was paid 
as a fraction of a coupon period. Given the coupon dates and the date of 
time ¢, the numerical value of ¢ is 
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_ number of days since last coupon paid 
number of days in the coupon period 


(4.7) 


The price given by Equations (4.6a) and (4.6b), with ¢ defined by Equa- 
tion (4.7), is not the price that would be quoted for the bond in a financial 
newspaper. This quote price is called the market price (or simply price 
or clean price), and is equal to the price-plus-accrued minus the fraction 
of the coupon accrued to time ¢ (throughout this section, the terms market 
price and purchase price will have the specific meanings given here). 
This fractional coupon is proportional to the fractional part of the coupon 
period that has elapsed since the last coupon was paid, so the fractional 
coupon is tx F xr. The market price of the bond is then 


Price, = Price-plus-accrued, -tx F xr = Py(le jy -tx F xr.(4.8) 


This is the market price of the bond as calculated in practice. It is some- 
times called the “actual/actual” method of calculating the market price. 
There is a variation to this calculation in which (l+ j) is replaced by 
Py (1-- jt) (a simple interest approximation). 


(Bond price between coupon dates) 


For each of the yield rates (i), (ii), and (iii) in Example 4.1, find both the 
purchase price and market price on August 1, 2020. Quote the prices (to 
the nearest .001) per 100 of face amount. 


Using the results in part (b) of Example 4.1, we see that on the last cou- 
pon date, June 18, 2020, the value of the bond was (i) 138,972,906, 
(ii) 100,000,000, and (iii) 74,513,772. The number of days from June 18 to 
August | is 44, and the number of days in the coupon period from June 18 to 


December 18 is 183. Using Equation (4.6b), with t=, we have pur- 
chase prices of 

(i) 138,972,906(1.025)44/53 = 139,800, 445, 

(ii) 100,000, 000(1.05)*4/' = 101,180,005, and 


(iii) 74,513,772(1.075)44/55 = 75,820,791. 
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Per 100 of face amount, the purchase prices, to the nearest .001, are 
(i) 139.800, (ii) 101.180, and (iii) 75.821. 


The market prices are: 

(i) 139,800,445 — (44 /183)(.05)(100, 000,000) = 138,598,259, 
(ii) 101,180,004 — (44 /183)(.05)(100,000,000) = 99,977,818, and 
(ii) 75,820,791—44/13)(.05)(100, 000,000) = 74,618,605. 


Per 100 of face we have quoted prices of 


(i) 138598, 
(i) 99.978, and 
Gii) 74.619. o 


4.1.4 BOOK VALUE OF A BOND 


In reporting the value of assets at a particular time, a bondholder would 
have to assign a value to the bond at that time. This value is called the 
book value of the bond, and is usually taken as the current price of the 
bond valued at the original yield rate at which the bond was purchased. 
For accounting purposes, the accrued interest since the last coupon 
would be considered as a separate item from the book value of the bond. 
The next section of this chapter looks at book value in more detail. 


Figure 4.3 below displays the graph of the purchase price and the price 
minus the accrued coupon (market price) over several consecutive cou- 
pon periods (all prices are calculated at the original yield rate of the 
bond). Nodes in the graph indicate the price just after a coupon is paid. 
The upper line in the graph is the purchase price or book value, and the 
lower line is the price without the accrued coupon. This graph is for a 
bond bought at a premium. The graph for a bond bought at a discount 
would be rising, but otherwise would be similar. Note that the market 
price (without the accrued coupon) is approximately the linear interpola- 
tion between two successive coupon dates (see Exercise 4.1.26), and the 
purchase price readjusts back to the market price on the coupon dates. 
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Bond Purchase Price 
Price 
Market Price 
i 4——4 
1 2 3 
Time (coupon periods) 


FIGURE 4.3 


Another point to note is that a bond trader would often be comparing the 
relative values of different bonds, and would want an equitable basis on 
which to compare, at a specific point in time, bonds with different calendar 
coupon dates. The price without accrued coupon (see Figure 4.3) provides a 
smooth progression of bond values from one coupon date to the next, and it 
is this price that is used by bond traders to compare relative bond values. 
This can easily be seen if we consider a bond for which r = j. We see from 
Equation (4.3) that if r = j (the coupon and yield rates are equal), then on a 
coupon date the price of the bond would be F (the bond is bought at par). 
However the purchase price of the bond grows from Py =F at t=0 to 


Py (1- j) just before the coupon is paid at  — 1, and just after that coupon is 
paid the price drops to Pj =F (see Exercise 4.1.28). For a bond trader 
comparing two bonds with different coupon dates, but both with r= j, it 


would be appropriate to compare using market price, since this price has 
eliminated a “distortion” caused by the accrued coupon included in the pur- 
chase price. 


Note that the book value, as described above, is based on the original yield 
rate at which the bond was purchased, but actual current bond pricing 
would be based on current market yield rates. 


The notion, introduced earlier, of a bond bought at a premium, at par, or 
at a discount just after a coupon is paid was based on comparing the bond 
price with the face amount. To describe a bond as being bought at a pre- 
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mium, par or discount when bought at a time between coupon dates, the 
comparison is made between the market price and the face amount. It 
was pointed out that just after a coupon payment, a bond is priced at a 
premium, par or discount according to whether r» j, r— j, or r< j, 
respectively. This relationship remains valid when comparing the market 
price with the face amount at a time between coupon dates. 


4.1.5 FINDING THE YIELD RATE FOR A BOND 


When bonds are actually bought and sold on the bond market, the trading 
takes place with buyers and sellers offering bid and ask prices, respective- 
ly, with an intermediate settlement price eventually found. The amount by 
which the ask price exceeds the bid is the spread. This is the difference in 
price between the highest price that a buyer is willing to pay for an asset 
and the lowest price for which a seller is willing to sell it. This terminology 
applies to investments of all types, bonds, equities and derivative invest- 
ments. Some assets are more liquid than others and this may affect the size 
of the spread. 


We have considered bond valuation mainly from the point of view of 
calculating the price of a bond when the coupon rate, time to maturity 
and yield rate are known. In practice, bond prices are settled first, and the 
corresponding yield rate is then determined and made part of the overall 
quotation describing the transaction. The determination of the yield rate 
from the price becomes an unknown interest rate problem which would 
be solved using an unknown interest function, a bond yield function on a 
financial calculator, or a spreadsheet program. 


For a bond with face amount F, coupon rate r, with n coupons remaining 
until maturity, and bought at a purchase price P one period before the 
next coupon is due, the yield rate j is the solution of the equation 


P-Fvj*Frag;. j is the yield rate, or internal rate of return for this 
transaction, and there is a unique positive solution, j » 0. If the bond is 


bought at time ¢, with 0 « / « 1, measured from the last coupon, and there 
are n coupons remaining, then j is the solution of the equation 


P=[Fv} Fra; j). where P is the purchase price of the bond. 


Again, there will be a unique positive solution, j » 0. 
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(Finding the yield rate from the price of a bond) 


A 20-year 8% bond has semi-annual coupons and a face amount of 100. 
It is quoted at a purchase price of 70.400. 


(a) Find the yield rate. 

(b) Suppose that the bond was issued January 15, 2010, and is bought by 
anew purchaser for a price of 112.225 on January 15, 2015 just after 
a coupon has been paid. 


(i) Find the yield rate for the new purchaser. 


(ii) Find the yield rate (internal rate of return) earned by the original 
bondholder. 


(iii) Suppose that the original bondholder was able to deposit coupons 
into an account earning an annual interest rate of 6% convertible 
semi-annually. Find the average effective annual rate of return 
earned by the original bond purchaser on their 5-year investment. 
Assume that interest on the deposit account is credited every Janu- 
ary 15 and July 15. 


(c 


Suppose that the bond was issued January 15, 2010, and is bought by 
a new purchaser on April 1, 2015 for a market price of 112.225. 


(i) Find the yield rate for the new purchaser. 


(ii) Find the yield rate (internal rate of return) earned by the original 
bondholder. 


SOLUTION 


(a) We solve for j, the 6-month yield rate, in the equation 
= E 
70400 = 100v? -Aax, 


(40 coupon periods to maturity, each coupon amount is 4). Using a 
financial calculator returns a value of j =.059565. This would be a 


quoted yield rate of 11.913% (compounded semi-annually). 
(b) (i) There are 30 coupons remaining when the new purchaser buys the 
bond. We solve for j, the 6-month yield rate, in the equation 
112.225 = 100v% *-Aasg , (30 coupon periods to maturity). Using 
a financial calculator returns a value of  —.033479. This would 
be a quoted yield rate of 6.696% (compounded semi-annually). 


Gi) 


(iii) 


(c) © 


(ii) 
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The original bondholder received 10 coupons plus the purchase 
price of 112.225 on January 15, 2015. The original bondhold- 
er’s equation of value for that 5-year (10 half-years) period is 


70.400 -112.225v)* -- Aag j- A financial calculator gives a 


value of j 2.09500 (6-month yield of 9.5%), which is a quoted 
nominal annual yield compounded semiannually of 19.0%. 

On January 15, 2015, just after the coupon is deposited, the 
balance in the deposit account is 4s; 9, 745.86. Along with 
the sale of the bond, the original bondholder has a total of 
45.86--112.225 —158.08. For the five year period, the annual ef- 
fective retum is i, found from the equation 158.08 = 70.40(1+i)°. 
Solving for i results in a value of i - 17.696. 

There are 76 days from January 15, 2015 (the time of the most 
recent coupon) to April 1, 2015. The entire coupon period from 
January 15, 2015 to July 15, 2015 is 181 days. The purchase price 
of the bond on April 1, 2015 at yield rate j per coupon period is 


[100 4235, (1/9. The market price is 112.225, so the 
purchase price is 112225--26 x4 = 113.905. The new pur- 
chaser's 6-month yield is j, the solution of the equation 


113.905 = [100 4233, ] t jy9'5' This is a somewhat 
awkward equation. Using a financial calculator with a function 
for calculating the yield rate on a bond, we get j=.033421 
(annual yield rate of 6.684%, compounded semi-annually). 

The original purchaser will receive 10 coupons of amount 4 each, 
plus a payment of 113.905 on April 1, 2015. The payment of 


113.905 is made 1046 — 10.420 coupon periods after the bond 


was originally purchased. The original purchaser's 6-month yield j, 
is the solution of the equation 70.400 —113.905v/? ?? e aic, 
Standard financial calculator functions will not be capable of solv- 
ing for j, and some approximate computer routine such as EXCEL 
Solver would be needed. The resulting solution is j =.093054 
(9.31% is the 6-month yield rate). o 
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Several exercises at the end of the chapter look at various methods for ap- 
proximating the yield rate. These methods may provide some insight into 
the price-yield relationship, but they are no longer used in practice. 


4.2 AMORTIZATION OF A BOND 


For taxation and other accounting purposes, it may be necessary to deter- 
mine the amount of interest received and principal returned in a bond cou- 
pon or redemption payment. This can be done by viewing the bond as a 
standard amortized loan. 


The purchaser of the bond can be thought of as the lender and the issuer of 
the bond is the borrower. The purchase price of the bond, P, can be thought 
of as the loan amount, and the coupon and redemption payments are the 
loan payments made by the borrower (the bond issuer) to the lender (the 
bondholder). For an amortized loan, the loan amount is the present value of 
the loan payments using the loan interest rate for present value calculation. 
Since the bond purchase price is the present value of the coupon and re- 
demption payments using the yield rate, the yield rate is the loan rate 
when thinking of the bond purchase as a loan. An amortization schedule for 
the bond would be constructed algebraically like the general amortization 
schedule in Table 3.2. 


The payment amounts in the bond amortization schedule will be the cou- 
pon amounts Fr up to the 7 —1* coupon and the 5^ payment is a coupon 
plus the redemption amount, Fr +C. The prospective form of the out- 
standing balance just after a coupon payment is the present value of all 
future coupons plus redemption amount, valued at the “loan interest rate” 
which is the yield rate on the bond from when it was originally pur- 
chased. This is the bond’s book value. 


The algebraic relationships for loan amortization also apply to bond 
amortization. One of the basic loan amortization relationships from 
Chapter 3 was Equation 3.4, OB,,, = OB, (1+i)— K,.4. The corresponding 


bond amortization relationship up to the ż +1” coupon is 
BV, = BY, (ej) - Fr (4.9) 


BV denotes the book value (or amortized value) and j is the yield rate. 
We can also formulate the interest paid and principal repaid: 
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Im = BV x j (4.10) 


PRA = Fr-La (4.11) 


The bond amortization schedule for a bond purchased on a coupon date 
(just after the coupon is paid) is given in the following table. 


TABLE 4.2 
Outstanding 
Balance Pay- Principal 
E (Book Value ment Interest Due Repaid 


after Payment) 
0 |P-F[l-(r-jyag] - = = 


| |Füb£6-hand | Fr [FUsG-D0-—5] Fe- 
2 FUE- aal | Fr (FU +E- DUT Fe- 


FUCA) am] | Fr [FL +O ty FTD 


n-l| FUl+(r-J)-aq) | Fr |FUG-D0-) |FG-D»vi 
n 0 FreF|FU*G-j-vj)]  fFüs-6-»vj 


Notice that since the payments are level throughout the term of the bond, 
except for the final payment, the principal repaid column forms a geo- 
metric progression with ratio 1--j. The following example illustrates a 
bond amortization. 


EXAMPLE 4.4 (Bond amortization) 


A 10% bond with face amount 10,000 matures 4 years after issue. Con- 
struct the amortization schedule for the bond over its term for nominal 
annual yield rates of (a) 8%, (b) 10%, and (c) 12%. 


SOLUTION 


(a) The entries in the amortization schedule are calculated as they were 
in Table 4.2, where k is the number of the coupon period. With a 
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(b 


nominal yield rate of 896, the purchase price of the bond is 
10,673.27. Then J; =(10,673.27)(.04) 2426.93, and so on. The 
complete schedule is shown in Table 4.3a. 


TABLE 4.3a 

k E Payment | Interest Due cil 
0 10,673.27 - - - 

1 10,600.21 500 426.93 73.07 
2 10,524.22 500 424.01 75.99 
3 10,445.19 500 420.97 79.03 
4 10,363.00 500 417.81 82.19 
5 10,277.52 500 414.52 85.48 
6 10,188.62 500 411.10 88.90 
7 10,096.16 500 407.54 92.46 
8 0 10,500 403.85 10,096.15 


Note that since OB; 210,096.16 and PRs =10.096.15 we should 
have OBg —.01. Of course OB; —0 and the one cent discrepancy is 
due to rounding. The values of OB; decrease to the redemption value as 
k approaches the end of the term. The entry under Principal Repaid is 
called the amount for amortization of premium for that particular pe- 
riod. The amortization of a bond bought at a premium is also referred to 
as writing down a bond. If we sum the entries in the principal repaid 
column for k from 1 to 7 along with 96.15 at time 8 (the principal repaid 
before the redemption payment of 10,000), we get a total of 673.27 
which is the total premium above redemption value at which the bond 
was originally purchased. The coupon payments are amortizing the 
premium, reducing the book value to 10,000 as of time 8 and then the 
redemption payment of 10,000 retires the bond debt. 


With a nominal yield rate of 10% the purchase price is 10,000. The 
schedule is shown in Table 4.3b. 


BOND VALUATION < 267 


TABLE 4.3b 
3S E 
0 10,000.00 - iag = 
1 10,000.00 500 500.00 0 
2 10,000.00 500 500.00 0 
3 10,000.00 500 500.00 0 
4 10,000.00 500 500.00 0 
5 10,000.00 500 500.00 0 
6 10,000.00 500 500.00 0 
7 10,000.00 500 500.00 0 
8 0 10,500 500.00 10,000 


(c) With a nominal yield rate of 1296 the purchase price is 9379.02; the 
schedule is shown in Table 4.3c. 


TABLE 4.3c 
k Outstanding Payment | Interest Due Principal 
Balance T Repaid 

0 9379.02 

1 9441.76 500 562.74 — 62.74 
2 9508.27 500 566.51 — 66.51 
3 9578.77 500 570.50 — 70.50 
4 9653.50 500 574.73 -74.3 
5 9732.71 500 57921 —79.21 
6 9816.67 500 583.96 — 83.96 
7 9905.67 500 589.00 — 89.00 
8 0 10,500 594.34 9905.66 
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Round-off error again gives a value of OBs =.01, when it should be zero. 
Note that OB, increases to the redemption amount as k approaches the 
end of the term. The principal repaid column entries are negative. This 
occurs because the coupon payment of 500 is not large enough to pay for 
the interest due, so the shortfall is added to the outstanding balance 
(amortized value). The negative of the principal repaid entry is called the 
amount for accumulation of discount when a bond is bought at a dis- 
count. This amortization is also referred to as writing up a bond. 


Since a bond amortization is algebraically the same as a loan amortization, 
calculator functions for amortization can be used to calculate bond amor- 
tization quantities. 


4.3 CALLABLE BONDS: OPTIONAL REDEMPTION DATES 
Ce E RUN SL EDEME TION CATES u 


A bond issuer may wish to add flexibility to a bond issue by specifying a 
range of dates during which redemption can occur, at the issuer’s option. 
Such a bond is referred to as a callable bond. For a specific yield rate, 
the price of the bond will depend on the time until maturity, and for a 
specific bond price, the yield rate on the bond will depend on the time 
until maturity. The following example illustrates the way in which a call- 
able bond is priced. 


Definition 4.3 — Callable Bond 


A callable bond is one for which there is a range of possible redemp- 


tion dates, not known in advance to the bond purchaser. The redemp- 
tion date is chosen by the bond issuer. 


(Finding the price of a callable bond) 


(a) A 10% bond with semi-annual coupons and with face and redemp- 
tion amount 1,000,000 is issued with the condition that redemption 
can take place on any coupon date between 12 and 15 years from the 
issue date. At the time the bond is purchased, the purchaser does not 
know the actual redemption. Find the price paid by an investor wish- 
ing a minimum yield of (i) i) =.12, and (ii) i?) =.08. 


(b) Suppose the purchaser pays the maximum of all prices for the range 
of redemption dates. Find the yield rate if the issuer chooses a re- 
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(c) 


(d) 


demption date corresponding to the minimum price in each of cases 
(i) and (ii) of part (a). 


Suppose the purchaser pays the minimum of all prices for the range 
of redemption dates. Find the yield rate if the issuer chooses a re- 
demption date corresponding to the maximum price in each of cases 
(i) and (ii) of part (a). 


Suppose the purchaser pays 850,000 for the bond and holds the bond 
until it is called. Find the minimum yield that the investor will obtain. 


SOLUTION 


(a) 


(b) 


(c 


(d) 


(i) From Equation (4.3) P = 1,000,000x{1 + (.05-.06) 7 o } 


where n is the number of coupons until redemption. At the time 
the bond is purchased, the purchaser knows only that n will be 
one of the following possible values: n = 24,25,...,30. The price 
range for these redemption dates is from 874,496 for redemption 
at n — 24 to 862,352 for redemption at n —30. It is most prudent 
for the purchaser to offer a price of 862,352. 


(ii) The range of prices is from 1,152,470 if redemption occurs at 12 
years, to 1,172,920 if redemption is at 15 years The prudent pur- 
chaser would pay 1,152,470. 


If the purchaser in (i) pays the maximum price of 874,496 (based on 
redemption at »=24), and the bond is redeemed at the end of 15 
years, the actual nominal yield is 11.80%. If the purchaser in (ii) 
pays 1,172,920 (based on redemption at 1 — 30), and the bond is re- 
deemed at the end of 12 years, the actual nominal yield is 7.76%. 


If the purchaser in (i) pays 862,352 (based on 15 year redemption) 
and the bond is redeemed after 12 years, the actual nominal yield is 
12.22%, and if the purchaser in (ii) pays 1,152,470 (based on 12 year 
redemption) and the bond is redeemed after 15 years, the actual nom- 
inal yield is 8.21%. 


We use the equation 850,000 = 1,000,000v; + 50,000a;, . 


For each z from 24 to 30, we can find the corresponding 6-month 
yield rate j. For n —24, the 6-month yield rate is j —.0622, which 
corresponds to a nominal annual yield of 12.4496. For 7 — 30, the 6- 
month yield rate is .0610 (nominal annual 12.20%). If we check the 
yield rate for n=25,26,27,28,29, we will see that the minimum 
yield occurs if redemption is at 2 30 , and this yield is 12.20%. O 
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For a callable bond, if a minimum yield j is desired, there are some gen- 
eral rules that can be established for finding the purchase price that will 
result in a yield rate of at least j. Using the bond price formula 
P= C[1+(r-/) x aq, ]. we have seen that for a given yield rate j, if 
r< j ,then P«C (the bond is bought at a discount). Also, in this case, 
since r- j «0, the minimum price will occur at the maximum value of 
n (latest redemption date), because (r—/)xag, is most negative when m 
is largest. This can also be seen from general reasoning, because if a 
bond is bought at a discount, then it is most advantageous to the bond 
purchaser to receive the large redemption amount C as soon as possible, 
so the bond has greatest value if redemption occurs at the earliest re- 
demption date and the bond has least value if redemption occurs at the 
latest date. Using similar reasoning, if r > j (bond bought at a premium), 
the minimum price will occur at the minimum value of 7. This is illus- 
trated in part (a) of Example 4.5. 


Similar reasoning to that in the previous paragraph provides a general 
rule for determining the minimum yield that will be obtained on a calla- 
ble bond if the price is given. If a bond is bought at a discount for price 
P, then there will be a “capital gain" of amount C — P when the bond is 
redeemed. The sooner the bondholder receives this capital gain, the 
greater will be the yield (return) on the bond, and therefore, the minimum 
possible yield would occur if the bond is redeemed on the latest possible 
call date. This is illustrated in part (d) of Example 4.5. In a similar way, 
we see that for a bond bought at a premium, there will be a “capital loss" 
of amount P—C when the bond is redeemed. The earlier this loss oc- 
curs, the lower the return received by the bondholder, so the minimum 
yield occurs at the earliest redemption date. 


If a purchaser pricing the bond desires a minimum yield rate of j, the 
purchaser will calculate the price of the bond at rate j for each of the re- 
demption dates in the specified range. The minimum of those prices will 
be the purchase price. If the purchaser pays more than that minimum 
price, and if the issuer redeems at a point such that the price is the mini- 
mum price, then the purchaser has “overpaid” and will earn a yield less 
then the minimum yield originally desired. This is illustrated in parts (b) 
and (c) of Example 4.5. 


When the first optional call date arrives, the bond issuer, based on market 
conditions and its own financial situation, will make a decision on whether 
or not to call (redeem) the bond prior to the latest possible redemption date. 
If the issuer is not in a position to redeem at an early date, under appropriate 
market conditions, it still might be to the issuer's advantage to redeem the 
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bond and issue a new bond for the remaining term. As a simple illustration 
of this point, suppose in Example 4.5(a) that 12 years after the issue date, 
the yield rate on a new 3-year bond is 994. If the issuer redeems the bond 
and immediately issues a new 3-year bond with the same coupon and face 
amount, the issuer must pay 1,000,000 to the bondholder, but then receives 
1,025,789 for the new 3-year bond, which is bought at a yield rate of 9%. 


A callable bond might have different redemption amounts at the various 
optional redemption dates. It might still be possible to use some of the rea- 
soning described above to find the minimum price for all possible redemp- 
tion dates. In general, however, it may be necessary to calculate the price 
at several (or all) of the optional dates to find the minimum price. 


Example 4.6 f (Varying redemption amounts for a callable bond) 


A 15-year 8% bond with face amount 100 is callable (at the option of the 
issuer) on any coupon date in the 10^ to 15" years. In the 10^ year the 
bond is callable at par, in the 11^ or 12^ years at redemption amount 
115, or in the 13^, 14" or 15" years at redemption amount 135. 


(a) What price should a purchaser pay in order to ensure a minimum 
nominal annual yield to maturity of (i) 12%, and (ii) 6%? 


(b) Find the purchaser's minimum yield if the purchase price is (i) 80, 
and (ii) 120. 


(a) (i) Since the yield rate is larger than the coupon rate (or modified 
coupon rate for any of the redemption dates), the bond will be 
bought at a discount. Using Equation (4.3E) from Exercise 4.1.18, 
we see that during any interval for which the redemption amount 
is level, the lowest price will occur at the latest redemption date. 
Thus we must compute the price at the end of 10 years, 12 years 
and 15 years. The corresponding prices are 77.06, 78.60 and 
78.56. The lowest price corresponds to a redemption date of 10 
years, which is near the earliest possible redemption date. This ex- 
ample indicates that the principal of pricing a bond bought at a 
discount by using the latest redemption date may fail when the re- 
demption amounts are not level. 
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(ii) For redemption in the 10 year and the 11^ or 12" years, the 
yield rate of 3% every six months is smaller than the modified cou- 


pon rate of 4% (for redemption in year 10) or s 4) — 0348 (for 


redemption in years 11 or 12). The modified coupon rate is 
.0296 <3% for redemption in the 13^ to 15^ years. Thus the 
minimum price for redemption in the 10" year occurs at the earliest 
redemption date, which is at 94 years, and the minimum price for 
redemption in the 11” or 12" years also occurs at the earliest date, 
which is at 104 years. Since g< j in the 13" to 15" years, the 
minimum price occurs at the latest date, which is at 15 years. Thus 
we must calculate the price of the bond for redemption at oF years, 


104 years and 15 years. The prices are 114.32, 123.48, and 134.02. 


The price paid will be 114.32, which corresponds to the earliest 
possible redemption date. 


(b) (i) Since the bond is bought at a discount (to the redemption value), 
it is to the purchaser’s disadvantage to have the redemption at 
the latest date. Thus we find the yield based on redemption dates 
of 10 years, 12 years and 15 years. These nominal yield rates are 
11.40%, 11.75% and 11.77% The minimum yield is 11.40%. 


(ii) Since the bond is bought at a premium to the redemption value in 
the 10" year and in the 11^ and 12” years, the minimum yield 
to maturity occurs at the earliest redemption date for those peri- 
ods. This is 94 years for the 10" year and 105 years for the 


11^ and 12" years. The bond is bought at a discount to the re- 
demption amount in the 13” to 15^ years, so the minimum 
yield occurs at the latest redemption date, which is 15 years. We 
find the yield based on redemption at 91 years, 104 years and 


15 years. These nominal yield rates are 5.29%, 6.38% and 7.15% 
The minimum is 5.29%. o 


Through the latter part of the 1980s, bonds callable at the option of the 
issuer became less common in the marketplace. The U.S. and Canadian 
governments no longer issue callable bonds. The increased competition for 
funds by governments and corporations over time has produced various 


BOND VALUATION < 273 


incentives that are occasionally added to a bond issue. One such incentive 
is a retractable-extendible feature, which gives the bondholder the option 
of having the bond redeemed (retracted) on a specified date, or having the 
redemption date extended to a specified later date. This is similar to a call- 
able bond with the option in the hands of the bondholder rather than the 
bond issuer. Another incentive for the bondholder is to provide warrants 
with the bond. A warrant gives the bondholder the option to purchase addi- 
tional amounts ofthe bond at a later date at a guaranteed price. 


4.4 APPLICATIONS AND ILLUSTRATIONS 


4.4.1 BOND DEFAULT AND RISK PREMIUM 


One issuer of a bond may not be as financially stable or secure as anoth- 
er. Based on various analyses of the bond issuer, such as historical per- 
formance as to default, the performance of the industry group with which 
the issuing company is associated, and so on, it may be possible to esti- 
mate probabilities of default. There are a number of bond-rating services 
which classify borrowers as to their creditworthiness, with ranks from 
AAA (highest) to C (lowest). 


The risk of loss of principal or loss of a financial reward stemming from 
à borrower's failure to repay a loan or otherwise meet a contractual obli- 
gation is referred to as credit risk. Credit risk arises whenever a borrow- 
er is expecting to use future cash flows to pay a current debt, such as in 
the case of a bond. Investors are compensated for assuming credit risk by 
way of interest payments from the borrower or issuer of a debt obliga- 
tion. Credit risk is closely tied to the potential return of an investment, 
the most notable being that the yields on bonds correlate strongly to their 
perceived credit risk. 


(Default risk) 


Analysis of a bond with 3 years remaining until maturity indicates an 
estimated probability of default of 5*6 in any given coupon period until 
maturity as long as default has not yet occurred. The bond has a nominal 
annual coupon rate of 14%, payable semiannually, and a face amount of 
100,000. If default occurs, the bond will pay no coupon for the affected 
coupon period but will pay 50% of the redemption amount at the time of 
default and no further coupons. Using expected present value, what price 
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should an investor pay for the bond based on an annual yield of 12%, 
payable semiannually? 


With a reference point of ż=0 (where t=6 represents the maturity 
date), the probabilities of default each period are as follows: 


Period | Default Probabili: Probability of Full Payment 
1 .05 .95 
2 (.95)(05) (95 
3 (95) (05) (957 
4 (95) (.05) (95)* 
5 (.95)*(.05) (95) 
6 (.9555(.05) (.95)° 


We can find the total expected present value in two ways. The first approach 
is to find the expected payment at each of times 1 to 6 and sum them. 


The possible payments at time 1 are 7000 (the coupon if default doesn't take 
place during the first coupon period, with probability .95) and 50,000 (re- 
duced redemption if default occurred, with probability .05). The expected 
present value is [7000(.95) * 50,000(.05)]v. 


The possible payments at time 2 are 7000 (if default hasn't occurred during 
the first 2 periods, this has probability .95?), 50,000 (if default occurs in the 
2"4 period, this has probability (.95)(.05)) and 0 (if default occurred in the 
first period, this has probability .05), with expected present value 
[7000(.95)? + 50,000(.95).05) ]v?. 


Continuing in this way to time 6, we get that the total expected present 
value of the coupons, default payment, and redemption amount is 
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[7000(.95) + 50,000(.05)v] 
+[7000(.95)* + 50,000(.95)(.05) Jv? 
+ [7000(.95 +50,000(.95)?(.05) ]v? 
+[7000(.95)* + 50,000(.95) (05) |^ 
+[7000(.95)° + 50,000(.95)4(.05) v5 
+[107,000(.95)° + 50,000(.95)5(,05) ]v® = 91,897.18. 


As an alternative approach, we can find the total present value received 
for each of 7 possible events: 


(1) default in period 1, (2) default in period 2,..., (6) default in period 6, 
(7) no default. In event (1), the total present value received is 50,000v, 
with probability .05. In event (2), the total present value received is 
7000v4-50,000v?, with probability (.95)(.05). Continuing in this way 
leads to the same expected present value as the first approach. 


At the price of 91,897.18, if all coupon payments are met and the redemption 
amount is paid, the yield on the bond would be i? —.1759. 


The difference between the promised yield to maturity of 17.59% and 
the expected yield to maturity of 12% is the default premium on the 
bond, which is 5.59%. The expected yield rate on a bond which has a risk 
of default will be larger than the yield on a government (risk-free) bond 
with the same coupon rate and time to maturity. The difference between 
this expected yield of 12% and the yield on the corresponding risk-free 
bond (say 8%) is called the risk premium. The total of the risk premium 
and the default premium on a bond is the yield spread for that bond (4% + 
5.59% = 9.59%). n 


4.4.2 SERIAL BONDS AND MAKEHAM'S FORMULA 


A bond issue may consist of a collection of bonds with a variety of re- 
demption dates, or redemption in installments. This might be done so that 
the bond issuer can stagger the redemption payments instead of having a 
single redemption date with one large redemption amount. Such an issue 
can be treated as a series of separate bonds, each with its own redemption 
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date, and it is possible that the coupon rate differs for the various redemp- 
tion dates. It may also be the case that purchasers will want different yield 
rates for the different maturity dates. This bond is called a serial bond, 
since redemption occurs with a series of redemption payments. 


Suppose that a serial bond has redemption amounts Fi, F;,..., Fp, to be re- 


deemed in 1j,75.....7,, coupon periods, respectively, and pays coupons 


Pm 


at rates 7,7 "„» respectively. Suppose also that this serial bond is 
purchased to yield j, 5... Jm» respectively, on the m pieces. Then the 


D 


price of the / piece can be formulated using any one of Equation (4.2), 


(4.3) or (4.4). Using Makeham's bond price formula given by Equation 
(4.4), the price of the /^ piece is 


B = K,+-Lx(F-K,), (4.12) 
Ji 
where K, =F, xv}. 


The price of the total serial issue would be 


m 
P= P, In the special case in which the coupon rates and yield rates 
Ds 


on all pieces of the serial issue are the same, the total price of the issue 
can be written in a compact form using Makeham's Formula: 


P=> P= $e Exa] = K+4x(F-K), (413) 
j j 


n el 


m 
where K — K, is the present value of all redemption amounts for the 
tel 


m 


entire issue, and F = È ~, is the total redemption amount for the issue. 
tl 


If the series of redemptions has a systematic form, such as a level amount 
every period for a number of periods, then K can be conveniently formu- 
lated as the present value of the annuity formed by the series of redemp- 
tion amounts. Note that Equation (4.13) requires a uniform coupon rate 
and yield rate for all redemption dates in the issue. 
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Serial bond) 


On August 15, 2015 a corporation issues a 10% serial bond with face 
amount 50,000,000. The redemption is scheduled to take place at 5,000,000 
every August 15 from 2025 to 2029 and 25,000,000 on August 15, 2030. 


Find the price of the entire issue on the issue date at a yield of i? «125, 


The present value of all of the redemption payments is 
K = 5,000,000x [s * Vias + v62 + vios + vitas] 
+25,000,000vitos = 9,976,960. 


Then the price of the serial bond is 


P K+5x(F-K) 


9,976,960 + de x (50,000,000-9,976,960) = 41,995,392. O 


4.4.3 OTHER FIXED INCOME INVESTMENTS 


4.4.3.1 CERTIFICATES OF DEPOSIT 


A Certificate of Deposit (CD) is a deposit that an investor makes to a bank, 
savings and loan, or credit union. In Canada, CDs are called Guaranteed 
Investment Certificates (GIC). The interest rate and maturity date on a 
CD is usually fixed at the time the deposit is made. CDs are generally 
insured by the federal government through the U.S. Federal Deposit In- 
surance Corporation (principal amounts up to $250,000) or the Canadian 
Deposit Insurance Corporation (principal amounts up to $100,000). For 
CDs that are arranged for maturities less than a year, principal and inter- 
est are returned together at the time of maturity. For a CD that has a ma- 
turity of longer than one year, interest payments are usually arranged to 
be paid semi-annually or annually, with the principal amount returned at 
the time of maturity. 
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4.4.3.2 MONEY MARKET FUNDS 


A money market fund is a mutual fund that invests in mostly very short 
term, highly secure instruments such as government treasury bills and 
CDs. Technically, a money market fund is a mutual fund. But practically, 
it is close to being a savings account without the guarantees provided 
with bank accounts. The fund tends to earn a higher rate of interest than 
is available in typical bank savings accounts, and usually pays interest 
every month, but it may require a minimum initial investment. Some 
money market funds allow the account holder to write checks. Money in 
the fund is generally available to the account holder at short notice. 


4.4.3.3 MORTGAGE-BACKED SECURITIES (MBS) 


When an individual takes a mortgage loan on a property, it is not unusual 
for the individual to have the loan insured. The Federal Housing Authority 
(FHA) is a U.S. government agency that provides such insurance. This 
provides some security to lenders who grant mortgage loans. The Gov- 
ernment National Mortgage Association (GNMA) provides federal gov- 
ernment backing that guarantees the loan payments on these federally 
insured mortgages. 


Lending institutions can pool together a number of mortgage loans and 
sell shares of the loans to individual investors. For mortgages that are 
insured by the FHA, this federal government guarantee makes Mortgage 
Backed Securities (MBS) very secure investments. 


The investor in an MBS becomes, in a sense, the lender who then receives 
mortgage payments from the borrowers. An investor receives monthly 
payments which reflect a share of the monthly payments being made by the 
borrowers on the underlying mortgages. 


Mortgage loans often have a provision that allows the borrower to repay 
principal before the scheduled end of the mortgage loan; these are called 
prepayments. When prepayments take place on a mortgage held in an 
MBS, the prepayment is spread among the various investors. There is a 
risk to the MBS investor that prepayments will result in the investment 
maturing earlier than was originally scheduled in the pool of mortgages. 


MBS investments can provide a secure monthly income with annual re- 
turns that tend to be up to 2% higher than yields on medium term (5- to 
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10-year) treasury bonds. There is also a very active secondary market in 
MBS securities. 


The Subprime Loan Crisis 


In the Fall of 2006, the housing loan market began to experience a 
sharp rise in mortgage foreclosures. A combination of factors led to 
this crisis in foreclosures. 


During the early and middle part of the 20005, interest rates in the U.S. 
reached historical lows and mortgage loans were made at these rela- 
tively low rates. At the same time, house prices were rising rapidly and 
lenders were making loans to house buyers who had a small (or no) 
down payment on the property. In addition, many of these loans were 
made to high risk borrowers with no credit rating or even poor credit 
history. These loans tended to be mainly variable-rate mortgages and 
not be insured by a government mortgage loan insuring agency. 


Interest rates began to rise in the second half of the decade, and when 
mortgage loan rates were reset at significantly higher levels, many bor- 
rowers were not able to carry the debt load and mortgage foreclosures 
resulted. It was a perfect storm of higher interest rates, slowing down 
(or decline) of housing prices, high debt loads, and high risk borrow- 
ers. 


Lenders had packaged and resold many of these subprime loans to in- 
vestors who were either not aware of the risks involved or chose to 
ignore them. The investments that held subprime mortgage loans were 
not only traditional mortgage backed securities. Subprime loans were 
included in many other investment packages that traditionally were 
considered lower risk. As these various investments began to under- 
perform or even collapse, a wave of fear of investing in many types of 
fixed income investments rippled through the financial world. This led 
to a liquidity crisis in which lenders who would normally be willing to 
finance various types of investments important for the normal operation 
of the economy became less willing to invest. 


The Housing and Economic Recovery Act of 2008 was designed to 
restore confidence in the domestic mortgage industry. The Act provid- 
ed additional government-backed insurance for mortgages as well as 
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loans for the refinancing of mortgages to owner-occupants at risk of 
foreclosure. In another effort to stabilize the mortgage market, in 2009 
the Federal Reserve began holding mortgage backed securities. Those 
holdings reached the level of $1.2 Trillion in 2014. Another legacy of 
the subprime crisis is the historically low Federal discount rate, a 
benchmark rate to which many commercial loan rates are related. The 
lowered rate tends to lower rates that banks charge on mortgage loans, 
among other effects, and this has kept borrowing costs low for home- 
owners and controlled the spread of mortgage default. 


4.4.3.4 COLLATERALIZED DEBT OBLIGATIONS (CDO) 


An investment bank or other financial institution may construct a collec- 
tion of assets, including mortgages, credit card debt, and other types of 
loans, and sell parts of that package to various investors. The investors are 
buying the income produced by the borrowers making debt payments. 


The collateral in the loans may be real property, as in the case of mortgag- 
es, corporate bonds, and other structured debts. This collection of assets is 
called a collateralized debt obligation. The investment bank that packag- 
es the CDO gets income in the form of a commission for the sale of parts 
of the CDO. A mortgage backed security is an example ofa CDO. 


There can be varying degrees of risk in the assets in a CDO. The CDO 
might be divided into “layers” (called tranches in financial practice). Each 
tranche would have its own risk of default and its own expected return. An 
investor would choose which tranches in which to invest. When there is a 
default in some of the assets in a CDO, it is the investors in the highest risk 
tranches that lose principal first, and losses of principal are applied in order 
of the risk rating of the tranches. 


4.4.4 TREASURY INFLATION PROTECTED SECURITIES (TIPS) 
AND REAL RETURN BONDS 


The U.S. federal treasury and the Bank of Canada issue inflation pro- 
tected bonds. The structure of a TIPS is similar to that of a standard 
coupon bond in that there is a coupon rate and maturity amount. The 
difference is that the maturity amount is regularly adjusted based on the 
rate of inflation that has occurred since the TIPS was issued. When it is 
time for a coupon payment, the coupon rate is multiplied by the infla- 
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tion-adjusted maturity amount. At the time of maturity, the amount paid 
is the inflation-adjusted maturity amount based on the accumulated infla- 
tion rate since the TIPS was issued. 


Suppose that the coupon rate on a TIPS is 5% every six months and the 
maturity amount of the bond is 10,000 at the time the bond is issued, with 
the bond to mature 2 years after it is issued. Furthermore, suppose that we 
set the Consumer Price Index (CPI) to | at the time the bond is issued. 
Suppose that the CPI over the next 2 years has the following values: 


Determine the final maturity amount and the coupon amounts on each 
payment date. 


SOLUTION 


The maturity amount will be updated on each coupon payment date, and 
on the maturity date, and the coupon amount will be 5% of the inflation- 
adjusted maturity value. 


——————————— 
Time 6-month | 12-month | 18-month | 24-month 


Adj. Mat. Value | 10,200 10,300 10,600 10,800 
Coupon 510 515 530 540 


On the maturity date the maturity amount paid to the bondholder will be 
10,800. o 


4.4.5 CONVERTIBLE BONDS 


Convertible bond usually refers to a bond that can be converted into a 
predetermined amount of the company's equity at certain times during its 
life, usually at the discretion of the bondholder. 


Convertible bonds start out as bonds. They have a coupon payment and 
are legally debt securities, which rank prior to all equity securities in a 
default situation. Their value, like all bonds, depends on the level of pre- 
vailing interest rates and the credit quality of the issuer. 
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The exchange feature of a convertible bond gives the right for the holder 
to convert the par amount of the bond for common shares at a specified 
price or conversion ratio. For example, a conversion ratio might give 
the holder the right to convert $100 par amount of the convertible bonds 
into common shares at $25 per share. This conversion ratio would be 
said to be 4:1 or four-to-one. 


The share price affects the value of a convertible bond substantially. Tak- 
ing our example, if the shares were trading at $10, and the convertible 
bond was at a market price of $100, there would be no economic reason 
for an investor to convert the convertible bonds. For $100 par amount of 
the bond the investor would only get 4 shares with a market value of $40. 
You might ask why the convertible was trading at $100 in this case. The 
answer would be that the yield of the bond justified this price. If the 
normal bonds were trading at 10% yields and the yield of the convertible 
was 10%, bond investors would buy the bond and keep it at $100. A 
convertible bond with an exercise price far higher than the market price 
of the stock is called a busted convertible and generally trades at its 
bond value, although the yield is usually a little higher due to its lower or 
"subordinate" credit status. Subordinate credit status refers to being low- 
er in the list of creditors who are paid if default occurs. 


Now consider of the opposite. When the share price attached to the bond 
is sufficiently high or in the money, the convertible begins to trade more 
like an equity. If the exercise price is much lower than the market price 
of the common shares, the holder of the convertible can attractively con- 
vert into the stock. If the exercise price is $25 and the stock is trading at 
$50, the holder can get 4 shares for $100 par amount that have a market 
value of $200. This would force the price of the convertible above the 
bond value and its market price should be above $200 since it would 
have a higher yield than the common shares. 


Issuers sell convertible bonds to allow them to offer the bond at a lower 
coupon rate. The level of the coupon rate will depend on how valuable 
the conversion feature is to the potential investor. The downside to the 
issuer of a bond convertible to shares in the company is that the earnings 
per share may become diluted if additional shares are issued as a result of 
the conversion feature. For a relatively small company with few share- 
holders, there is also the risk that if the convertible bond is purchased by 
a single investor, that investor might get control of the company if the 
conversion feature is exercised. 
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A mandatory convertible bond is a type of convertible bond that has a 
required conversion or redemption feature. Either on or before a contrac- 
tual conversion date, the holder must convert the mandatory convertible 
into the underlying common stock. These securities provide investors 
with higher yields to compensate holders for the mandatory conversion 
structure. 


4.5 DEFINITIONS AND FORMULAS 


Definition 4.1 — Bond 


A bond is an interest-bearing certificate of public (government) or private 
(corporate) indebtedness. 


Bond notation 

F-— The face amount (also called the par value) of the bond 

r — The coupon rate per coupon period (six months unless otherwise 
specified) 

C- The redemption amount on the bond (equal to F unless otherwise 
noted) 

1 — The number of coupon periods until maturity 

j — The yield rate per coupon period 


Bond price on a coupon date 
= L F RTE a 
P = Cody thr htt ‘ar 
Cvi + Fran; (4.1) 
C+ (Fr-Q))a5, (4.3) 


1i 


Definition 4.2 — Bond Purchase Value 
(a) If P» F, the bond is said to be bought at a premium. 


(b) If P — F, the bond is said to be bought at par. 
(c) If P « F, the bond is said to be bought at a discount. 
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Bond price between coupon dates 

PF -f(*jy is the price including accrued coupon at fraction ¢ into the 
coupon period, where P, is the price just after the last coupon. The market 
price is R,(1+/)' — Frt (the purchase price minus accrued coupon). — (4.8) 


P number of days since last coupon paid (4.7) 
number of days in the coupon period 


Amortization of a Bond 


BY denotes the book value (or amortized value) and j is the yield rate. 


BV, = BV (I+j)— Fr (4.9) 
La = BV, xj (4.10) 
PR, = Fr=I,,, (4.11) 


Definition 4. 3 — Callable Bond 


A callable bond is one for which there is a range of possible redemp- 
tion dates. The redemption is chosen by the bond issuer. 


4.6 NOTES AND REFERENCES 


The reference book Standard Securities Calculation Methods, provides a 
comprehensive collection of calculation and quotation methods used in 
financial practice. The Handbook of Fixed Income Securities, by F. Faboz- 
zi covers a wide range of topics on bonds and other fixed income invest- 
ments. The text Mathematics of Compound Interest by Butcher and Nesbitt 
details several numerical procedures for approximating yield rates, and 
provides additional references on the subject. 
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4.7 EXERCISES 


Unless specified otherwise, it is assumed that all coupon rates are quoted 
as annual rates but payable semiannually, all yield rates are nominal an- 
nual rates convertible semiannually, and bonds are valued just after a 
coupon has been paid. 


SECTION 4.1 


4.1.1 


Find the prices of the following bonds, all redeemable at par. Show 
how to compare their prices without actually calculating the nu- 
merical values. 


(a) A 10-year 100, 5% bond yielding 7.2% 
(b) A 10-year 100, 5% % bond yielding 7.7% 
(c) A 12-year 100, 5% bond yielding 7.2% 
(d) A 12-year 100, 57^ % bond yielding 7.7% 


A twelve-year 100 par value bond pays 7% coupons semiannually. 
The bond is priced at 115.84 to yield an annual nominal rate of 6% 
compounded semiannually. Calculate the redemption value of the 
bond. 


A zero-coupon bond pays no coupons and only pays a redemption 
amount at the time the bond matures. Greta can buy a zero-coupon 
bond that will pay 10,000 at the end of 10 years and is currently 
selling for 5,083.49. Instead she purchases a 10% bond with cou- 
pons payable semi-annually that will pay 10,000 at the end of 10 
years. If she pays X she will earn the same annual effective interest 
rate as the zero coupon bond. Calculate X. 


A 6% bond maturing in 8 years with semiannual coupons to yield 
5% convertible semiannually is to be replaced by a 5.5% bond 
yielding the same return. In how many years should the new bond 
mature? (Both bonds have the same price, yield rate and face 
amount). 


Don purchases a 1000 par value 10-year bond with 8*6 semiannual 
coupons for 900. He is able to reinvest his coupon payments at a 
nominal rate of 6% convertible semiannually. Calculate his nomi- 
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nal annual yield rate convertible semiannually over the ten-year pe- 
riod. 


A 25-year bond with a par value of 1000 and 10% coupons payable 
quarterly is selling at 800. Calculate the annual nominal yield rate 
convertible quarterly. 


An investor borrows an amount at an annual effective interest rate 
of 7% and will repay all interest and principal in a lump sum at the 
end of 10 years. She uses the amount borrowed to purchase a 1000 
par value 10-year bond with 10% semiannual coupons bought to 
yield 8% convertible semiannually. All coupon payments are rein- 
vested at a nominal rate of 6% convertible semiannually. Calculate 
the net gain to the investor at the end of 10 years after the loan is 
repaid. 


In Table 4.1 in Section 4.1 excerpted from the U.S. Bureau of Pub- 
lic Debt, a 30-year treasury bond is listed as having been issued 
on May 15, 2017 and maturing on May 15, 2047. The coupon 
rate is 4.00%, the yield rate at issue is listed as 3.050%, and the 
price at issue is listed as 99.021793. Verify that this is the correct 
price for this bond. 


The National Post ©, a Canadian daily newspaper, has listings after 
each trading day of the closing prices and yields of a number of 
bonds that traded the previous day. In the March 2, 2004 edition, 
there was the following listing for a Government of Canada bond: 


Yield % 


4.25 Sep 01/09 102.76 3.69 


(a) Verify that this is the correct price for the bond. 


(b) In this listing, the price per $100 is rounded to the nearest $.01, 
and the yield rate is rounded to the nearest .01%. The quoted 
yield rate could be any number from 3.685% to 3.695% (and 
would be rounded to 3.69%, we can think of 3.695% as 
3.694999994). Find the resulting prices at the two ends of that 


range of yield rates. 


4.1.10 
4.1.11 
4.1.12 
4.1.13 
4.1.14 
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(c) The bid price of 102.76 could have been rounded from an actual 
price between 102.755 and 102.765. Find the yield rates that 
correspond to those prices. 


An n-year 4.75% bond is selling for 95.59. An n-year 6.25% bond 
at the same yield would sell for 108.82. The face and redemption 
amount of the bond is 100. Find the yield rate. 


Bond A has n coupons remaining at rate 7, each, and sells to yield 
rate i, effective per coupon period. Bond B has the same face val- 
ue and number of coupons remaining as Bond A, but the coupons 
are at rate 7? each and the yield rate is i? effective per period. If 
iin = rs and iz >i) >n, which of the following statements 
are true? 


I. The price of Bond B exceeds the price of Bond A. 


II. The present value of Bond B's coupons on the purchase date 
exceeds the present value of Bond A's coupons. 


III. The present value of the redemption amount for Bond B ex- 
ceeds the corresponding present value for Bond A. 


Two bonds, each of face amount 100, are offered for sale at a com- 
bined price of 240. Both bonds have the same term to maturity but 
the coupon rate for one is twice that of the other. The difference in 
price of the two bonds is 24. Prices are based on a nominal annual 
yield rate of 3%. Find the coupon rates of the two bonds. 


A 7% bond has a price of 79.30 and a 9% bond has a price of 
93.10, both per 100 of face amount. Both are redeemable in » 
years and have the same yield rate. Find n. 


When a certain type of bond matures, the bondholder is subject to 
a tax of 25% on the amount of discount at which he bought the 
bond. A 1000 bond of this type has 4* annually paid coupons and 
is redeemable at par in 10 years. No tax is paid on coupons. What 
price should a purchaser pay to realize an effective annual yield of 
5% after taxes? 
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4.1.15 


4.1.16 


4.1.17 


4.1.18 


4.1.19 


4.1.20 


Smith purchases a 20-year, 8%, 1000 bond with semiannual 
coupons. The purchase price will give a nominal annual yield 
to maturity, of 10%. After the 20" coupon, Smith sells the bond. 
At what price did he sell the bond if his actual nominal annual 
yield is 10%? 


Show that Equations (4.6a) and (4.6b) are algebraically equivalent. 


In the bond quotations of a financial newspaper, a quote was 
given for the price on February 20, 2016 of an 11% bond with 
face amount 100 maturing on April 1, 2035. The yield was quot- 
ed as 11.267%. Find the quoted price to the nearest .001. 


Suppose the redemption amount C is not necessarily equal to the 
face amount F on a bond. Using g == as the modified coupon 
rate, show that Equations (4.2), (4.3) and (4.4) become 


P = C:vj + Cg: ag, (4.2E) 
P = C+C(g-/)-aq;, (4.3E) 

and 
P = K+4(C-K). (44E) 


Describe the relationship linking the relative sizes of P and C to 
the relative sizes of g and j. 


A 1000 bond bearing coupons at annual rate 6.5%, payable semian- 
nually, and redeemable at 1050 is bought to yield a nominal rate of 
8%. If the present value of the redemption amount is 210, what is 
the price to the nearest 10? 


A company issues 1,000,000 in bonds. The prevailing yield rate 
on the bonds is 12%. The company considers having coupons at 
8% and a maturity of 15 years. On second thought, the company 
decides on a maturity date of 20 years. What coupon rate must 
the bond issue have in order for the company to raise the same 
amount of revenue as it would have on the 15-year issue? Sup- 
pose the company issued the bonds with a maturity date of 10 
years. What coupon rate is required to raise the same amount as 
under the other two issues? 


4.1.218 


*4.1.22 


*4.1.23 


*4.1.24 
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You have decided to invest in two bonds. Bond X is an n-year 
bond with semi-annual coupons, while bond Y is zero-coupon 
bond, which is redeemable in n/2 years. The desired yield rate is 
the same for both bonds. You also have the following information: 


Bond X 
e Par value is 1000. 
* The ratio of the semi-annual bond rate to the desired 
semi-annual yield rate, + is 1.03125. 
* The present value of the redemption value is 381.50. 


Bond Y 


* Redemption value is the same as that of bond X. 
* Price to yield is 647.80. 


What is the price of bond X? 


Consider two bonds, each with face amount 1. One bond ma- 
tures 6 months from now and carries one coupon of amount 7;. 
The other bond matures 1 year from now and carries two semi- 
annual coupons of amount 7) each. Both bonds have the same 
selling price to yield nominal annual i2. Find a formulation for 
i) in terms of 4,7 and constants. 


A bond issue carries quarterly coupons of 2% of the face 
amount outstanding. An investor uses Makeham's Formula to 
evaluate the whole outstanding issue to yield an effective an- 
nual rate of 13%. Find the value of H used in the formula 
P=K+H(C-K). 


A bond with face and redemption amount of 3000 with annual 
coupons is selling at an effective annual yield rate equal to 
twice the annual coupon rate. The present value of the coupons 
is equal to the present value of the redemption amount. What is 
the selling price? 
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*4.1.25 


*4.1.26 


*4.1.27 


*4.1.28 


On November 1, 2015 Smith paid 1000 for a government sav- 
ings bond of face amount 1000 with annual coupons of 8%, 
with maturity to occur on November 1, 2027. On November 1, 
2021 the government issues new savings bonds with the same 
maturity date of November 1, 2027, but with annual coupons 
of 9.5% (Smith's bond will still pay 8%). The government of- 
fers Smith a cash bonus of X to be paid on the maturity date if 
he holds his old bond until maturity. Smith can cash in his old 
bond on November 1, 2021 and buy a new bond for 1000. If 
both options yield 9.596 from November 1, 2021 to November 
1, 2027, find X. 


Show that if (1+,)' is approximated by 14-jt, then the quoted 
price of a bond at time ¢, 0 €t €1, since the last coupon is the 
linearly-interpolated value at ¢ between Po and Pj. (This is the 
linearly interpolated price exclusive of the accrued coupon.) 


Show that P5(l-j)— Fr - P. Then assuming that r= j and 
Py =F, show that P =F. 


Suppose that a bond has semiannual coupons of amount Fr 
each. At six-month effective yield rate j, a continuous payment 
for six months equivalent to a semiannual coupon is 
FF =(Fr/3q;). 


Suppose that the quoted price at time ; (where 0</<1 is 
measured since the last coupon) is redefined to be the price- 
plus-accrued minus r-F-$5,. Show that the quoted price in 


part (ii) of Example 4.2 would then become exactly 100 per 
100 of face amount. Show that 7-57; is approximately equal 


to t- Fr. 
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*4.1.29 During the time when compound interest calculations were 
done by hand and with reference to interest tables, bond tables 
were constructed listing prices at issue (per 100 of face 
amount) of bonds with varying maturity dates, coupon rates 
and yield rates. Thus the bond price P(n,r,j) is written as a 


function of n, r and j. Show that P(nr, j)is a linear function 


of r but not of n or j. Thus linear interpolation with respect to 
the coupon rate gives exact results, but linear interpolation 
with respect to the yield rate gives approximate results. 


*4.1.30 Let n21, 0xt«&1, and g(j) = [F -v} + Fr-ag; 0 jy. 
(a) Show that g(j) is strictly decreasing and convex (i.e., 
g'() «0 and g'(j) » 0). 
(b) Show that jim 20) = +00 and lim gU) =0. 
(c) Use parts (a) and (b) to show that if P » 0 the equation 
P =[F-v} +Fr -apj +j) 


has a unique solution for j. 


SECTION 4.2 


42.1 Find the total amount paid, the total interest and the total princi- 
pal repaid in the amortization of Table 4.2. 


4.22 Graph OB, for each of the three cases in Example 4.4. 
(a) Show that for a bond bought at a premium, the graph of OB, 
is concave downward. 


(b) Show that for a bond bought at a discount, the graph of OB, 
is convex upward. 
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4.2.3 


4.2.4 


4.2.7 


A 10% bond has face amount 10,000. For each combination of the 
following number of coupon periods and six-month yield rates, use 
a computer spreadsheet program to construct the amortization table 
and draw the graph of OB, : n=1,5,10,30; j=.025, .05, .075. 


The amortization schedule for a 100, 5% bond with yielding a 
nominal annual rate of i? =6.6% gives a value of 90.00 for the 
bond at the beginning of a certain 6-month period just after a 
coupon has been paid. What is the book value at the start of the 
next 6-month period? 


A bond of face amount 100 is purchased at a premium of 36 to 
yield 7%. The amount for amortization of premium in the 5" 
coupon is 1.00. What is the term of the bond? 


A bondholder is subject to a tax of 50% on interest payments at 
the time interest is received, and a tax (or credit) of 25% on capi- 
tal gains (or losses) when they are realized. Assume that the 
capital gain (or loss) on the bond is the difference between the 
purchase price and the sale price (or redemption amount if held 
to maturity), and the full amount of cach coupon is regarded as 
interest. For each of the cases in Example 4.4, find the bond’s 
purchase price so that the stated yield is the after-tax yield 
(based on the bond being held to maturity). 


Among a company’s assets and accounting records, an actuary 
finds a 15-year bond that was purchased at a premium. From the 
records, the actuary has determined the following: 


(i) The bond pays semi-annual interest. 


(ii) The amount for amortization of the premium in the 2"4 
coupon payment was 977.19. 


(iii) The amount for amortization of the premium in the 4^ cou- 
pon payment was 1046.79. 


What is the value of the premium? 


*42.8 


*4.2.9 
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Using Table 4.2, show that the bond payments can be regarded 
as payments on two separate loans. The first loan is of amount F 
with interest only at rate j (per coupon period) for n periods, plus 
return of F at the end of n periods. The second loan is an amorti- 
zation of P— F over n periods at effective rate j (per coupon pe- 
riod), with payments of F(r—7) per coupon period. This second 
loan is the amortization of premium if P >F. 


A 30-year bond with face amount 10,000 is bought to yield 
i?) 2.08. In each of the following cases find the purchase price 
of the bond and the bond's coupon rate. 


(a) The final entry in the amortization schedule for accumulation of 
discount is 80. 


(b) The first entry in the amortization schedule for amortization 
of premium is 80. 


(c) The final entry in the schedule for interest due is 500. 


SECTION 4.3 


43.1 


432 


43.38 


A 10% bond with face amount 100 is callable on any coupon date 
from 15% years after issue up to the maturity date which is 20 
years from issue. 


(a) Find the price of the bond to yield a minimum nominal annual 
rate of (i) 12%, (ii) 10%, and (iii) 8%. 


(b) Find the minimum annual yield to maturity if the bond is pur- 
chased for (i) 80, (ii) 100, and (iii) 120. 


Repeat Exercise 4.3.1 assuming that the bond is callable at a re- 
demption amount of 110, including the redemption at maturity. 


A 1000 par value bond pays annual coupons of 80. The bond is 
redeemable at par in 30 years, but is callable any time from the 
end of the 10th year at 1050. Based on her desired yield rate, an 
investor calculates the following potential purchase prices P: 
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4.3.4 


(i) Assuming the bond is called at the end of the 10” year, 
P=957. 
(ii) Assuming the bond is held until maturity, P = 897. 


The investor buys the bond at the highest price that guarantees she 
will receive at least her desired yield rate regardless of when the 
bond is called. The investor holds the bond for 20 years, after 
which time the bond is called. Calculate the annual yield rate the 
investor earns. 


On June 15, 2005 a corporation issues an 8% bond with a face 
value of 1,000,000. The bond can be redeemed, at the option of 
the corporation, on any coupon date in 2016 or 2017 at par, on 
any coupon date in 2018 through 2020 for amount 1,200,000, or 
on any coupon date in 2021 through June 15, 2023 at redemption 
amount 1,300,000. 


(a) Find the price to yield a minimum nominal annual rate of (i) 
10% and (ii) 64%. 


(b) Find the minimum nominal annual yield if the bond is 
bought for (i) 800,000, (ii) 1,000,000, or (iii) 1,200,000. 


SECTION 4.4 


44.1 


A government is issuing a 5-year 15% bond with face amount 
1,000,000,000. The perception in the investment community is 
that the government is somewhat unstable, and it is forecast that 
there is a 10% chance that the government will default on inter- 
est payments by the first or second years, a 20% chance of de- 
fault by the third or fourth years, and a 25% chance of default 
(on interest and principal) by the fifth year. All probabilities are 
unconditional (measured from time 0, so that, for instance, the 
probability that the 7" coupon will be paid is .8). 


(a) Find the price to be paid for this issue for an investor to earn 
yield i?) =.18 on the expected payments. 


(b) Based on the price found in part (a), find the yield to maturi- 
ty if all payments are actually made. 
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(c) Suppose that the risk of default on the redemption amount is 
only 10%, but the other default risks are as stated. Repeat 
parts (a) and (b). 


An 8% serial bond of face amount 2,000,000 issued June 15, 2000 
is to be redeemed by 10 semiannual installments of 100,000 each 
starting June 15, 2005, followed by 5 semiannual installments of 
200,000 each starting June 15, 2010. Find the price of the entire 
issue to yield ;? =.10. 


An annuity bond has level payments (coupon plus redemption) 
every coupon period. Thus it is a serial bond, but the redemption 
amounts decrease every period. A 10-year 10% annuity bond with 
100,000 
———, of 
ET 

which some would be coupon payment and some would be re- 
demption payment. A purchaser wishes a yield of /? —.12. Find 
the price of the bond and construct the amortization schedule for 
the first 2 years. 


face amount 100,000 has semiannual payments of 


Suppose that a serial bond has redemption amounts of 
Cj, C;...., C,, (not necessarily equal to F, F,,..., F,,). Show that 


if “+= forall £=1,2,...,m, then the price can be written as 


P= K+4(C-K), where K is the present value of the redemp- 


tion amounts at yield rate j. 


CHAPTER 5 


MEASURING THE RATE OF RETURN 
OF AN INVESTMENT 


"Save a little money at the end of each month, 
and at the end of the year you'll be surprised at how little you have. " 
— Ernest Haskins 


In the previous chapters we have looked at valuing various series of cash- 
flows. The inverse relationship between interest rates and present value 
should be clear from the examples of previous chapters. From general rea- 
soning, it seems that when calculating the present value of a series of cash- 
flows, the interest rate used for valuation can be thought of as a “rate of 
return” by either party in the transaction (the purchaser and the seller of the 
series of cashflows). 


In many circumstances, the valuation rate can be used to determine a pref- 
erence for one transaction over another. For example, suppose that an in- 
vestor has $100,000 available with which to purchase a 20-year annual 
payment annuity-immediate. Financial Institution X offers annual payments 
of $8,024.26, and Financial Institution Y offers payments of $8,718.46. 
The investor would choose Financial Institution Y, which offers a larger 
annual payment. We can find the effective annual interest rate for each of 
the two annuities by solving for / in the equation 100,000 = Kaz; where 


K is the payment amount. The interest rates are 5% for Institution X and 
6% for Institution Y, and we see that the investor has chosen the annuity 
that has the higher interest rate. This interest rate may be called the 
“yield rate” or the internal rate of return on the transaction. 
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5.1 INTERNAL RATE OF RETURN AND NET PRESENT VALUE 


5.1.1 INTERNAL RATE OF RETURN DEFINED 


A general financial transaction involves a number of cashflows out 
(payments made or disbursed) at various points in time as well as a num- 
ber of cashflows in (payments received). The internal rate of return 
(IRR) for the transaction is the interest rate at which the value, based on 
compound interest, of all cashflows out is equal to the value of cashflows 
in. Any valuation point can be used in setting up an equation of value to 
solve for an internal rate of return on a transaction, although there will 
usually be some natural or convenient valuation point, such as the start- 
ing date or the ending date of the transaction. The yield-to-maturity for 
coupon bonds presented in Chapter 4 is an example of an the internal rate 
of return, because it is the rate at which the price paid for the bond is 
equal to the present value of the coupon and redemption payments to be 
received. 


Suppose that a transaction consists of a single amount L invested at 
time 0, and several future payments Kj, K5,..., K, to be received at 


An 


times 1,2,...,7; with each K; >0. Then for the equation of value 


L- KygliKjx ee Ky x there is only one solution for i 


1 1 
quy * [E 


n 
that satisfies į >-100%. If L< E K;, then this unique solution is posi- 
Ja 


tive, i>0. For instance, with the annuity-immediate from Institution Y 
described at the start of this chapter, the amount invested is L = 100,000, 
there are 7 — 20 payments received, and the total amount received is 


X K į 2 20x8,718.46 = 174,369.20 > 100,000 = L. It follows that there is 
ja 


a unique positive solution for i to the equation 100,000 =8,718.46a5, 


(that solution is i = 696). 


It is possible to extend this notion of IRR to more complex transactions. Let 
us consider the situation in which there are payments received of amounts 
Ay, A\,A2,...,4, at times 0 —/9 «fj «t? €«-:«t,, and disbursements 
(payments made out) of amounts Bo, Bj, B2,...,B, at the same points in time, 
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where all 4; 20 and all B; 20. The net amount received at time k is 
C, = A,—B,, which can be positive or negative. If a payment of B; is dis- 
bursed at time /; but there is no payment received at that time, then 4; = 0. 
Conversely, if there is a payment received of A; at time /, but no payment 
disbursed at that time, then B, — 0. In the context of the annuity example 
presented at the start of this chapter, from the point of view of Institution Y 
selling the annuity, 4 =100,000 (the company receives the 100,000 from 
the purchaser of the annuity) and 
A= Ay == A, = 05 
and 
By =0 , B, = B, =-= By =8,718.46, 


the net amounts received by the company are 


Cy =100,000 
and 
-+= C4 7 -8,718.46. 


Definition 5.1 — Internal Rate of Return 


Suppose that a transaction has net cashflows of amounts Co, C»... Cp 
at times 15,4 ,...,/,. The internal rate of return for the transaction is any 


rate of interest satisfying the equation bye yv 20. (5.1) 
k=0 


In general we wish to find the compound interest rate i for which the value 
of the series of cashflows out is equal to the value of the series of cash- 
flows in at any point in time. The equation of value at time 0 for this gen- 
eral situation is 


Ay +A xv" + Ay VP tet A, xin 
= By +B xv" +B, xv? +--4+B, xv",  (5.la) 
or, equivalently, 


Y ox = 0. (5.1) 
k=0 
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Recall that as long as compound interest is in effect, the equation of val- 
ue can be set up at any time point /, and the value(s) of i for which the 
equation holds would be the same. For instance, the equation of value set 
up at time /, is 


C, (Lei)^ +C (+i) +o C, (ti) C, 


- Y Gays = 0. (5.2) 


k=0 


An alternative definition of internal rate of return is a solution for ; in 
Equation (5.1) or (5.2). The strict definition of the internal rate of return 
does not depend on any reinvestment options that might be available during 
the transaction. It can be seen, however, from Equation (5.2) that the 
interpretation of i as the periodic yield rate for the entire transaction is 
equivalent to an implicit assumption that all amounts are reinvested at 
rate / at all times during the transaction. 


For instance, one interpretation that the rate of return earned by the 
annuitant is 6% for the 20-year annuity described at the start of this 
chapter is that the invested amount of $100,000 should grow to 


100,000(1.06)"" = 320,713.55 at the end of 20 years. In order for this to 


occur, as each annuity payment is received it must be reinvested into an 
account earning 6% per year, so that at the end of 20 years the accumu- 
lated value of the reinvested deposits is 8,718.46 555 os = 320,714. 


(Internal rate of return) 


Smith buys 1000 shares of stock at 5.00 per share and pays a commission 
of 2%. Six months later Smith receives a cash dividend of .20 per share, 
which Smith immediately reinvests commission-free in shares at a price 
of 4.00 per share. Six months after that Smith buys another 500 shares at 
a price of 4.50 per share, and pays a commission of 2%. Six months after 
that Smith receives another cash dividend of .25 per share and sells all 
the existing shares at 5.00 per share, again paying a 2% commission. 
Find the IRR for Smith’s transaction in the form ;?. 
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At the time of the original share purchase, 4, — 0 and B, =5100, the initial 
outlay including commission. Measuring time in 6-month intervals, we have 
t=1 at 6 months with 4, —200 and B,=200, since Smith receives and 
immediately reinvests the dividend of 200, buying an additional 50 shares. 
Then t=2 is at 12 months with 4, 20 and B,=2295 (buying an addi- 
tional 500 shares and now owning a total of 1550 shares), and ¢=3 is at 18 
months with 4; = 387.50+7595 = 7982.50 (the dividend on 1550 shares 
plus the proceeds from the sale of the shares after commission) and B; =0. 
The net amounts received are C, ——5100, C, 20, C, =-2295, and 
C; - 7982.5. We wish to solve the equation, 
—5100—2295 x v! 7982.5 x v? - 0, or, equivalently, 


f) = 5100(1--j + 2295(1+/) — 7982.5 = 0, 


where the v and j factors are based on 6-month interest rates so that 
i2-2j. Using a financial calculator with multiple cashflow capability, 
the unknown interest rate is found to be j=3.246%, or equivalently. 
i 26,499. a 


Note that the transaction in Example 5.1 has a unique positive solution 
for j, the effective 6-month internal rate of return. This is true because 
the function /(j) is a strictly increasing function of j, /(0)«0, and 


lim f(j)=%, and there is, therefore, a unique j>0 that solves the 
jon 


equation f(j)=0. The internal rate of return on a transaction can be a 


meaningful measure when comparing the relative advantages of two or 
more financial transactions. 


5.1.2 UNIQUENESS OF THE INTERNAL RATE OF RETURN 


We saw in Example 2.23 that for certain financial transactions there is a 
unique solution for internal rate of return that is greater than —100%. It 
is possible in a more general situation that there are no real solutions for 
the internal rate of return, or that there are several real solutions all of 
which are greater than —100%, The following example illustrates this. 
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EXAMPLE 5.2. (Internal rate of return) 


Smith has a line of credit account that allows making withdrawals from, 
or payments to the account at any time. The balance may be negative 
(indicating the amount that Smith owes to the account) or positive (indi- 
cating the amount the account owes Smith). Balances in the account, 
whether positive or negative, earn interest at rate i per period. Solve for i 
for each of the following sets of transactions on Smith's line of credit. 
Assume the line of credit was opened at time 0 and was closed with a 
balance of zero at time 2, and that the As are withdrawals from the line of 
credit, and the Bs are payments to the line of credit. Thus the payment of 
B, made to the line of credit clears the outstanding balance on the ac- 


count. 

(à) 4711572, 4 20, 4 723, A, =0, By =l, B, =0, B, 21.33 
(b 4711 =2, 4, 20,4 =2.3, Ay 20, By =l, B, 20, B, 21.32 
(c) 1211 22,4, =0, 4 223, Ay =0, By =l, B, =0, B, =1.3125 
(d) (711,72, 4 =0, 4 =2.3, A, = 0, By =I, B, = 0, By = 1.2825 


(a) y= 
time 0 is -1--2.3xv—1.33xv? = 0. Solving this quadratic equation 
produces only imaginary roots for v, and thus no real roots for i. 

(b) Cy =-1,C, 22.3, and C, =—1.32, The equation of value at time 2 
(remember that it can be set up at any point of time) is 
—(1+i)? +2.3(1+i) 21.32 = 0, which is a quadratic equation in 1+i. 
Solving the quadratic results in i=.1 or .2, so both the interest rate 
of 10% and that of 20% are solutions. 


(c) Cy 2-1, C, 22.3, C, 2 —1.3125. The equation of value at time 2 is 
-(Ieiy + 2.3(1+7) -1.3125 = 0, producing i — 596 or 25%. 

(d) Cy ——1, C, - 2.3, C, — —1.2825. The equation of value at time 2 is 
—(I+i)? +2.3(1+i) -1.2825 — 0, so that i=-5% or 35%. o 


1,C, 22.3, and C; ——1.33, so that the equation of value at 
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For the simple annuity transaction discussed at the start of this section, it 
was possible to do a meaningful comparison of the two annuities by com- 
paring their internal rates of return. The situations described in Example 
5.2 illustrate the difficulties that can arise when solving for an internal rate 
of return on a transaction, and the limitations that occur when using only 
the IRR as a measure of the relative performance of investments. The limi- 
tations of IRR in practice can be seen as follows. 


Equation 5.2 is the defining relationship for determining the IRR for a 
transaction. At each time point ż C, denotes the cashflow that occurs, and 
it can be positive or negative. Imagining a line of credit like the one men- 
tioned in Example 5.2, we can formulate the updated balance at each suc- 
cessive time point as the cashflow for that time point is received. The 
initial balance at time 0 is Cy. The balance at time 1 is Cy(1+i)+C,, etc. 
When we get to time n, the time of the final cashflow, the balance in the 
account is 0; this is the defining characteristic of the IRR. IRR is the inter- 
est rate that makes the final balance equal to 0. When a transaction has a 
combination of cash inflows and outflows at various points in time, it is 
possible that the account balance will be positive at some time points and 
negative at other time points. In determining the IRR, it is assumed that no 
matter what the account balance, positive or negative, the interest rate ap- 
plied for the following period is the IRR. Mathematically, this leads to a 
polynomial of degree n when solving for the IRR, so there are up to » solu- 
tions of Equation 5.2 that all would satisfy the condition of being the IRR. 
From a practical point of view, it does not make financial sense that the 
interest rate earned on the account when the balance is positive (in a sur- 
plus position) would be the same as that earned when the balance is nega- 
tive (in a deficit position), since the interest rate that a bank pays on 
amounts on deposit is usually less than the interest charged on loans. 


It is conceivable that the cashflows in Example 5.2a could occur in prac- 
tice. However, the line of credit would specify an interest rate for the first 
period in advance, say 1096. Then the account balance at time 1 would be 
—1.1+2.3=1.2 . The balance at time 2 would be 1.2x (1-- i) , where i, 
is the account interest rate in the second period. If this balance is cleared 
by a cash outflow of 1.33, then the interest rate for the second period is 


i 3 -1-.1083. Neither 10% nor 10.83% are the internal rate of re- 


turn for the two period transaction. 
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There are other ways to assess the relative desirability of the transactions 
in Example 5.2. For instance, since C) and C, are the same for all four 
transactions, it is easy to compare the transactions by comparing the C, 
values. We see that transaction (a) has the largest amount to pay off the 
line of credit at time 2, with the final payment getting progressively small- 
er as we consider (b), (c), and (d). Therefore to minimize his cost in repay- 
ing the line of credit, Smith would prefer (d), although this is not readily 
apparent by comparing the internal rates of return. Later in this section we 
will consider alternative methods for measuring the return on a financial 
transaction and for comparing financial transactions. 


It is useful to be able to identify conditions on a financial transaction that 
imply a unique internal rate of return greater than —100?6. We continue to 
describe a financial transaction using the cashflow series Cy. C,..... C, 


Ons 
where C, denotes the net amount received at time ¢. It is possible to for- 
mulate conditions on the C, that guarantee a unique i» —1. 


Example 2.23 illustrates one basic, but common situation in which there 
is a unique IRR. If C, » 0 and C, «0 for k=1,2,...,n, then there is a 
unique internal rate of return that is greater than —100%. Furthermore, if 


n 
È C, «0 then the unique internal rate of return is strictly positive. The 
k=0 


typical transactions that correspond to this situation are loans of a single 
amount repaid by one or more payments in the future, or annuity pur- 
chases made with a single payment followed by annuity payments in the 
future. Additional conditions that result in a unique internal rate of return 
are considered in Exercise 5.1.6. 


It is not possible to compare the relative merits of two transactions on the 
basis of IRR alone if one of the transactions does not have a real-valued 
rate. Even if each of two transactions has a unique internal rate, it may 
not be the case that a comparison of those rates is sufficient to decide 
which transaction is preferable (see Exercise 5.1.4). 
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Criminal Interest Rate in Canada 


Section 347 of the Criminal Code of Canada passed by the federal gov- 
ernment of Canada in 1985 defines a “criminal rate" of interest on a fi- 
nancial transaction to be “an effective annual rate of interest calculated in 
accordance with generally accepted actuarial practices and principles that 
exceeds sixty percent.” 


The Canadian Institute of Actuaries is the professional organization re- 
sponsible for setting standards of actuarial practice in Canada. Section 
4400 of the CIA’s (Canadian Institute of Actuaries) Consolidated Stand- 
ards of Practice outlines the procedure for computation of a criminal rate 
of interest. The internal rate of return, as defined earlier in this chapter, is 
the rate that is used under this procedure. Section 4400 also states “If the 
calculation produces only one result, then the actuary would report that 
result. If the calculation produces more than one result, then the actuary 
would report only those which are positive and real.” 


5.1.3 PROJECT EVALUATION U! 


T PRESENT VALUE 


An alternative way of comparing transactions is by means of net present 
value (NPV). Suppose that an individual is trying to choose between two 
possible sets of cashflows. Assume the two sets of cashflows being con- 
sidered have no risk associated with them. It can be postulated that at a par- 
ticular point in time (labeled time 0), the individual has an interest rate i 
(sometimes called the individual’s interest preference rate) that is the ap- 
propriate rate for valuing (discounting) the two sets of cashflows. To com- 
pare two transactions whose net cashflow vectors are € =(Cy,C),....C,,) 


n 
and C' = (C6, Cis... Cp), we compare PV,(C) = È C, xv with 
[2] 


n 

PV,(C')= È Cj xv). The cashflow vector whose present value is larger is 
=0 

preferable. 


Note that in the transactions of Example 5.2, for any interest preference rate 
that exceeds —100%, we have PV;(Ca) < PV;(Cy) 


< PV(C.) < PV;(C;) (see Exercise 5.1.2). For the two annuities con- 


sidered at the start of this chapter, it will be the case that for any interest 
preference rate that exceeds —100%, from the point of view of an indi- 
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vidual receiving the annuity payments, the annuity with the higher pay- 
ment amount will be preferable. Exercise 5.1.4 provides an example of 
two transactions for which one is preferable at certain interest preference 
rates, and the other is preferable at other interest preference rates. 


The approach described above is a commonly used method in capital 
budgeting; it is also called the net present value method. 


Definition 5.2 — Net Present Value Method 


The net present value method ranks possible investment alternatives by 
the present value of all net amounts received. An interest rate, some- 
times called the cost of capital or interest preference rate must first be 
chosen, and then used in the present value calculations. 


A simple criterion that is used to determine whether or not an investment 
project is acceptable is based on the sign of the NPV. A positive NPV in- 
dicates that the investment will be profitable, while a negative NPV indi- 
cates that it will not be profitable. Note that the IRR is the interest rate for 
which the NPV is 0. Figure 5.1 shows the graphs of the NPVs of the four 
cases considered in Example 5.2 at different interest preference rates. 


NPV d 


FIGURE 5.1 
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Example 5.2 was constructed to highlight some anomalous behavior that 
can occur when considering IRR and NPV. For instance, it may be diffi- 
cult to interpret why 5.2(b) should be rejected due to negative NPV when 
the valuation rate ; is either less than 10% or greater than 20%. IRR and 
NPV are the most commonly used methods for evaluating financial pro- 
jects, but there are other methods than can be applied. 


5.2 DOLLAR-WEIGHTED AND 
TIME-WEIGHTED RATE OF RETURN 


Managers of investment funds often report the return or yield of a fund 
on an annual basis. There are two standard methods for measuring the 
annual return on a fund that are adaptations of concepts that have already 
been developed. 


5.2.14 DOLLAR-WEIGHTED RATE OF RETURN 


The dollar-weighted rate of return is the internal rate of return for the 
fund, but it is based on an equation of value using simple interest applied 
from each transaction point to the year-end for which the rate is being 
measured. In this section, when dollar-weighted return is referenced, it will 
be assumed that we are referring to this simple interest form. 


To find the dollar-weighted rate of return on a fund over the course of a 
year, the following information is needed: 


(i) the amount in the fund at the start of the year, 

(ii) the amounts and times of all deposits to, and withdrawals from the 
fund during the year, and 

(iii) the amount in the fund at the end of the year. 


An equation of value is created in the following form: 


Amount of initial fund balance plus all deposit amounts accumulated 
to the end of the year with simple interest 


— amount of all withdrawals from the fund accumulated to the end 
of the year with simple interest 


— fund balance at the end of the year (after all deposits/withdrawals 
have taken place). 
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If all times and amounts of deposits and withdrawals are known, along 
with the initial fund balance and the final fund balance, then it is straight- 
forward to solve for the interest rate that solves the equation. Note that this 
equation of value is the same one we would use to solve for the internal 
rate of return, but for IRR we would use compound interest instead of sim- 
ple interest. For periods of less than a year, the difference between com- 
pound and simple interest in the dollar-weighted equation will not usually 
be large if interest rates are relatively small. 


(Dollar-weighted return) 


A. pension fund receives contributions and pays benefits from time to 
time. The fund began the year 2018 with a balance of $1,000,000. There 
were contributions to the fund of $200,000 at the end of February and 
again at the end of August. There was a benefit of $500,000 paid out of 
the fund at the end of October. The balance remaining in the fund at the 
start of the year 2016 was $1,100,000. Find the dollar-weighted return on 


the fund, assuming each month is d ofa year. 


SOLUTION 


The equation of value for the dollar-weighted return is 
10, 
1,000, 000(1-+/) + 200,000 +i) 


2) 


+200,000(1 + 12 


500,000(1 2 = 1,100,000. 


The initial balance of 1,000,000 earns interest for a full year. For the de- 
posit of 200,000 at the end of February, we have applied simple interest 
for the 10 months remaining until the end of the year. Similar comments 
apply to the other deposit and the withdrawal. Solving for į results in 


__ 1,100,000 + 500, 000 — 1,000,000 — 200,000 — 200,000 
1,000,000 + 200, 000( 12) + 200,000 (5) - 500,000(2,) 
200,000 


= —_—— = .1739. 
1,150,000 
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Note that the amount 200,000 in the numerator is the net amount of in- 
terest earned during the year. It is the net amount by which the account 
increased after combining all deposits and withdrawals. The account 
started at 1,000,000, there was a net withdrawal during the year of 
100,000, but the balance at the end of the year had risen by 100,000 from 
the balance at the start of the year. Therefore, 200,000 must have been 
investment (or interest) income added to the account. The denominator is 
the “average amount on deposit during the year." In the expression for i 
above, the initial balance of 1,000,000 is *on deposit for the full year," 
the deposit of 200,000 at the end of February is on deposit for the re- 


maining E of the year (10 months), and the deposit of 200,000 at the 


end of August is on deposit for the remaining ES of the year (4 months). 


Withdrawals reduce the average balance on deposit during the year; so 
the 500,000 withdrawal made at the end of October reduces the average 


balance on deposit for the remaining ý of the year. o 


Definition 5.3 — Dollar-Weighted Return For a One-Year Period 
Suppose the following information is known: 
(i) the balance in a fund at the start of the year is 4, 


(ii) for 0< 4 < t; «*«« t, < 1, the net deposit at time /, is amount 
C, (positive for a net deposit, negative for a net withdrawal), and 


(iii) the balance in the fund at the end of the year is B. 


Then the net amount of interest earned by the fund during the year is 


I= se x &]. and the dollar-weighted rate of return earned 
k=l 


by the fund for the year is 


— (5.3) 
A C, (1-1,) 


An approximation to this dollar-weighted rate can be found by assuming 
that the total net deposits/withdrawals are uniformly spread throughout 
the year, and are approximated as occurring at mid-year. The total net 
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n 
deposit/withdrawal for the year is still C= £ C,, and the approximate 
kal 


I 
AdcC 


weighted rate of return in Example 5.3 becomes 


dollar-weighted return is 


Using this approximation, the dollar- 


2 
c dA __. = 2105. 
1,000,000 + 2 (100,000) 
In this case this is a poor approximation because the deposits and with- 
drawals are not equally spread over the year (deposits are early, with- 
drawal is late). 


If compound interest had been used in setting up the equation of value in 
Example 5.3, the resulting equation would be 


1,000, 000(1--;) + 200, 000(1+i)!°/!? 4. 200,000(1.-7)*/? 
—500,000(1+1)*"? = 1,100,000. 


The solution to this equation is the internal rate of return /=.1740 (very 
close to the dollar-weighted return of .1739 found in Example 5.3). 


5.2.2 TIME-WEIGHTED RATE OF RETURN 


The time-weighted rate of return for a one year period is found by com- 
pounding the returns over successive parts of the year. Suppose that during 
the course of a year, the following interest rates occur: 6-month rate of 4%, 
followed by 3-month rate of 3%, followed by 3-month rate of 2%. If we as- 
sume reinvestment in successive periods, then an investment of 1 made at 


the start of the year will grow to (1.04)(1.03((1.02) 21.0926. The time- 


weighted rate of return for the year would be 9.26%, which is found by 
compounding the rates in successive fractions of the year. Notice that the 
fact that the first fraction of the year was 6 months, and the second and third 
were 3 months each, was not relevant. The important point in this example is 
that the year was broken into 3 successive pieces, with rates of 4%, 3% and 
2% in the three successive pieces, which compounded to 1.0926. 
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Definition 5.4 - Time-Weighted Return For a One-Year Period 


Suppose the following information is known: 
(i) the balance in a fund at the start of the year is A, 


(i) for 0< t « t; «-«« t, « 1, the net deposit at time /, is amount 
C, (positive for a net deposit, negative for a net withdrawal), 


(iii) the value of the fund just before the net deposit at time /, is 
F,, and 


(iv) the balance in the fund at the end of the year is B . 


The time-weighted return rate earned by the fund for the year is 


LE PF, Fy B 
x x Xx x 
A RK*6 B+G Frat Gia Ft 


IE (5.4) 


In general, in order to find the time-weighted rate of return, we need the 
return for each piece of the year. The time length of each piece of the 
year is irrelevant. It is typical to break the year into the pieces defined by 
the points at which deposits or withdrawals occur, as indicated in the def- 


tons F, " s 

inition above. The factor Fata is the growth factor for the period 
ja + Cji 

from 1; , to ¢;. The time-weighted return is found by compounding the 

successive growth factors over the course of the year. 


The following is an adaptation of Example 5.3 to provide an example for 
the time-weighted return. 


EXAMPLE 5.4 f (Time-weighted rate of return) 
A pension fund receives contributions and pays benefits from time to 
time. The fund value is reported after every transaction and at year end. 
The details during the year 2018 are as follows: 
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Date Amount 

Fund values: 01/1/18 1,000,000 
03/1/18 1,240,000 

09/1/18 1,600,000 

11/1/18 1,080,000 

01/1/19 900,000 

Contributions received: 02/28/18 200,000 
08/31/18 200,000 

Benefits paid: 10/31/18 500,000 
12/31/18 200,000 


Find the time-weighted rate of return. 


The fund's earned rates for various parts of the year are as follows: 


1,240,000—200,000-1,000,000 _ 


01/1/18 to 02/28/18: nr 04 
03/1/18 to 08/31/18: Inn ur 1290 
09/1/18 to 10/31/18: 1080 0 500000 L 125 
11/1/18 to 12/31/18: 3000 ROT — 9185 


Then the time-weighted rate of return for 2018 is 
ip = (1.04)(1.1290)(.9875)(1.0185)-1 = .1809. 
This can also be formulated as 


ias Form 1,400,000 \/ 1,580,000 \/ 1,100,000 
T ' (1,000,000 )\ 1,240,000 / 1,600,000 / 1,080,000 


): - .1809 
a 


The information in Example 5.4 adds some detail to the information 
provided in Example 5.3. In Example 5.4 we are given the updated 
fund value after each transaction. This allows us to find the fund value 
just before each deposit and withdrawal, and therefore we can find the 
return earned by the fund for each transaction period. For instance, the 
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fund balance on January 1 was 1,000,000. Just before the deposit on 
February 28, the fund balance was 1,040,000 (the March first balance 
of 1,240,000 minus the deposit of 200,000 made on February 28). 
Therefore, the growth factor in the fund from January 1 to February 28 
1,040,000 
1,000,000 
sive transaction period, and compound them over the full year. 


is =1.04(4%). We make similar calculations for each succes- 


An investment fund manager generally does not have control over the 
timing or amounts of cash inflows and outflows for the fund. The time- 
weighted return is often used to compare the relative performance of var- 
ious investment fund managers since the method eliminates the impact of 
money flows in and out of the fund. 


Dollar-weighted and time-weighted returns are generally applied for pe- 
riods of a year or less. It is possible to apply the methods to estimate a 
rate of return for a period of longer than one year, but since simple inter- 
est is usually not applied beyond a one year period, the dollar-weighted 
return would be replaced by the usual internal rate of return calculation 
for longer periods. 


5.3 APPLICATIONS AND ILLUSTRATIONS 


5.3.1 THE PORTFOLIO METHOD AND THE INVESTMENT YEAR METHOD 


It is possible that when new funds are added to an existing investment ac- 
count, the "new money” is kept segregated from the rest of the fund for 
some period of time. The existing fund may be earning interest at one rate 
in the coming year, and the new money might earn interest at a different 
rate. “New money” may be segregated every year for several years in terms 
of the interest rate earned before being integrated into a larger pooled fund. 
For instance, an existing investment fund may be scheduled to earn a 4% 
return in 2015, a 4.2% return in 2016 and a 4.5% return in 2017, but new 
contributions might be segregated from the main fund for 2 years and 
scheduled to earn 5% in 2015 and 4.8% in 2016. In 2017 and thereafter, the 
“new money” contributed in 2015 earns the same as the “main” fund. Un- 
der this situation, there may be a 2-year segregation period for all new con- 
tributions, so that new money that is contributed in 2016 might earn a 
different rate of return than the 4.8% return in 2016 earned by money that 
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was new in 2015. This can be an important method for attracting new cus- 
tomers during times of rising interest rates. 


The “portfolio year rate” refers to the interest rate earned by the main or 
pooled fund, and would be classified by the year the interest is earned only. 
In the example above, the 4% return in 2015 would be the portfolio rate for 
2015 and the 4.2% return in 2016 would be the portfolio rate for 2016. The 
"investment year rate" refers to the interest rate earned by “new money” 
before it has been incorporated into the pooled fund. The investment year 
rate on new money would be classified by (i) the year in which new money 
was received, and (ii) the current year interest is earned. The 5% rate is the 
investment year rate in 2015 for new money received in 2015, and 4.8% 
would be the investment year rate in 2016 for new money that had been 
received in 2015. The following example illustrates this idea. 


(Investment Year Method and Portfolio Year Method ) 


You are given the following table of interest rates: 
———S$ aaaaaaaaaaaaaasasasaesaeaeaeasasasmsmsmsħĂ 


Calendar Year Portfolio 
of Original Rates 
Investment Investment Year Rates (in %) (in %) 

y NMEBSEREREREZ 
2007 8.25 | 8.25 | 8.40 | 8.50 | 8.50 8.35 
2008 8.50| 8.70 | 8.75 | 8.90 | 9.00 8.60 
2009 9.00 | 9.00 | 9.10 | 9.10 | 9.20 8.85 
2010 9.00| 9.10| 9.20 | 9.30 | 9.40 9.10 
2011 9.25 | 9.35 | 9.50 | 9.55 | 9.60 9.35 
2012 9.50 | 9.50 | 9.60 | 9.70 | 9.70 
2013 10.00 | 10.00 | 9.90 | 9.80 
2014 10.00 | 9.80 | 9.70 
2015 9.50 | 9.50 
2016 9.00 
Suppose that the amount in a fund is 1000 on January 1, 2012. Let the 
following be the accumulated value of the fund on January 1, 2015: 
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under the investment year method 

under the portfolio yield method 

if the balance is withdrawn at the end of every year and is rein- 
vested at the new money rate. 


RIOR 


Determine the ranking of P, Q, and R. 


For a new investment in 2012, under the investment year method, the 
rates earned in successive years are found in the row for 2012 in the ta- 
ble. The rate earned in 2012 is 9.50%, the rate earned in 2013 is 9.50%, 
and the rate earned in 2014 is 9.60%. 


The portfolio rates are found in the final column of the table. For 2012 
we use i70°7*5 =8.35%, for 2013 we use /299*5 =8.60%, etc. 


The new money rates are from the first column of the investment year 
table for years 2012, 2013 and 2014 (ij). A new investment made in 


2012 earns 9.50% in 2012, a new investment made in 2013 earns 10.00% 
in 2013, and a new investment made in 2014 earns 10.00% in 2014. 


Under the three methods, the deposit grows according to the following 
rates. 


2012 2013 2014 
P 9.50% 9.5090 9.6096 
Q $8359 8.60% 885796 
R 9.50% 10.00% 10.00% 
P -1000(1.095)(1.095)(1.096) =1314, 
Q —1000(1.0835)(1.086)(1.0885) = 1281, 
R —1000(1.095)(1.10)(1.10) 21325. 


We see that R > P >Q. This relationship could be determined by comparing 
the interest rates in the table above without doing the actual calculations. O 
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5.3.2 INTEREST PREFERENCE RATES FOR BORROWING AND LENDING 


In Section 5.1 the concept of an individual's interest preference rate was 
introduced as the rate at which that individual would value future payments. 
It might also be the cost of capital at which the individual could borrow. In 
using such a rate (ip) for valuation, when a transaction is regarded as taking 
place in an account with amounts credited and debited from that account 
(such as a line of credit), it is implicitly assumed that over the term of the 
transaction the individual would receive interest credited at rate ip when the 
account is in a net surplus position and pay interest at rate ip when the ac- 
count is in a net deficit position. It is reasonable to extend the notion of in- 
terest preference rates somewhat further by attributing a pair of rates to the 
individual, one rate at which the account would pay interest when in a sur- 
plus position (is), and another rate at which the account would charge in- 
terest when in a deficit position (ip ). In this framework it would be possible 
to compare two transactions by comparing the amount (net profit) in the ac- 
count at the end of each transaction. 


AMPLE 5.6 (/nterest preference rates) 


A line of credit loan of 10,000 is to be used for investment purposes. There 
are two investment alternatives. The first will provide payments of 3000 
each year for 10 years starting one year from now. The second will provide 
payments of 8000 two years and five years from now, and 7000 seven 
years and ten years from now. The investor plans to deposit all proceeds 
from the investment into the line of credit account. When there is a balance 
owed in the account, interest is charged at 15% per year, and when there is 
surplus in the account interest is credited at 9% per year. Find the account 
balance after 10 years for each investment alternative. 


Investment 1 results in the following sequence of account balances: 
=0:-10,000 

1:—10,000(1.15) +3000 = —8500 

t=2:—8500(1.15) +3000 = —6775 

t=3:-4791.25 

4:—2509.94 

t=5:113.57 
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t =6:113.57(1.09) + 3000 = 3123.79 


t =10:3123.79(1.09)* +3000- sq 9, =18,129 


Investment 2 results in the following sequence: 


t=2:—10,000(1.15)? +8000 = —5225 
1 =5:—5225(1.15)° +8000 = 53.43 

t =7:53.43(1.09)? + 7000 = 7063.48 

t 10: 7063.48(1.09)? + 7000 = 16,147 


The first investment would result in a larger gain at the end of the tenth year. 
a 


5.3.3 ANOTHER MEASURE FOR THE YIELD ON A FUND 


We now consider the case of a fund which has deposits and withdrawals 
made continuously, and investment income earned continuously. 


Suppose that a fund is observed over time, and the amount in the fund at 
time t is F(t). The fund earns interest and also receives and/or makes 
payments from time to time. If we wish to find the average annualized 
yield earned by the fund from time /, to time t; measured in years, we 
can formulate the yield as the internal rate of return, where 


f 3i 
F(t) = FHD +E c (0*7 + f? TOU dr, 
D i 
c, represents the net amount received (+) or paid out (—) at time ¢, and 
T(t) is the net continuous rate of payment (received or paid out) at time ż. 


The relationship between F(¢,) and F(t;) can be more simply stated as 


F(t) = F(t)* L, +N, (5.5) 


hh hh? 


where / represents interest earned for the period on the initial F (4) as well 
as on contributions (less interest lost on withdrawals), and N represents the 
net amount of new money received by the fund during the period where 
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Nag = Let” EO adt. (5.6) 
" h 


Suppose that the time interval from ż to ż, is one year, and let us make 
the simplifying assumption that N is uniformly received during the course 
of the year. Then F(t;) is a combination of the accumulated value of 


F(t;) after one year and the accumulated value of a continuous one-year 
level annuity paying N during the year, so that F(t)  F(n)(l-i) +N -5y; 
Using Equation (5.5) it follows that 


F(t) = F(q)(+i)+[F(2)- F(n) -1]- 5; 


Since sy, = foe ds-i, it is not possible to solve exactly for i. A 


simple approximation often used in practice is based on the trapezoidal 
rule for approximate integration, which gives J} (1+;)* ds = 1+5. With 


this approximation we see that 
F(t) = F()(+i)+[F(t2)—- F(n)- m +4), (5.7) 


from which it follows that 


ne 21 
T> FG)+F@)-T AR 
It is possible to generalize Equation (5.8) as follows: 
2I (5.9) 


is — 4. 
2.[, F()dt-1 


It may be the case that F(t) is changing continuously for part of the pe- 
riod from 4 to t; (say from £j to /'), and there is then a significant 
payment (or withdrawal) at time /', with F(t) again changing continu- 
ously from /' to t3. Then F(t) is piecewise continuous from /, to t2. In 
such a case the integral in Equation (5.9) can be approximated by ap- 


£ft l2 
proximating Í, n and je separately. 
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(Yield on a fund) 


A large pension fund was valued at 350,000,000 on January 1, 2015. 
During 2015 the contributions to the fund totaled 80,000,000, benefit 
payments totaled 20,000,000, and the fund recorded interest income of 
40,000,000. Estimate the yield on the fund for 2015 in each of the fol- 
lowing cases. 


(a) Contributions, benefit payments, and interest income occur uniformly 
and continuously throughout the year. 


(b) Benefit payments, interest income, and 20,000,000 of the contribu- 
tions are uniformly spread throughout the year, but there is a lump 
sum contribution of 60,000,000 on September 1, 2015. 


(c) Same as (b) except that the lump sum contributions are 50,000,000 
on May 1 and 10,000,000 on September 1, 2015. 


SOLUTION 


(a) Let January 1, 2015 be / 2 0 and January 1, 2016 be ¢=1. Note that 
F (1) =350+80—20+40 = 450 (million). Equation (5.6) can be di- 


rectly applied, producing i ~ mca = -1053. 


(b) The lump-sum contribution is made at 125. Since the part of the 
contributions other than the lump sum, along with the benefits and 
interest income, are uniformly spread over the year, then just before 
this lump-sum contribution the approximate value of the fund is 
F_(2) = 350+2(80-60)-2(20)+2(40) = 376.67. Just afer the 
lump-sum contribution the value of the fund is 

rA (3) = 376.67 + 60 = 436.67, 
and the value of the fund at the end of the year is the same as in (a), 
F(1)2450. We can assume that F(t) is linear from t=0 to t=3 

(just before the lump sum payment) and from tad (just after the 

lump sum payment) to f=1. Based on the method described in the 

comments following Equation (5.7), we approximate f F(t)dt by 
approximating each of the integrals (ia F(t) dt and ]5s F(t) dt. Us- 
ing the trapezoidal rule the approximate values of the integrals are 
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fj roa = 2£3/3504376.67] = 24222 
and 
[ia FOdi = 13445667 4430] = 147.78, 


so that the approximation to f F(t) dt is 390. Then using Equation 


2(40) —.1081. 


(5.9) we have i^ 3599)-40 


(c) Just before the lump sum contribution at t=4 the fund value is 
F. (4) = 350 +4(80-60) —4(20)4(40) = 363.33, and it is 
F,(4) = 363.66+50 = 413.33 


just after that contribution. Just before the lump sum contribution at 
t=4 the fund value is 


DN 1 (g9_69) 1. 1 S 
r (3) = 4133341 (80-60) -120)« 1440) = 426.66, 


and we have F, (3) = 426.66 +10 = 436.66 just after that contribu- 
tion. As in parts (a) and (b) we have F(I) 2 450. Then 


1 3 2/3 
fi FOd = in F() dt» [^ Fede), F(t) dt. 


The trapezoidal rule for approximate integration is applied as follows: 


[Leeds = 27*te(a) +g). 


Applying the trapezoidal rule to each integral as in part (b), we find 


f, Ft dt = 118.89 -140 147.78 = 406.67, 
so that 


TUM 2(40) - 
i * 306.67)-a9 = “134 z 
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5.3.4 ALTERNATIVE METHODS OF VALUING INVESTMENT RETURNS 


Capital budgeting refers to the financial management process whereby 
criteria are set for evaluating alternative investment opportunities. Com- 
paring investments via their internal rates of return or via their net present 
values are two of several standard capital budgeting methods. 


The internal rate of return and the net present value are two examples of 
discounted cash-flow procedures. There are a number of project ap- 
praisal methods that make use of the “cost of capital," which can be re- 
garded as the cost of borrowing to fund a project. We now consider a few 
more project appraisal methods. 


5.3.4.1 Profitability Index 


Ata specified rate of interest į (cost of capital), calculate the ratio 


_ present value of cash in flows 
present value of outflows 


1 


where each present value is calculated at the beginning of the project. 
This ratio is an index measuring the return per dollar of investment. This 
method is often used when the “outflow” is a single amount invested at 
time 0 and the “inflow” is a series of payments to be received in the fu- 
ture. As a simple illustration, suppose that an investment of 1,000 can be 
made into one of two projects. The first project will generate income of 
250 per year for 5 years starting in one year, and the second project will 
generate income of 140 per year for 10 years. If the cost of capital is 
i=5% then the profitability indexes for the two projects are: 


250a. 140a; 
Project l: I= goi — 1.0824 and Project 2: I - —5 55 - 1.0810. 


Project 1 would be preferable to Project 2 since it has a higher profitabil- 
ity index. Note that the preference may reverse if the cost of capital is 
changed. For example, with a cost of capital of 4%, Project 2 will have a 
higher profitability index than Project 1. 


Note that if the internal rate of return is used to find the present value, 
then / —1, because then the present value of cash inflows is equal to the 
present value of cash outflows. 
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5.3.4.2 Payback Period 

If the investment consists of a series of cash outflows followed by a series of 
cash inflows (Co, C,,C5....,C, <0 and C,,;,C,,9,-...C, > 0) the payback 
period is the number of years required to recover the original amounts in- 


t k 
vested. Thus the first k for which — X, C, < È C, is the payback period. 
E 


rete 
In the two project example considered under the Profitability Index method, 
we see that for Project 1 we have Co =—1000 and C, =- =C; =250, and 
the payback period is 4 years (the 1000 is paid back after 4 payments of 
250). For Project 2 the payback period is just over 7 years. 


A variation on this method is the discounted payback period method, 


which incorporates a cost of capital i, In that case, the payback period is the 
first k for which 


k 
-Tex s 3 Cx. 
x 


rol 
In the situation above, if the cost of capital is i=.05 and k=4 we have 


: 
-J C, xv = -Co = 1000 
s=0 


and 


k 4 
Y 6 xv" = C, xv" = 250a5,, = 886.49, 


LE ral 


but for k=5 we have 


k 5 
Y Gxv = PC, xv = 250a, = 108237, 
rz 


rzt«l 


Therefore, discounted payback for Project 1 occurs sometime during the 
5 year. 


5.3.4.3 Modified Internal Rate of Return (MIRR) 


Calculation of the MIRR uses a cost of capital rate i. To find the MIRR, 
say j, we formulate two accumulated values at the time the project ends. 
The first is the value of all payments made, accumulated at the (unknown) 
MIRR j. The second is the accumulated value of all payments received, 
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accumulated at the cost of capital i. We set the two accumulated values 
equal and solve for j. The rationale behind this method is that payments 
received will be reinvested and the return on these reinvested amounts will 
be the cost of capital, whereas the calculation of IRR assumes that return on 
reinvestments is the IRR itself, which can give a distorted picture of returns. 
Note that if we assume that the reinvestment is at rate j instead of rate i, the 
solution would give us the original IRR. With a single payment made of 
1000 and 5 annual payments received of 250 starting one year from now, 
and with a cost of capital of i= 5%, the MIRR equation is 


1000(1+j)° = 250s p; = 1381.41, 
from which we get j = 6.68% 


5.3.4.4 Project Return Rate and Project Financing Rate 


During the course of a project with cash inflows and outflows, at some 
points in time the investor may be a “net borrower” with money being 
owed by the investor, and at other times the investor may be a “net lender” 
with a positive balance invested. Suppose that the cost of borrowing, the 
project financing rate, is ; during the period of time that the investor is a 
net borrower. Suppose that the return on the investment, the project return 
rate, is j during the period of time the investor is a net lender. If the net val- 
ue of the project is set to 0 at the time of completion of the project, it is pos- 
sible to establish an algebraic relationship between ; and j. Solving for j 
from i would give a minimum project return needed for the project to break 
even at the time of completion. This approach is only meaningful if there 
are different times at which the investor is in a net lending position and in a 
net borrowing position. It should also be noted that interest rates for bor- 
rowing and rates of return on investments are often different from one an- 
other. 


Part (a) of Example 5.2 can be used as an illustration. Suppose that we 
assume a project financing rate of i. Let us suppose that at time 0 the in- 
vestor is in a net lender position with an amount of 1 invested. At time 1 
the value of the investment is 1+/, since the project return rate has been 
earned during the time the investor is in a lender position. At time 1, the 
investor receives 2.3 from his line of credit and is in a net borrower posi- 
tion with amount owed 1-j—-2.3. At time 2, this amount owed is 
(j-1.3)(1--i). The investor returns to a breakeven position by investing 
1.33 at time 2. The investor's net position at time 2 can be expressed as 
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(j-1.3)(1+i) +1.33 = 0. Solving for j results in j 21.3-133. We can see 


[ET 
that as the project financing rate i increases, the project return rate need- 
ed for a breakeven position increases as well. 


5.4 DEFINITIONS AND FORMULAS 


Definition 5.1 — Internal Rate of Return 


Suppose that a transaction has net cashflows of amounts C9, Cj... C, at 
times 0,1,...,. The internal rate of return for the transaction is any rate of 
interest satisfying the equation 


n 
p C,xv* =0. (5.1) 


Definition 5.2 — Net Present Value Method 


The net present value method ranks possible investment alternatives by the 
present value of all net amounts received. An interest rate, sometimes 
called the cost of capital must first be chosen, and then used in the present 
value calculations. 


Definition 5.3 — Dollar-Weighted Return for a One-Year Period 


Suppose the following information is known: 


(i) the balance in a fund at the start of the year is A, 


(i) for 0< t « t5 «--« t, « 1, the net deposit at time /; is amount 
C, (positive for a net deposit, negative for a net withdrawal), and 


(iii) the balance in the fund at the end of the year is B. 

Then the net amount of interest earned by the fund during the year is 

T= ia +5 4|, and the dollar-weighted rate of interest earned by 
kel 


the fund for the year is 


=I (5.3) 
A+ È C, Q-1,) 
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Definition 5.4 — Time-Weighted Return for a One-Year Period 
Suppose the following information is known: 

(i) the balance in a fund at the start of the year is A; 

(i) for 0< 4 « t; «--« t, < 1, the net deposit at time fg is amount 


C; (positive for a net deposit, negative for a net withdrawal), 


(ii) the balance in the fund just before the net deposit at time /, is 
F, and 


(iv) the balance in the fund at the end of the year is B. 


The time-weighted rate of interest earned by the fund for the year is 


A. ae Fi B. 
[e *masGa Aen] 69 


5.5 NOTES AND REFERENCES 


Several books contain a discussion of conditions relating to the existence 
and uniqueness of yield rates for financial transactions. Discussions can be 
found in Butcher and Nesbitt, in The Theory of Interest, by Kellison, and 
also in An Introduction to the Mathematics of Finance, by McCutcheon and 
Scott. The notion of interest preference rates introduced in the paper “A New 
Approach to the Theory of Interest" in TSA, Volume 32 (1980), by D. 
Promislow provides a fresh and useful alternative to yield rates as a way 
of comparing investments. An idea similar to that of interest preference 
rates is discussed in McCutcheon and Scott. 


The internal rate of return and discounted cashflow methods of capital 
budgeting are analyzed in considerable detail in the papers “Mathematical 
Analysis of Rates of Return under Certainty” and “An Analysis of Criteria 
for Investment and Financing Decisions under Certainty," by Teicherow, 
Robichek, and Montalbano, which appeared in Management Science, Vol- 
umes 11 and 12 (1965). The notation =, (k,r) is introduced there to de- 
note the future value at time ¢ of a cashflow with k as the project 
financing rate of interest (the rate charged when the investment is in a 
deficit or loan outstanding position) and r as the project investment rate 
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(the rate earned when the investment is in a surplus position). This is 
similar to the pair of interest preference rates discussed in Section 5.3.2. 


The paper *Axiomatic Characterization of the Time-weighted Rate of 
Return,” by K.B. Gray and R.B. Dewar in Management Science, Volume 
18, No. 2 (1971) argues that the time-weighted rate of return is “the only 
measure appropriate for measuring the performance of fund managers.” 
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5.6 EXERCISES 


SECTION 5.1 


5.1.1 


Repeat part (a) of Example 5.2 by setting up the equation of val- 
ue at time/; —2, and repeat part (b) by setting up the equation of 
value at time 0. 


Show that for any i» —1, for the transactions in Example 5.2 we 
have P;(Ca) « P(C;) « (Cc) < P;(Ca). 


Repeat Example 5.1 removing all commission expenses on the 
purchase and sale of shares. 


Transactions A and B are to be compared. Transaction A has net 
cashflows of 


Cj = -5, 01-35, CÍ-0, Cá =4 
and Transaction B has net cashflows 

ch = -5, CF = 3, CF =127,.C? =3. 
Find the yield rate for each transaction to at least 6 decimal plac- 
es. Show that Transaction A is preferable to B at interest prefer- 
ence rates less than 11.11% and at interest preference rates 


greater than 25%, and Transaction B is preferable at interest 
preference rates between 11.11% and 25%. 
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5.1.5 


A project requires an initial capital outlay of 30,000 and will 
return the following amounts (paid at the ends of the next 5 
years): 

14,000, — 12,000, 6,000, 4,000, 2,000. 
Solve for each of the following. 


(a) Internal rate of return. 


(b) Modified internal rate of return assuming a cost of capital of 
10% per year. 


(c) Net present value based on a cost of capital of 10% per year. 
(d) The payback period. 


(e) The discounted payback period assuming a cost of capital of 
10% per year. 


(f) The profitability index. 


*5.1.6 (a) Suppose there is a k between 0 and n such that either 


(i) C$,Ci,..., C, SO and C,,,C,,5,..., C, 20 (ie. all the 
negative net cashflows precede the positive net cashflows), 
or 


(ii) C9,C,,...,C, 20 and C,,,C,,,,.... C, $0 (ie. all the 


positive net cashflows precede the negative net cashflows). 


Assuming that C)#0, show that there is a unique ;» —1 for 


n 
which X C,-v^ =0. (Hint: show that the function 
sel 


k n 
XC, ies + 3 c diye 
s=0 


s=k41 


is monotonic, either increasing for all i or decreasing for all 
i, and check the limits as / —oo and i — -1.) 


MEASURING THE RATE OF RETURN OF AN INVESTMENT « 329 


(b) Let Co,Ci,...,C, be an arbitrary sequence of net cash- 
flows, and let Fo; 2 Co, F|2Co*Ci, F2=Co+C\+Cr, 
F,2CoCp C, Fy -2C9*Cp t C, so that F, is 


the cumulative total net cashflow at the /^ cash-flow point. 


Suppose that both Fy and F, are non-zero, and that the se- 
quence (Fo,Fi....F,) has exactly one change of sign. 


Show that there is a unique i>0 for which X C, v^ =0, 


s=0 


although there may be one or more negative roots. 


(c) Show that the transaction in Example 5.1 satisfies both (a) 
and (b) above, but none of the transactions in Example 5.2 
satisfy these conditions. 


(d) Descartes’ rule of signs (discovered by 16" Century mathe- 
matician Rene Descartes) states that for a polynomial of the 
form P(x)- C,x" - C, x ^! Cx Co, the number 
of positive roots of P(x) is less than or equal to the number 
of sign changes in the sequence C,,C,.,,..., Ci, Co, and the 
number of negative roots of P(x) is less than or equal to the 
number of sign changes in the sequence 


C3 G, (Ay Gars (C0. Cp. 


Show that Descartes Rule of signs concludes that the trans- 
action in Example 5.1 has at most one positive root and no 
negative roots. 


*5.1.7 Smith buys an investment property for 900,000 by making a down 
payment of 150,000 and taking a loan for 750,000. Starting one 
month after the loan is made Smith must make monthly loan pay- 
ments, but he also receives monthly rental payments, set for 2 years 
such that his net outlay per month is 1200. In addition there are taxes 
of 10,000 payable 6 months after the loan is made and annually 
thereafter as long as Smith owns the property. Two years after the 
original purchase date Smith sells the property for Y > 741,200, out 
of which he must pay the balance of 741,200 on the loan. 
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(a) Show that part (a) of Exercise 5.1.6 guarantees a unique 
yield rate on the 2-year transaction. 


(b) Use part (b) of Exercise 5.1.6 to find the minimum value of 
Y that guarantees a unique positive rate of return over the 
two year period. 


Suppose Y =1,000,000 in Exercise 5.1.7. Apply various approxi- 


mation methods to find the yield rate in the form i"'?), 


An investment company offers a 15-year “double your money” 
savings plan, which requires a deposit of 10,000 at the start of 
each year for 15 years. At the end of 15 years each participant 
receives 300,000. If a participant opts out of the plan, he gets 
back his deposits accumulated at 4% up to the time he opts out. 
Opting out occurs at the start of a year when a new payment is 
due, from the start of the 2” to the start of the 15" year. 


The company’s experience shows that out of 100 new partici- 
pants, the numbers that opt out each year are 5 at the start of the 
2" year, 4 at the start of each of the 3” and 4” years, 3 at the 
start of each of the 5" and 6” years, 2 at the start of each of the 
7” through 9" years, and 1 at the start of each of the 10” through 
15" years. The deposits received by the company can be rein- 
vested at effective annual rate i. 


(a) Assuming 100 initial participants, find the company's net profit 
at the end of 15 years, after all plans have been settled, as a 
function of i, and show that it is an increasing function of i. 


(b) What value of i gives no net profit to the company? 
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*5.1.10 (a) The cashflows from Exercise 5.1.6 are “indexed to infla- 
tion" at periodic rate r, so that the transaction is modified to 


Ch=Cy, C-Q C1 2 Cry, C, S C, er)". 
Show that i; =(1+r)-i +r is a yield rate for the new trans- 
action. 


(b) Smith can borrow 10,000 at i=12% and repay the loan 
with 15 annual payments beginning one year after the loan 
is made. He will invest the 10,000 in equipment that will 
generate revenue at the end of each year for 15 years. He 
expects revenue of 1200 after one year, and he expects 
subsequent revenue to increase by an inflationary factor of 
1+r per year thereafter. He will apply the full amount of 
his annual revenue as an annual loan payment, until the 
loan is repaid. Find the smallest value of r that will allow 
repayment of the loan in 15 years. 


*5.1.11 When net cashflow occurs continuously, say at rate C(¢) at 


time t, then the equation of value for a yield rate (force of in- 
terest) for the transaction over the period from 0 to z is 


IN C(t)-&? at = 0. 
The overall equation of value for yield rate is 


C,-e?* 4 ["E(t)-e% dt = 0. 
d 0 


s=0 


Suppose a company is marketing a new product. The production 
and marketing process involves a startup cost of 1,000,000 and 
continuing cost of 200,000 per year for 5 years, paid continuous- 
ly. It is forecast that revenue from the product will begin one 
year after startup, and will continue until the end of the original 
5-year production process. Revenue (which will be received con- 
tinuously) is estimated to start at a rate of 500,000 per year and 
increase linearly (and continuously) over a two-year period to a 
rate of 1,000,000 per year at the end of the 3” year, and then de- 
crease to a rate of 200,000 per year at the end of the 5" year. 
Solve for the yield rate à earned by the company over the 5-year 
period. 
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*5.1.12 A loan of 100,000 is to be repaid by the sinking fund method 
over a 25-year period. The lender receives annual interest pay- 
ments at rate 10% per year, and the borrower accumulates the 
principal by means of annual deposits in a sinking fund earning 
annual interest at rate 6%, After the 10th deposit to the sinking 
fund, the rate is increased to 8%. 


(a) At the time the loan is issued, the borrower is not aware of 
the future interest rate change in the fund, and decides to 
make level annual deposits (starting one year after the loan) 
under the assumption that the interest rate will stay at 696 for 
the full 25 years. When the rate change is announced after 10 
years, the borrower changes the level of future deposits so 
that the accumulated value will be 100,000 at the time of the 
25" deposit. Find the borrower's yield rate on this transac- 
tion. 


(b 


Suppose that the rate change after 10 years is known by the 
borrower on the issue date of the loan, and he calculates a 
level deposit which will accumulate to 100,000 based on the 
25-year schedule of interest rates. Find the borrower's yield 
rate in this case. 


SECTION 5.2 


5.2.1 The details regarding fund value, contributions and withdrawals 
from a fund are as follows: 


Date Amount 
Fund Values: 1/1/15 1,000,000 
TANS 1,310,000 
1/1/16 1,265,000 
7/1/16 1,540,000 
1/1/17 1,420,000 
Contributions 6/30/15 250,000 
Received: 6/30/16 250,000 
Benefits 12/31/15 150,000 
Paid: 12/31/16 150,000 


Find the effective annual time-weighted rate of return for the 
two-year period of 2015 and 2016. 


5.2.28 


5.2.48 
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You are given the following information about an investment 
account: 


Value Immediately 


Date Before Deposit Deposit 
January 1 10 
July 1 12 X 
December 31 X 


Over the year, the time-weighted return is 0%, and the dollar- 
weighted return is Y. Calculate Y. 


On January 1, 2013, an investment account is worth 100,000. On 
April 1, 2013, the value has increased to 103,000 and 8,000 is 
withdrawn. On January 1, 2015, the account is worth 103,992. As- 
suming a dollar-weighted method for 2013 and a time-weighted 
method for 2014, the effective annual interest rate was equal to x 
for both 2013 and 2014. Calculate x. 


An investor deposits 50 in an investment account on January 1. The 
following summarizes the activity in the account during the year: 


Value Immediately 


Date Before Deposit Deposit 
March 15 40 20 
June 1 80 80 
October 1 175 75 


On June 30, the value of the account is 157.50. On December 31, 
the value of the account is X. Using the time-weighted method, 
the equivalent effective annual yield during the first 6 months is 
equal to the (time-weighted) effective annual yield during the en- 
tire 1-year period. Calculate X. 
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5.2.5 Fund X has unit values which are 1.0 on January 1, 2015, .8 on 
July 1, 2015 and 1.0 on January 1, 2016. A fund manager re- 
ceives contributions of 100,000 on January 1, 2015 and 100,000 
on July 1, 2015 and immediately uses the entire contributions to 
purchase units in Fund X. Find the time-weighted and dollar- 
weighted rates of return for 2015. 

5.2.6 You are given the following information about the activity in 
two different investment accounts: 

Account K Fund " 
Date {value Before Activity] Deposit | Withdrawal 
1/1/2015 100.0 
7/1/2015 125.0 X 
10/1/2015 110.0 2X 
12/31/2015 125.0 
Account L Fund Val- a 
Date ue Before Activi Deposit Aithdrewal 

1/1/2015 100.0 
7/1/2015 125.0 X 
12/31/2015 105.8 
During 2015, the dollar weighted return for investment Account 
K equals the time weighted return for investment Account L, 
which equals i. Calculate i. 

SECTION 5.3 

5.3.1 A large pension fund has a value of 500,000,000 at the start of 


the year. During the year the fund receives contributions of 
100,000,000, pays out benefits of 40,000,000 and has interest in- 
come of 60,000,000. Estimate the yield rate on the fund for each 
of the following circumstances: 


(a) Contributions, benefits and interest are uniformly spread 
throughout the year. 

(b) Benefits and interest are uniformly spread throughout the 
year, and the contributions are made in one lump-sum at 


time (i) 1 — 0, (ii) t=4, (iii) t=4, (iv) t=3, or(v) f=1. 


*5:3.3 
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Suppose a fund receives new money of amount N in two equal 
installments, one at the beginning of the year and one at the end 
of the year. Show that Equation (5.8) is an exact measure of i for 
the year. 


Suppose the first investment in Example 5.6 pays X per year. 
Find the value of X for which the balance at the end of 10 years 
is the same as it is for the second investment. 


CHAPTER 6 


THE TERM STRUCTURE OF INTEREST RATES 


"A billion here, a billion there, and pretty soon you re talking about real money. " 
— Everett Dirksen, U.S. Senator from Illinois, 1896-1969 


When a borrower arranges to take a loan, there are a number of factors 
that the lender will consider in setting the interest rate on the loan. For 
instance, the lender would be concerned with the credit rating of the 
borrower, which is a measure of how likely the borrower is to be able to 
make the scheduled loan payments. The lender would also likely be 
concerned with the length of time over which the loan is to be repaid. An 
investor in a fixed-term deposit with some financial institution would 
have similar concerns. If the investment is in a government security such 
as a Treasury bill or Treasury bond, then there would not likely be any 
concern with the credit rating of the government, and the main 
consideration in determining the desired return would be the length of 
time until maturity of the investment. Section 1.8 of this book reviews 
some of the factors that affect interest rate levels. 


The relationship between the time to maturity and the yield rate on fixed 
income securities such as Treasury bills and coupon bonds is referred to 
as the term structure of interest rates, and a graph representing that 
relationship is called a yield curve. 


The term structure changes from day to day as a result of changing 
economic conditions, but it is usually the case that longer term 
investments have higher associated rates of return than shorter term 
investments. This is called a normal term structure. For example, the 
following excerpt from the U.S. Department of the Treasury website at 
the close of trading on June 22, 2017 illustrates a graph of yield-to- 
maturity versus time to maturity for U.S. Treasury bills (less than one 
year maturity), Treasury notes (up to 10 year maturity) and Treasury 
bonds (over 10 year maturity). There is a clear increasing trend in the 
yield rate as the time to maturity increases. The upper part of the graph 
gives yield rates for treasury securities and the lower graph gives so- 
called "real" after-inflation yield rates on Treasury Inflation-Protected 
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Securities (described in Section 4.4.5 of Chapter 4). The yield rates are 
summarized in the table below the Treasury Yield Curve graph and 
related table of U.S. Treasury Yields 


Treasury Yield Curve 


m 
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3 
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FIGURE 6.1 
U.S. Treasury Yields 
Maturity Yield Yesterday TIPS Yield 
(6/22/17) (6/21/17) 

1 Month 0.80 0.85 
3 Month 0.96 0.99 
6 Month 1.10 1.12 

1 Year 1.22 1.22 

2 Year 1.34 1.36 

3 Year 148 1.50 

5 Year 1.76 1.78 0.19 
7 Year 1.98 2.00 0.36 
10 Year 2.15 2.16 0.46 
20 Year 2.47 2.48 0.72 
30 Year 2.72 2.73 0.88 


TABLE 6.1 
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In Table 6.1 the column "Yesterday" provides yield rates on Treasury 
securities of the same time to maturity at the close of trading on June 21, 
2017. The rates change slightly. Over time there can be significant changes in 
yield rates. The following yield curves (Figure 6.2) were taken from the 
website of Stockcharts.com € and represent the term structure of U.S. Treasury 
securities at several points in time. We see that during the year from May 2000 to 
December 2000, the term structure changed from being inverted in May 2000, 
meaning that yield rates are lower for long term than for short term investments, to 
a flat term structure in December 2000, and then to a more normal 
increasing term structure by September 2001. This one year period that 
was chosen for this illustration is somewhat of an anomaly. Prior to early 
2000, the term structure had a normal shape for several years, and from 
early 2001 to the time of publication of this book it has had a normal shape. 
The April 2015 term structure is normal, but the rates are much lower than 
in the previous periods. At the time this book is being revised (June 2017), 
the yield curve (Figure 6.1) is similar to that of April 2015, with rates a 
little higher in 2017 than in 2015. A result of the financial crisis that began 
in 2007 was that interest rates were reduced to historically low levels and 
have continued at those low levels until the time of the current edition of 
this book. 
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FIGURE 6.2 


There are various theories that attempt to relate the shape of the yield curve to 
economic conditions and investor behavior. Some comments on that were 
made in Section 1.8 of Chapter 1. Here we will be concerned with the 
relationship between the yield curve and pricing of fixed income securities. 


Governments issue bonds of various terms to maturity on a regular basis, 
and over time there may be bonds issued at different times that mature on 
the same date. The Wall Street Journal (WSJ) website has a comprehensive 
listing of U.S. Treasury Bills, Notes and Bonds. In Table 6.2 is information 
on four U.S. Treasury securities from the WSJ listing that gave information 
on prices and yields as of 3PM (Eastern Time), June 22, 2017. 


Coupon Maturi: Yield Price 
T-Note 3.625 8-15-2019 1.360 104.7734 
T-Note 8.125 8-15-2019 1.324 114.3438 
T-Note 2.250 2-15-2027 2.153 100.8438 
T-Note 6.625 2-15-2027 2.114 139.1719 


online.wsj.com 
TABLE 6.2 
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The present value of coupons is a component of the price of a bond, so if one 
bond has a higher coupon rate than another and all other aspects of the two 
bonds are equal (time to maturity and redemption value), it is natural that the 
bond with a higher coupon rate has a higher price. This is evident when 
comparing the prices of the first two bonds in Table 6.2 and also when 
comparing the third and fourth bonds. 


Another point to note about the bonds in Table 6.2 is the following. The first 
two bonds mature at the same time, and so we might anticipate that they 
should have the same yield rate. A similar comment applies to the third and 
fourth bonds. But we see that the yield rates on the bonds of each pair differ 
very slightly. We might attribute the difference to some roundoff error, or 
perhaps to slightly changed market conditions between the last trade of the 
3.625% bond and the last trade of the 8.125% bond on June 22, 2017 (in the 
case of the first two bonds), with similar reasoning applying to the second 
two bonds. As we shall shortly see, roundoff error is not the cause of the 
difference. 


There are many other examples of bonds that mature on the same date but 
have different coupon and yield rates. In the Wall Street Journal online listing 
for June 22, 2017, there are other pairs of bonds with the same maturity dates, 
but different coupon rates. A more careful look at each of the pairs of bonds 
that mature simultaneously reveals a consistency in the difference between 
the yield rates. For such pairs of bonds we see that the bond with the higher 
coupon rate has the lower yield to maturity. We might expect that bonds from 
the same issuer with the same maturity date should have the same yield rates, 
but we shall shortly see why this is not (theoretically) the case. 


Definition 6.1 — Zero Coupon Bond 


A zero coupon bond is a bond which has no coupons and has a single 
payment made at the time of maturity. It is also referred to as a 


discount bond or a pure discount bond. A Treasury Bill is an example 
ofa zero coupon bond since it consists of a single payment made at the 
time the T-Bill matures. 


For a zero coupon bond, the yield to maturity would be a clear measure 
of yield rate for single payments made at that particular date. If we know 
the pricing of zero coupon bonds for many maturity terms from very 
short term to very long term, we can always represent a given set of 
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cashflows as an appropriate series of zero coupon bonds, and the total 
present value of the set of cashflows is the sum of the present values of 
the component zero coupon bonds. Example 6.1 a little later in this 
chapter illustrates this idea. 


Definition 6.2 — Term Structure of Interest Rates 


The term structure of interest rates at the current point in time is the set of 
yield rates on zero coupon bonds of all maturities. This is the set {7;} 


10" 
where 7; is the annual effective yield rate as of now for a zero coupon 
bond maturing at time ¢. The term structure is also called the zero coupon 
bond yield curve. 


When we speak of the term structure of interest rates, we can loosely mean 
the more vague relationship between the term to maturity of an investment 
and the rate of return for that investment. The term structure will generally 
be different for different risk-classes of investments. We can have a term 
structure for U.S. Treasury issues, or we can have a term structure for AA 
risk rated corporate bonds, etc. The generally accepted definition of the term 
structure is the relationship between the time to maturity and the yield to 
maturity of zero coupon bonds of a particular risk class. 


Note that the payments on a coupon bond consist of the coupon 
payments plus the redemption payment on the maturity date. A normal 
term structure has increasing yield rates for payments occurring further 
into the future. As a collection of future payments, the bond’s overall 
yield to maturity is a whole is a mix of the yield rates on the individual 
future payments. 


Definition 6.3 — Spot Rate of Interest 


The yield to maturity on a zero coupon bond is called the spot rate of 


interest for that time to maturity. 7; is the spot rate for a /-year maturity 


zero coupon bond. The current price of a year zero coupon bond with a 


j igs —l 
maturity amount of 1 is quy 
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The algebraic description of the term structure and spot rates is as follows. 
At the present moment, we consider a zero coupon bond maturing ¢ years 
from now, with a spot rate of 7; measured as an effective annual rate of 


interest. The present value of a payment of 1 due in f years is (1+7). Any 
set of future cashflows can be valued now using the term structure. Suppose 
that payments of amounts Cj, C».....C, are due in ¢),f2,....f, years from 
now. The total present value of the series of cashflows is 


Cy x (Ltr, ^ +C x (eer) ? Ci x (4, (6.1) 


6.1 SPOT RATES OF INTEREST 


Aside from T-Bills of maturity less than (or equal to) one year, Bond 
issuers do not usually issue zero coupon bonds directly, but in the 
secondary market, investors are allowed to separate and resell individually 
each of the coupon and redemption payments that will be made by the 
issuer of the bond. The U.S. Treasury describes this procedure in the 
following, some of which is excerpted from the U.S. Treasury website. 


Treasury STRIPS 


The Treasury STRIPS program was introduced in January 1985. STRIPS is 
the acronym for Separate Trading of Registered Interest and Principal of 
Securities. The STRIPS program lets investors hold and trade the 
individual interest and principal components of eligible Treasury notes and 
bonds as separate securities. 


What is a stripped security? 


When a Treasury fixed-principal or inflation-indexed note or bond is 
stripped, each interest payment and the principal payment becomes a 
separate zero coupon security. Each component has its own identifying 
number and can be held or traded separately. For example, a Treasury 
note with 10 years remaining to maturity consists of a single principal 
payment at maturity and 20 interest payments, one every six months for 
10 years. When this note is converted to STRIPS form, each of the 20 
interest payments and the principal payment becomes a separate 
security. STRIPS are also called zero coupon securities because the 
only time an investor receives a payment during the life of a STRIP is. 
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when it matures. STRIPS components can be reassembled into a fully 
constituted security in the commercial book-entry system. To 
reconstitute a security, a financial institution or government securities 
broker or dealer must obtain the appropriate principal component and 
all unmatured interest components. 


How do I buy STRIPS? 


The Treasury does not issue or sell STRIPS directly to investors. STRIPS 
can be purchased and held only through financial institutions. and 
government securities brokers and dealers. 


Why do investors hold STRIPS? 


STRIPS are popular with investors who want to receive a known payment 
at a specific future date. For example, some State lotteries invest the 
present value of large lottery prizes in STRIPS to be sure that funds are 
available when needed to meet annual payment obligations that result from 
the prizes. Pension funds invest in STRIPS to match the payment flows of 
their assets with those of their liabilities. 


STRIPS are also referred to as "coupons and residuals" (the residuals 
being payments that come at maturity). Each day there are quotations of 
prices and yields of STRIPS for Treasury issues, with payments due in a 
few months to many years. These yields make up the term structure (for 
that day) for “risk-free” investments (risk-free in the sense that the U.S. 
government guarantees that the payments will be made, and considered 
risk-free by investors) and are called spot rates of interest for the 
various terms to maturity. The price of a STRIP is quoted in the financial 
press as the present value of $100 payable at that STRIPS’ payment 
point. The price per dollar can be used as a (risk-free) present value 
factor for payments due at that time point. 
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Ask Ask 
Maturity | Bid | Asked | yield | Maturity | Bid | Asked | yield 
Treasury Bond/Note, Stripped Principal Stripped Coupon Interest. 
Aug-17 | 99.864 | 99.866 | 0.92 | Aug-17 | 99.863 | 99.865 | 0.93 
Feb-18 | 99231 | 99237 | 1.19 | Feb-18 | 99226 | 99232 | 120 
Aug-18 | 98.566 | 98.577 | 125 | Aug-18 | 98.507 | 98.518 | 131 
Feb-19 | 97.843 | 97.859 | 1.32 | Feb-19 | 97362 | 97.778 | 137 
Aug-I9 | 97096 | 97.116 | 137 | Aug-t9 | 97.066 | 97086 | 138 
‘Aug-21 | 93.040 | 93.078 | 172 | Aug-21 | 92.958 | 92.997 | 1.76 
Aug-23 | 88.897 | 88952 | 1.91 | Aug-23 | 88.518 | 88.571 | 1.98 


Nov-24 | 86.055 | 86.118 2.03 Nov-24 | 85.627 | 85.690 2.10 


Aug-25 | 84310 | 84.378 2.10 Aug-25 | 83.947 | 84.014 2.15 


Nov-26 | 80.803 | 80.878 227 Nov-26 | 80.803 | 80.878 227 


Aug-27 79.105 79.184 231 Aug-27 79.105 79.184 2.31 


Aug-28 77.024 77.109 2.35 Aug-28 77.024 77.109 2.35 


Aug-29 | 74.639 | 74.729 241 Aug-29 | 74.639 | 74.729 241 


May-30 | 73.176 | 73.269 243 May-30 | 73.176 | 73.269 243 


Feb-31 71.587 | 71.684 245 Feb-31 71.887 | 71.684 245 


Feb-36 | 61.349 | 61,463 2.63 Feb-36 | 61.349 | 61.463 2.63 


Feb-39 | 55.008 | 55216 2.76 Feb-39 55.008 | 55.216 2.76 


May-41 | 51.085 | 51.205 2.82 May-41 | 51.085 | 51.205 2.82 


May-44 46.600 46.724 2.85 May-44 46.600 46.724 2.85 


May-47 | 43.191 | 43.319 2.82 May-47 | 43.191 | 43.319 2.82 


TABLE 6.3 


The convention of a nominal annual rate compounded semi-annually applies 
to the quotation of yields on STRIPS. Table 6.3 is an excerpt from the Wall 
Street Journal © for closing prices on June 22, 2017 of U.S, Treasury 
STRIPS. The maturity date indicates month and year. Except in a few 
cases, maturity is on the 15" of the month (that is the case for almost all 
of the STRIPS in Table 6.3). The table has two columns, one for 
Treasury Bonds and Notes and the other for stripped coupon interest. 


There are slight differences in yield rates for Treasury Note, Bond and 
Coupon STRIPS of the same maturity. Table 6.3 is not nearly a complete 
listing of the STRIP prices and yields. For some Treasury Bond/Note 
STRIPS there are multiple listings for the same maturity date. This may 
be due to the amount available for investors to purchase of the types of 
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STRIPS. The amount of principal maturing on a particular date tends to 
be much larger than the amount of coupons payable on that date, and 
investors requiring a large maturity amount might be willing to pay a 
slightly higher price to secure the larger amount, hence the slightly 
higher prices (and lower yields) on the left side of the table. Also, the size 
of the payment available may have some implications in the market as to 
the liquidity (demand and/or availability) for that amount of a STRIP. This 
relates to the liquidity preference theory of interest rate mentioned in 
Section 1.8 of Chapter 1. 


The term structure (or yield curve) graph in Figure 6.1 earlier in this 
chapter is a plot of time versus yield to maturity for the Treasury 
securities for all maturity dates. The yield rates in Table 6.3 are based on 
zero coupon bonds of various maturity dates. 


In the listing of U.S. Treasury STRIPS for stripped principal, we see, for 
example, that the present value (the ask price) on June 22, 2017 of a 
payment of $100 to be made on August 15, 2023 is quoted as $88.952. 
This can be regarded as a zero coupon bond maturing on August 15, 
2023. The quoted yield rate for that ask price is 1.9196. This is a nominal 
annual rate compounded twice per year, so the 6-month yield rate is 
0.955%. As of June 22, 2017, there were 6 years (12 six-month periods) 
and 54 days until the payment will be made on August 15, 2023. 56 days is 
54 
182.5 
.2959 of a 6-month, or 182.5-day period). The present value of $100 due in 
12.2959 interest periods at a rate of 0.955% per interest period is 
$100(1.00955)-12295? = $88.970. 


(approximately) —.2959 interest periods (54 days is approximately 


The quoted ask price of 88.952 is within the roundoff error range for 
interest rates quoted to the nearest .01%. This can be seen as follows. The 
yield rate in Table 6.3 is given to the nearest .01%. The rate of 1.91% for 
the stripped principal STRIP maturing on August 15, 2023 is the rounded 
value from a yield rate between 1.905% and 1.915%. The prices on June 
22, 2017 corresponding to those yield rates ^ are 
$100(1.009525)-22959 =$88.997 for the 1.905% yield, and 
$100(1.009575)-!2295? =$88.943 for the 1.915% yield. The quoted price 
of 88.952 lies within that range. 
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The yield rates in the excerpts are market versions of the term structure 
of interest rates (for government securities) that existed in the U.S. on 
June 22, 2017. Although the quotations listed are not a complete 
description of the term structure, we have enough information to 
calculate the present value of most risk-free sets of cashflows. In theory, 
if the term structure for zero-coupon bonds is known, the present value 
of any series of payments can be found. 


For example, the Wall Street Journal website excerpt in Table 6.2 lists a 
8.125% bond maturing August 15, 2019 as having a price of $114.3438 
and a yield to maturity of 1.32495. This bond would make payments of 
$4.0625 on August 15, 2017, on February 15 and August 15, 2018, and 
February 15 and August 15, 2019, along with a payment of $100 on 
August 15, 2019. We can find the present value of each of these 
payments separately using the term structure represented in the STRIPS 
quotations. Example 6.1 below illustrates the idea behind this. The actual 
calculations for the quoted bond follow the example. 


Theoretically, the sum of the separate present values of these payments 
should be the same as the price of the full bond. This is sometimes 
referred to as the Law of One Price. The Law of One Price is an 
economic rule which states that in an efficient market, a security must 
have a single price, no matter how that security is created. The Law of 
One Price is closely related to the concept of arbitrage which will be 
introduced later in this chapter. 


EXAMPLE 6.1 f (Using the term structure to price a bond) 


Suppose that the current term structure has the following annual yields 
convertible semiannually on zero coupon bonds. 


Term /;Year 1 Year 1% Year 2 Year 
Zero Coupon Bond Rate 8% 9% 10% 11% 


Find the price per $100 face amount and yield to maturity of each of the 
following 2-year bonds (with semi-annual coupons): 


(i) zero coupon bond, 
(ii) 5% annual coupon rate, 
(iii) 1096 annual coupon rate. 
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SOLUTION 


For each individual payment, the present value is found using the yield to 
maturity for that payment date. For instance, for the zero-coupon bond in 
case (i), the single payment is in two years, so the two-year spot rate of 
11% (convertible semi-annually) is used to find the present value. 


Z 
(i) Price is 100(1+51) =80.72 and yield to maturity is (nominal) 11%. 


(ii) Price is 2.5[ (1.04) (1.045)? (1.05)? |+102.5(1.055)4 = 89.59. 
Yield to maturity is (nominal) 10.9354%. 


(iii) Price is s[q.04y (1.045)? (1.05)? ] -105(1.055) = 98.46. 
Using the methods described in Section 4.1.5, we find the yield to 
Maturity on this bond to be (nominal) 10.877596. g 


We now turn to the 8.125% Treasury Note maturing on August 15, 2019 
in Table 6.2. As of June 22, 2017, the present values (based on stripped 
coupon asked prices) for the remaining payment dates on that T-Note are 
in Table 6.3. The present value factor on June 22, 2017 for stripped 
principal (again based on asked prices) payable August 15, 2019 is 
97116. 


The Figure 6.3 below illustrates how the bond price is found by 
combining present values of individual payments using the present value 
factors from Table 6.3. The individual payments are coupon payments of 
4.0625 and maturity payment of 100. Note that we use the present value 
factor for the stripped principal to find the present value of the maturity 
payment of 100. The present value factors are based on ask price. 


Payment Date Present Value Factor 
August 15, 2017- coupon .99865 
February 15, 2018— coupon .99232 

| August 15, 2018- coupon .98518 
February 15, 2019- coupon 97778 
August 15, 2019 — coupon -97086 
August 15, 2019 - principal 97116 


TABLE 6.4 
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Jun22/17 Aug 15/17 Feb 15/18 Aug 15/18 Feb 15/19 Aug 15/19 
| 
| T 


.99865x4.0625 4.0625 


-99232x4.0625 « 4.0625 

-98518x4.0625 € 4.0625 

.97778x4.0625 € 4.0625 
.97086x4.0625 e 4.0625 
97116x100 + 100 


Total = 117.1230 
FIGURE 6.3 


The accrued coupon on June 22, 2015 is Dis. 125 2.8271 (there are 


122 days from February 15, 2017 to June 22, 2017), so, based on this 
approach, the quoted price after subtracting the accrued coupon is 
117.1230- 2.8271 114.2959. The price quoted for this bond in the WSJ 
on April 23, 2015 was 114.3438. In the June 22, 2017 listing of STRIPS 
prices, there are three separate Treasury Bond/Note STRIPS that mature 
on August 15, 2019 (the only one listed in Table 6.3 has a price of 
97.116). The prices are 97.221 and 97.237 (present value factors of 
.97221 and .97237, respectively). Using these in the calculation of the 
“reconstructed” bond would result in prices of 114.401 and 114.417. 


There are a number of possible reasons for the price discrepancy 
(approximately $.05 on the $100 bond). There is often more than one 
STRIP available for a particular maturity date, and they do not always 
have the same price. There may be some cost to reassemble a bond from 
STRIPS. If the price discrepancy was large enough, it might be possible 
to create an arbitrage opportunity by which the bond could be purchased 
in one form (either assembled or disassembled into coupon plus maturity 
components) and sold at a profit in the other form. The notion of 
arbitrage will be considered a little later in this chapter. 


In Chapter 4, bond valuation was presented with prices calculated using 
the yield to maturity. The yield to maturity of a coupon bond is a single 
interest rate that is applied to find the present value of all payments to be 
made by the bond. The yield to maturity is actually an average of the 
spot rates for the payment periods represented by the bond. 
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6.2 THE RELATIONSHIP BETWEEN SPOT RATES OF INTEREST 
AND YIELD TO MATURITY ON COUPON BONDS 


We have seen that we can find the present value of a series of payments if 
the term structure is known. We can also find the price of a bond if the 
yield to maturity is known. These two alternative valuation methods for a 
coupon bond lead to a relationship between spot rates and yield to maturity. 
The following is an exaggerated example to illustrate the relationship. 


[EXAMPLE 6.28 (Spot rates vs. yield to maturity) 


Suppose that the term structure of interest rates has the following 
schedule of spot rates for maturities of 1, 2, 3 and 4 years: 


Maturity l Year | 2 Years | 3 Years | 4 Years 
Spot Rate .05 10 E I 20 


Use this term structure to find the price and yield to maturity for a 5% 
annual coupon bond maturing in (i) 1 year, (ii) 2 years, (iii) 3 years, and 
(iv) 4 years. Also use this term structure to find the price and yield to 
maturity for a 4-year 10% annual coupon bond. 


SOLUTION} 
For illustration purposes we are using an annual coupon bond. 


1-year bond: The bond pays 105 in 1 year, so the price is 
(105)(1.05)-' = 100. 


The bond is bought at par because the coupon rate and the spot rate are 
the same, 594. 


2-year bond: The bond pays 5 in 1 year, and 105 in 2 years. The price is 
5(1.05)7! + 105(1.10)-? 291.54. The yield to maturity for this 2-year bond 
is .0987. Note that this yield to maturity for the 2-year bond is smaller 
than the spot rate of .10 for a zero coupon bond with a 2-year maturity. 
The yield rate is also larger than the 1-year spot rate of 5%. 


3-year bond: The bond pays 5 in 1 year, 5 in 2 years, and 105 in 3 years. 
The price is S[(1.05)- +(1.10)-2]+105(1.15)> = 77.93. The yield to 
maturity for this 3-year bond is .1460. Again, note that this yield to 
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maturity for the 3 year bond is smaller that the spot rate of .15 for a zero 
coupon bond with a 3-year maturity. 


4-year bond: The bond pays 5 in 1, 2 and 3 years, and 105 in 4 years. The 
price is 5[ (1.05)! (1.10)? + (1.15)3 ]-105(1.20) = 62.82. The yield 
to maturity for this 4-year bond is .1912. Again, this yield to maturity for the 
4-year bond is smaller that the spot rate of .20 for a zero coupon bond with a 
4-year maturity. 


4-year, 10% bond: The bond pays 10 in 1, 2 and 3 years, and 110 in 4 
years. The price is 10[(1.05)-! + (1.10)? + (1.15)?]--110(1.20) 2 77.41. 
The yield to maturity for this 4-year bond is .1848. Again, this yield to 
maturity for the 4-year bond is smaller than the spot rate of .20 for a zero 


coupon bond with a 4-year maturity. The yield is also smaller than that of 
the 596 bond. a 


We can identify some patterns that occur in Example 6.2. Example 6.2 
has an increasing term structure. We note that the yield to maturity for 
the 4-year 5% bond was 19.12% and for the 4-year 10% bond it was 
18.48%. This is consistent with the behavior we have seen in some bonds 
quoted in the previous section. We saw quotes as of June 22, 2017 for 
U.S. Treasury notes maturing August 15, 2019. The 3.1725% note had a 
yield to maturity of 1.360% and the 8.125% note had a yield to maturity 
of 1.324%. This phenomenon of the higher coupon bond with the same 
maturity date having a lower yield to maturity will always occur when the 
term structure of spot interest rates is increasing (in other words, for a 
normal yield curve). 


In the case of a zero coupon bond maturing in 7 periods, the yield to 
maturity is the same as the spot rate, say 7. If a bond has non-zero 
coupons, there will be payments occurring both before and at time n, and 
payments before time n will be valued at a lower spot rate than 7, (since 
the spot rates will be increasing up to 7, for a normal term structure). The 
yield to maturity of a bond is the single interest rate such that the present 
value of all payments at that rate is equal to the bond price. The yield to 
maturity is a weighted average of the spot rates up to time n, where the 
weight is related to the size of the payments occurring before time n. A 
higher coupon bond makes larger payments earlier and puts more weight 
on early payments, and therefore puts more weight on earlier spot rates. 
Since we are assuming an increasing term structure, the smaller spot rates 


352 > CHAPTER 6 


occur at the earlier payment times, and putting more weight on those 
smaller spot rates brings the average yield to maturity down. We can 
describe this algebraically in the following way. Suppose that the coupon 
is s per year in Example 6.2(iv). Then the price of the bond is 


sx[q.05) 1.10)? * (1.15)? ]+(1004s)(1.20)4 (6.2) 
Suppose that we denote the yield to maturity as y, for this bond. The 
price can also be formulated as 


sx[(+y,) 1 09? (ty, ]+ 100«5)01-,, ^. 


We can see that .05< y, <.20, since any yield larger than .20 must result 
in a present value smaller than (6.2), and any yield smaller than .05 must 
result in a present value greater than (6.2). y, is an average rate of return 
for the 2-year period, but the average is weighted by how much emphasis is 
made on each payment. As s increases from 0, the yield decreases from .20. 
That is why in Example 6.2, we see the yield to maturity for the 4-year 
bond dropping as the coupon rate rises. The reverse behavior would occur 
in the case of a decreasing term structure (an inverted yield curve). This 
behavior is verified algebraically in Exercise 6.1.6. 


Economic conditions and the investment climate are constantly changing. 
Each day there will be changes in investor perceptions, and one of the 
ways that these changes can be observed is in yield rates in the bond 
market. The term structure will evolve from day to day. Earlier in this 
chapter, graphs of the term structure were presented for various points in 
time. These graphs were excerpted from the internet site Stockcharts.com. 
On that website (www.stockcharts.com/charts/YieldCurve.html) there is a 
"Dynamic Yield Curve" graphic, which shows the term structure 
evolving through time, day by day, for a period of several years. 
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6.3 FORWARD RATES OF INTEREST 


6.3.1 FORWARD RATES OF INTEREST AS 
DEFERRED BORROWING OR LENDING RATES 


Suppose that the current term structure has spot rates of 7; =.08 for a one- 
year maturity and r —.09 for a two-year maturity. An investment of 
amount | right now in a one-year zero coupon bond will grow to 1.08 in 
one year, while an investment of 1 right now in a two-year zero coupon 
bond will grow to (1.09)? 21.1881 in two years. Let us suppose that we 
arc able to borrow moncy at the same rate at which we can invest in zero 
coupon bonds (not a realistic assumption for an individual investor, but 
more realistic for a large financial institution). 


Suppose that we borrow an amount of 1 today for one year so that we are 
committed to pay 1.08 back in one year. We invest that amount of | in a 
two-year zero coupon bond which will pay 1.1881 two years from now. 
Our net outlay right now is 0 (borrow 1 and immediately invest it) and one 
year from now when the one year loan is due, we pay 1.08, so we have a 
net outlay of 1.08 one year from now. This transaction is summarized in 
Figure 6.4. The net effect of this transaction is that we invest 1.08 one year 
from now and receive 1.1881 two years from now. We have postponed, for 
one year, a one year investment, and our one-year return on that postponed 


investment is LISL—1-.1001. This rate of 10.01% is a one year 


forward rate of interest, which is the interest rate that could be earned on 
a one-year investment beginning one year from today. It is the annual 
effective interest rate for the period from time 1 (one year from now) to 
time 2 (two years from now) that is implied by the current term structure. 


This one-year forward rate of interest may also be described as the one- 
year forward rate of interest for year 2, or the one-year forward rate of 
interest for the one-year period from time 1 to time 2. Generalizations of 
this notion will be presented a little later. 
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0 1 2 
Borrow 1 for 1 yr @ 8% Pay (invest) 1.08 Receive 1.1881 
Invest 1 for 2 yrs @ 9% (accumulated investment) 


Net Cashflow is 0 
FIGURE 6.4 


We can "reverse" the transaction just described by borrowing | today for 
two years so that we are committed to pay 1.1881 at the end of two years. 
We invest the borrowed amount of | for one year at 8% so that we 
received 1.08 at the end of one year. Our net outlay now is still 0, one year 
from now we receive 1.08, and two years from now we pay 1.1881. We 
have arranged a one year loan that begins one year from now at effective 
annual interest rate 10.0196. 


6.3.2 ARBITRAGE WITH FORWARD RATES OF INTEREST 


The two transactions just described both show that borrowing or investing 
for one year starting one year from now can be arranged at the annual rate 
of 10.01% by using an appropriate combination of zero coupon bonds. If it 
were possible to arrange now to take a one-year loan starting one year 
from now at an interest rate of less than 10.01% then it would be possible 
to make an arbitrage gain. An arbitrage gain is a guaranteed positive gain 
on an investment of amount 0. For instance, suppose that a lender offers to 
lend you money for one year, starting one year from now at a rate of 9.5%, 
You arrange to borrow 1.08 in one year and pay back 
1.08x1.095 21.1826 two years from now. You also borrow | for one 
year at 8% and invest it for two years at 9%. At the end of one year you 
pay back the one year loan with the 1.08 you arranged to borrow. At the 
end of two years, your investment pays 1.1881 and you pay 1.1826 on the 
loan. With a net outlay of 0, you have made a gain of .0055. This is an 
example of an arbitrage gain (something for nothing). Note that it is 
assumed in this example that the rates for borrowing and lending are 
guaranteed and no default will occur in any part of the transaction. The 
more formal definition of arbitrage is given a little later in the chapter. 

In a similar way, if it is possible to arrange now to make a one-year 
investment starting one year from now which will earn an interest rate of 
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more than 10.01%, then it is possible to make an arbitrage gain. Arbitrage 
will be discussed in more detail in the next section of this chapter. 


One interpretation of a forward rate of interest is that it is the interest rate 
that we expect to be in effect in the future based on the current interest 
rate environment. We would make decisions about arranging now to 
borrow or invest at future points in time based on the forward rates that 
we currently see. Interest rates change from time to time, so the related 
forward rates would change over time as well. For instance, even though 
the current spot rates of 8% for one year and 9% for two years imply a 
one-year forward rate of 10.01%, it is possible that one year from now 
interest rates may have changed and when this year elapses, the one year 
rate at that time might not be 10.01%. On the other hand, an important 
point regarding a forward rate of interest is that we can arrange a 
transaction right now through an appropriate combination of borrowing 
and investing in zero coupon bonds that guarantees a one-year return of 
10.01% for an investment to be made one year from now. 


6.3.3 GENERAL DEFINITION OF FORWARD RATES OF INTEREST 


In the example above, we see that if one- and two-year spot rates rj and 72 
are known, we can borrow | for one year and pay back 1+7 in one year, 
and we can invest the 1 now for two years and receive (1+)? two years 
from now. The net effect is that we invest 1+7, one year from now and 
receive (1+7)? two years from now. The rate of return for the one year 
period starting one year from now is 


-1 = fun. (6.3) 


Juz) is the one-year forward rate of interest for the one year period starting 


one year from now. The subscript indicates the starting point and the ending 
point of the period over which the forward rate occurs. 


This can be generalized to any forward length of time. If we know the value 
of r, for all maturity times / » 0, then we can calculate forward rates of 
interest for any period of time in the future. An investment of 1 made now in 
an (n—l)-year zero coupon bond will grow to (1+7)-:)""! at the end of 
n—]l years. An investment of 1 now in an n-year zero coupon bond will 
grow to (I+7,)” at the end of n years. This implies that an investment of 


amount (14-7)! made n—1 years from now should grow to (12; )" 
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one year later (n years from now), and this in turn implies that the annual 
effective interest rate that should be used to arrange transactions that will 
(ny! 


take place between n —1 and n years from now is [rw dn 


Definition 6.4 — Forward Rate of Interest 


Given the term structure of zero coupon bond yield rates, [nao . the 
“time 0, n—1-year forward, one-year annual effective interest rate for 
the year from time n—I to time n” is denoted by the symbol. fin-n)» 
and satisfies the relationship 

(n 


1+ fiiia] = en (6.4) 


The forward rate for the period from time 0 to time 1 is. [o1] =", the one 


year spot rate (not really a forward rate, since "forward rate" refers to a 
rate on a transaction that starts in the future, not now). 


There is no standard notation in financial practice for describing forward 
rates of interest. The convention for notation that will be followed in this 
book is the one used in the Society of Actuaries Study Note FM-25-17 
on Interest Rate Swaps. Other references may use the notation fj or | fi 
as alternative notation to this textbook's notation of ji5;. 


Rewriting the equation for /;,,_,,; above, we have 


(14 2)” x finim = (5) - (6.5) 


Then starting with fjojj 77, we can express accumulated values (AVs) 
year by year into the future with forward rates of interest as an 
alternative to the term structure rates: 


AVinlyear n = 1+ fon 


AVin2year (l+72)°= (1+) x(1+ fua) 
= (1+ foo) x (1 Suzi) 


AV in3 years (1+7) = (Ler2) (1+ fiai) 
= (1+ fion )(1+ fna) fi) 


The general expression that we get is 
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l+)" = (1 + fro (1+ fay) (1+ finn) (6.6) 
for the accumulated value at time n of an investment of 1 made now. 


This equation can be interpreted as saying that the accumulated value at 
the end of n years of 1 invested now is found by compounding with 
successive 1-year annual effective interest rates. The successive l-year 
interest rates are the forward rates of interest that the current interest rate 
structure implies. 


“Time 0” usually refers to right now, the current time point. A forward rate 
of interest is tied to the current time point. The effective annual one-year 
forward rate of interest for the period from time | to time 2 is an interest 
rate that takes effect one year from now. After the current year passes, 
“time 0” will be redefined to describe the time point that is actually one 
year from now, and we can define forward rates from our new reference 
time point. 


It is possible to define a forward rate for a period of time in the future, say 
from time f, in the future to a later time (5. The notation Jinn] ÀS an 


annual effective rate that would be equivalent to the forward rate of 
interest for the period from time ż to time /;. The equation that defines 


the forward rate Jinny in terms of spot rates is 


(+n, yix(l + fiu 7 (07, ^ , or equivalently, 


- [Uth Jhon 
V+ fug “| 2 
We can formulate a forward growth factor related to a forward rate of 
interest. The notation foa is used to describe forward growth for the 


period from time 1 to time t; . The forward growth factor for that period 
(+z, ) 
(+4, yi 7 


SV Siar! V4 Saat =O fuut 
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(Spot rates vs. forward rates) 


For the term structure of interest in Example 6.2, find the one year 
forward rates of interest for years 1, 2, 3 and 4. 


7, =.05, 7, —.10, 1, —.15, 1, 7.20 are the term structure rates. 


fo, i$ always the current one year rate of interest for this coming year, 


so it is always equal to 7j. Therefore 


E" 20 (pay _ aa» 
Áo = 5 705 fna = EC x = Tos) = 194 
3 
fos = EL 1 = GAS) — 2596, and 
dias (1e y (1.1 : 
fas Qu 1 020* 3634. 
nee y (1.15? 
are the annual effective forward rates for each of the four years. g 


Example 6.3 is rather extreme, but we can identify some patterns from it. 
The term structure is increasing and the forward rate for each future year 
(after the first year) is greater than the zero coupon yield for maturities at 
the end of that year; i.e., 


2.524» .10 = 5, 
= 2596 > IS =", 


and fiza] =-3634>.20=7,. It is not difficult to see why this is always 


the case when the term structure rates 7; are increasing as f increases. In 


fact, if 7, » 7, , then 
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(17,7 


since ———7 — 5]. 
(Lena yn 

An increasing term structure will result in increasing forward rates for 

the first few years, but there is no guarantee that the forward rates 

themselves will continue to increase. Exercises 6.3.1 and 6.3.2 at the end 

of the chapter will show the variations that can occur in forward interest 

rate behavior, and how forward rates are related to spot rates. 


The discussion and example above looks at forward rates one year at a 
time. As noted above, forward rates can be defined for any interval of 
time. As an example, suppose that we have the following spot rates for 
maturity every quarter for the coming year (quoted as annual effective 
rates of interest): 


7957.05 , rsg =.07 , r75 =.08 , 7d 


The forward rate for the quarter year from time .25 to time .5, quoted as 
an annual effective rate is 


(er 55 aons T 
fosa » z] [s -1-.0904. 


The forward rate for the half-year period from time .5 to time 1 is 


she 2 
Jen Pe day Dil 
fs [hs [2s 17.1308. 


The related forward growth factor for the period from time .25 to time .5 
is 1+ fibs, = (I+ 25.51) ^ =(1.0904)35 - 1.0219. 
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Using the definition of /" given above, we also see that 
2 (tr = (1.07)5 


== zls 0219. 
5.5] (1-755)5 (1.05)25 


The forward growth factor for the period from .5 to 1 would be found in a 
similar way. 


6.4 APPLICATIONS AND ILLUSTRATIONS 


6.4.1 ARBITRAGE 


Artbitrage can be described in a number of ways. A standard dictionary 
definition is the following. 


Definition 6.5 — Arbitrage 


An arbitrage is a simultaneous purchase and sale of securities in 
different markets in order to profit from price discrepancies. 


Another description of an arbitrage is a financial transaction that returns 
a positive amount on an investment of amount 0 with no risk. It is also an 
investment with no risk which has a guaranteed return greater than the 
risk-free rate (the risk-free rate is the rate of return on federal 
government investments). 


An arbitrage is a “free lunch,” or something for nothing. For example, if 
the stock of XYZ corporation has a quoted market price of U.S. $100 on 
the New York Stock Exchange, and at the same time has a quoted price 
that is equivalent to U.S. $101 on the Toronto Stock Exchange, it would 
be possible to “buy low and sell high” at the same instant making a profit 
of $1 per share. Such an imbalance in markets is unlikely to occur, and if 
it does occur, it is unlikely to last long. In most models of financial 
market behavior, it is assumed that no arbitrage opportunities exist, since 
investors are rational and would immediately exploit any market 
imbalance. It is not unusual to see small price differences in financial 
instruments trading on different markets, but it would take a large 
amount invested to make any significant profit on the difference, and 
there is a risk that during the time it takes to make such investments the 
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price differential may disappear. High-Frequency Trading (HFT) is 
one type of algorithm-based trading that seeks to exploit any small 
differences in price for profit. It is a controversial practice, with some 
economists and regulators advocating for more stringent regulation, or 
banning it, with others suggesting that it contributes to market liquidity 
and lowers transaction costs by narrowing the bid-offer price spread. 


Sport Betting Arbitrage 


There are many (legal) ways to gamble. It is estimated that, worldwide, 
over $45 billion was wagered in online gambling in 2016. A significant 
component of online gambling is betting on the outcome of sporting 
events, 


Denmark was one of the countries participating in the 2006 Winter 
Olympics in Turin, Italy. On February 6, 2006, “SportingUSA.com,” an 
online betting casino, offered (British) odds of 2.5 to 1 that Denmark 
would not win any medals. This means a bet of $1 would pay back 
$2.5+$1=$3.5 if Denmark won no medals and $0 if Denmark won at 
least one medal. On the same date, the online casino “Bet365.com” 
offered odds of 1.875 to 1 that Denmark would win at least one medal. 


Suppose that on Feb. 6, 2006 a gambler bet $451 with SportingUSA that 
Denmark would win no medals, and at the same time bet $549 with 
Bet365 that Denmark would win at least one medal. If Denmark wins no 
medals, the gambler ends up with 3.5x$451— $1,578.50 (the gambler 
would lose the $549 bet with Bet365). If Denmark wins at least one 
medal, the gambler ends up with 2.875x$549 —$1,578.38. For an 
"investment" (the bet) of $1,000, there is a guaranteed gain of $578. 


This example of a sports betting arbitrage was given on an online 
service (arbhunters.co.uk), that seeks out sports betting arbitrage 
opportunities. 


When the assumption is made that no arbitrage opportunities exist, it is 
usually also assumed that financial transactions can be arranged by any 
investor to buy or to sell, at the same price, any financial instrument (in 
practice, this isn't true, given certain barriers to entry for specific 
investments, such as minimum investment amounts, or access to the 
market). In considering the term structure of interest rates earlier in this 
chapter, we saw that the term structure of spot rates for zero coupon bonds 
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implied the existence of forward rates. For example, a one-year effective 
annual spot rate of 7 =.08 and a two-year spot rate of r, =.09 implies a 
one-year forward, ^ one-year effective annual rate of 

. (097 
fna = 108- 
nities, then right now, the only rate at which someone can arrange a one-year 
forward loan for a one year period is at 10.01%. If any other interest rate is 
offered for a one-year forward one year loan or investment, then an arbitrage 
opportunity will exist. 


EXAMPLE (Arbitrage on forward interest rates) 


Suppose that the one-year zero coupon bond yield rate is 8% and the 
two-year zero coupon bond yield rate is 9% (both effective annual rates). 
For each of the situations in (a) and (b), construct transactions that 
provide an arbitrage gain, i.e., a positive profit for a net investment of 0. 
Assume that it is possible to borrow or lend at the zero coupon rates for 
their maturity periods. 


.1001. If we assume that there are no arbitrage opportu- 


(a) A borrower offers to pay you an interest rate į above 10.01% for a 
one year investment starting one year from now. 


(b) A lender offers to lend you money for one year at rate j starting one 
year from now at an interest rate less than 10.0196. 


SOLUTION 


(a) Borrow 1000 for two years at the two-year zero coupon yield rate of 
9%, so that you must repay 1000(1.09)? =1,188.10 two years from 
now. Invest the 1000 in a one-year zero coupon bond for one year at 
the one-year rate of 8%, so that you receive 1080 one year from now. 
Arrange to lend that amount to the borrower at rate į starting one 
year from now. You have made a net investment of 0, and at the end 
of two years the borrower pays you 1080(l-i). Since i>.1001 it 
follows that the amount you receive from the borrower at the end of 
two years is 


1080(1+i) > 1080(1.1001) = 1188.10. 


You have more than you need to repay your two-year loan. You have 
made a guaranteed positive gain on an investment of 0. 
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(b) Borrow 1000 at the one-year zero coupon yield rate of 8%. You must 
repay 1080 in one year. Invest the 1000 at the two-year zero coupon 
yield of 9%, so that you will receive 1881.10 in two years. Arrange 
to borrow 1080 from the lender one year from now at the one-year 
rate of j. At the end of one year, when you receive 1080 from the 
lender, you pay the 1080 as repayment of your own one-year loan. 
At the end of two years you receive 1881.10 from your two-year 
investment, and you have to repay 1080(1+/)) to the lender from 
whom you borrowed 1080. Since j<.1001, the amount you must 
repay at the end of two years is 1080(12-) < 1080(1.1001) 1881.10. 
Therefore, the proceeds of your two-year investment is more than 
enough to repay your loan and the difference is a guaranteed profit to 
you, having invested a net amount of 0. 


In both cases (a) and (b) you have made an arbitrage profit. ag 


6.4.2 FORWARD RATE AGREEMENTS 


In Section 6.3 we saw that a one-year spot rate of 8% and a two-year spot 
rate of 9% implies a one-year forward, effective annual interest rate of 
10.01%. It was shown that the combination of selling a two-year zero 
coupon bond and using the proceeds to buy a one-year zero coupon bond 
has the net effect of arranging a loan that begins in one year and matures 
in two years and earns the one-year forward rate from time 1 to time 2. 


It is possible in the over-the-counter market (a market that is not associated 
with an exchange such as the New York Stock Exchange) to make forward 
loan arrangements. Often a financial interemediary can bring together a 
borrower and a lender (investor) to arrange a forward loan. There are a 
variety of forward arrangements that can be made that are referred to as 
forward rate agreements. 


Definition 6.6 — Forward Rate Agreement (FRA) 


A forward rate agreement is a contract that guarantees a borrowing or 


lending rate for a specific amount of principal (sometimes called the 
notional amount) for a specified time period that begins at a future 
date. 
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An FRA can be used to arrange a new forward loan or to modify the 
terms of an existing loan. Suppose that at time 0, the borrower wishes to 
arrange with a lender a forward loan to begin at time ¢ for a one-year 
period. A simple version of an FRA would have the borrower and lender 
agreeing to some rate, say 2j;;.1j, on the loan for that future period. 


Alternatively, a borrower may have an existing floating rate, interest 
only loan from Bank A for which the interest rate is reset at the start of 
each year based on the market conditions at that time. In another version 
of an FRA, a financial intermediary (not necessarily Bank A) would 
specify the guaranteed rate on the loan for the future period from time ¢ 
to time ¢+1, say girs}, When time / arrives, the actual one-year loan 
rate for the coming year (the floating rate that will be in effect from time 
from t to time ¢+1) might be uj, and this is the rate which the 
borrower must pay Bank A for that coming year. Under the FRA 
(arranged at time 0), the financial intermediary agrees to pay the 
borrower at time ¢+1 the difference between the actual (floating) loan 
rate ups), and the FRA loan rate gyri, This makes gp;4j. the 
borrower's net interest rate for the year, and the net interest rate that the 
intermediary must pay is up,4j— +1) (which may be positive or 
negative). Figure 6.5 illustrates the forward rate agreement. 


Borrower pays Bank A ut; A 


Borrower Bank A 


Intermediary pays Borrower Uf, 141] — gras] 


Intermediary 


FIGURE 6.5 
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As we have seen earlier, at time 0 when a forward loan is arranged (the 
simple FRA mentioned above), in order for there to be no arbitrage 
possibility, the rate at which the loan will be made is the forward rate 
Jiss») that is implied by the current term structure at time 0, 


In the case of the other version of FRA mentioned above in which a 
borrower wishes to arrange with an intermediary to substitute existing 
floating rate payments on a loan for fixed forward rates, the amount that 
the financial intermediary pays the borrower depends upon whether the 
FRA is settled at the time the loan is made (time /) or at the time the loan 
is repaid (time f+1). In the example above, it was assumed that the 
intermediary settled the FRA at time ¢+1. It is also possible to settle the 
FRA at time t. The following example illustrates this. 


EXAMPLE 6.5 f (Forward rate agreement) 


Suppose that the one-year zero coupon bond yield rate is 8% and the 
two-year zero coupon bond yield rate is 9% (both effective annual rates). 
The implied one-year forward, one-year effective annual rate of interest 
is 10.0196. A borrower has a one-year forward floating rate loan with 
notional amount $100,000 with a bank, with interest to be paid two years 
from now. Based on a one-year forward loan rate of 10.0196 guaranteed 
by a financial intermediary using an FRA, describe in each of the 
following cases the payments that will be made (or received) by a 
financial intermediary to (or from) the borrower. 


(a) The FRA is settled at the time the loan is repaid (time 2). 
(b) The FRA is settled at the time the loan is made (time 1). 


SOLUTION 


When the first year is over, the actual (floating) one year lending rate for 
the next year (time 1 to time 2) is known, say u(,2j. That is the one-year 


rate on the loan of 100,000 taken at time 1. 


(a) The borrower will have to pay 100,000(1+1,2)) at time 2. The 


financial intermediary pays the difference between the actual loan 
interest due and the loan interest that was guaranteed by the FRA. The 
intermediary pays — 100,000(ui2;—.1001) For instance, if 


11,2] 7.105, the intermediary would pay 100,000(.105—.1001) = 490 
[1,2] pi 
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to the borrower at time 2 to cover the additional .49% in borrowing cost 
for the year. On the other hand, if uj; -.0975, the financial 
intermediary would pay the borrower 100,000(.0975—.1001) = — 260. 


The negative sign means that the borrower would pay the intermediary 
260 to bring the borrowing cost up to 10.01% from 9.75%. 


If the FRA is settled at time 1, the intermediary would pay the present 


à T -_ ._ 100,000) -.1001 
value at time 1 of the amount in part (a). This is eal 0n, 


(b 


The one-year interest rate My is known at time 1, so any amount 
due at time 2 is discounted using that rate. Using the numerical 
values from part (a), we see that if uj5; —.105, the intermediary 


would pay the borrower 200000052900. = 443.43 at time 1. g 


It is possible for the intermediary to create the cash flows needed in an FRA 
with an appropriate combination of buying and selling zero coupon bonds. 
In the previous example, the financial intermediary can sell for $92,593 a 
two-year zero coupon bond with 9% annual yield maturing at $110,010 and 
invest the $92,593 in a one-year zero coupon bond with 8% annual yield. 
At the end of one year, the one-year bond matures at $100,000 and can be 
loaned out at uņ,2}. At the end of two years, the intermediary receives 
100,000(1+1%),2)) when that loan is repaid. Also, at the end of two years, 
the intermediary must pay $110,010 to pay the maturity on the two-year 
zero coupon bond that was sold at time 0. The intermediary receives a net 
amount of 100,000(uj2,—1001). This combination replicates the 
payments that the intermediary must make under the FRA. It is referred to 
as a synthetic FRA. It is summarized in the following table. 
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Time 0 Time 1 Time 2 
Intermediary arranges 
FRA with borrower, 
no money is paid 
Intermediary sells Intermediary pays 
110,010 2-year zero, 110,010 when 2-year 
receives 92,593 zero matures 


Intermediary uses 
92,593 to buy 
100,000 1-year zero 


1-year zero matures, 


Intermediary receives 
100,000 and lends out 


Intermediary receives 
100, 000(1 + 1,23) 
when one-year loan is 


that amount for one repaid 


year at rate up»j 


Net Cashflow Received by Intermediary 


0 0 100, 000(u1,2; —.1001) 


TABLE 6.5 


This shows how an intermediary can use zero coupon bonds and lending at 
the floating rate to create the cashflow needed that exactly matches what the 
intermediary needs to pay under the FRA. The intermediary can always 
arrange to lend (invest) at the floating rate uj»; when time | arrives, so 
what the intermediary is really doing is arranging the combination of 
one-year and two-year zeros that corresponds to an investment at a rate 
of 10.01% starting at time 1 (a one-year forward investment). 


Note that the primary borrower is responsible for the principal and the fixed 
forward interest on the loan. The financial intermediary is responsible only 
for the interest difference between the floating rate and the fixed forward 
rate. Rather than creating the synthetic FRA, in practice the intermediary 
might engage in two separate FRAs that offset each other. In one FRA, the 
intermediary is paying 100,000(w1,2)-.1001) to a party that has a one- 


year forward loan at the floating rate 4, ;, and wants to exchange it for a 
one-year forward loan at the fixed rate 10.01%, and in the other FRA, the 
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intermediary is paying 100,000(.1001—wj,2}) to a party who wants to 
exchange a one-year forward loan at the fixed rate 10.01% for a one year 
forward loan at the floating rate uj. The intermediary would charge a 


fee to each party, and would have the payments from the two FRAs 
exactly offset one another. 


6.4.3 THE FORCE OF INTEREST AS A FORWARD RATE 


Consider a situation in which we know the zero coupon yield rate for any 
time to maturity / (including fractional times). If, for instance we have 
zero coupon yields for maturities monthly into the future, then it is 


possible to find forward rates in effect for one month starting any number 
12 


|j 
[+n] 
e AEL..| 2i 


is the annual effective forward rate of interest for the one-month period 
between k and k+1 months from now. 


of months from now: fr 


Suppose that for any maturity time ¢ in the future, we know the zero 
coupon bond yield rate as a continuously compounded rate. For a zero 
coupon bond that matures at time /, let us denote by æ, the continuously 
compounded yield rate, so that the present value of 1 due at time ¢ is 
(e^ y =e, Alternatively, an investment of 1 can be made now to 


accumulate to a(t)=e" at time t. 


In Chapter 1, the force of interest was defined as a nominal annual rate that 
is compounded continuously. For an investment whose value at time / is 
a(t) (and is continuously changing), the force of interest at time ¢ was 
defined to be 6, = A. It was seen in Chapter 1 that the value of the 


investment at time / can be expressed as a(t) - e^ 9,4! The force of 


interest is describing how the investment will be growing (instantaneously) 
at time ¢ in the future, so it is a continuously compounded version of a t- 
period forward rate of interest. 
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We can now relate a, , the continuously compounded term structure yield on 
zero coupon bonds, to 6, the force of interest (continuously compounded 


forward rate) at time +. It is possible to formulate the term structure if the 
force of interest is known, and the reverse is true as well. From the two 
representations of a(t) we have 


a(t) = e&"* = en udu 
so that 
txa, = Jie du 
and 
t 
a = Jf du au. 


We see that the continuously compounded term structure rate for 
maturity at time ¢ is an average of the force of interest over the period 
from time 0 to time ¢. This is similar to what occurs with effective annual 
rates for the relationship between the term structure and forward rates. 
We saw in Section 6.3 that 


(oy =(1+ fion (Er) (1); 


so that 
ln 


ltr, = [(¥ Foon) (P2) (945-)] : 


this is the geometric mean of the year-by-year forward growth factors 
1+ fto 1+ fap 1+ Jinin] (%, is the zero coupon yield for an n-year 


maturity, and fr, ,,; is the &—1 year forward rate for the one year period 
from time & —1 to time A). 


If we differentiate both sides of the equation (xa, =f 6, du with 
respect to /, we get a, ex P = ó,. Note that if the term structure is 


“flat,” i.e. a, —« (constant) for all £, then the force of interest is also 
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constant, 6, = @, tx o gg =a for all ¢. Also, if the force of 


interest is constant at 6, =ð for all t, then @, = Lyf 6, du = 6 for all t. 


o Ou 


Suppose that the continuous term structure rate œ, is increasing as t 
increases (meaning that da > 0); then 6, >a, and the reverse inequality 


is true if @, isa diode function of ¢. This is similar to the behaviour that 
we saw for the effective annual versions of term structure and forward rates 
in Section 6.3, where forward rates of interest are larger than zero coupon 
yields if the term structure of zero coupon yields is increasing with time to 
maturity. 


EXAMPLE 6.6. f (Continuous Term Structure and Forward Rates) 


Suppose that the yield to maturity for a zero coupon bond maturing at 
time t is æ, —.09—(.08)(.94)', a continuously compounded rate. 


(a) Find the related forward rate 6,. 


(b) A borrower plans to borrow 1000 in one year and repay the loan with 
a single payment at the end of the second year. Determine the 
amount that will have to be paid back based on the stated term 
structure. 


SOLUTION 


(a) The forward rate at time ¢ is 


ó = a rx = .09—-(.08)(.94)' — (.08)(.94)' (In.94)x t. 
(b) The forward loan can be arranged by selling a one-year zero coupon 
bond with face amount 1000. When the bond is sold, an amount of 
10007% = 10000 7109-(09X991 = 985.31 is received. This amount is 
invested in a two-year zero coupon bond, which will mature at a value 
of 
985.3127: = 985.31e2109-08994] = 1024.11. 
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We can also solve for the amount outstanding by using the continuously 
compounded forward rate (which is the force of interest). The amount 
outstanding at the end of the second year will be 


10000! ôd = 1000e!" L09-c08) 94) Cos) 94) qn.94)r]dr. 1024.11. 0 


6.4.4 AT-PAR YIELD 


We have seen that if the term structure of zero coupon yield rates is either 
rising or falling, then two bonds with the same maturity date but different 
coupon rates will have different yield to maturity values. There is another 
measure of bond yield that relates to the term structure, and that is the at-par 
yield. 


Definition 6.7 — At-Par Yield 


Given a term structure of zero coupon yield rates, the at-par yield rate for 
a coupon bond maturing at time ¢ is defined to be the rate j; such that a 


bond with coupon rate j, would be priced at par. Such a bond would 
have a yield to maturity that is also j. 


For a given term structure it is not difficult to find the at-par yield for any 
maturity time /. Suppose that the term structure spot rates are (:/ —1,2,...] 
for zero coupon bonds maturing in 1,2,... years, and suppose that the at-par 
yield is j, for an n-year coupon bond with annual coupons. Since this is the 
at-par yield, the coupon rate is also j, and the bond price is 1 (for a bond 
with face amount 1) so that 

n 

(ey " € jx Xn)* -1 

k=l 
and then j, =n 
Bernt 
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(Finding the at-par yield) 


Using the term structure from Example 6.2, find the at-par yield for 
bonds with annual coupons that mature in 1, 2, 3 and 4 years. 


SOLUTION 


The key point in finding the at-par yield is that the price of the bond 
should be 100 for a face amount of 100. 


1-Year Bond: 100=100(1+,,)( 
2-Year Bond: 
100 = 100; (ths) «1000; (1o) 
Solving for j, results in j} =.0976. 


Yrs). Solving for j, results in j =.05. 


3-Year Bond: 


3 
100 = 1007, (zh Jg) 1005 (tto j* *1000« j (115) 
Solving for ją results in j} =.1406. 


4-Year Bond: 
2 3 4 
100 = 1007, (h5) «1007, (Ttg) +100 (ris) + 1000+ /4)(T4p) 
Solving for ją results in j4 =.1774. o 


When a government issues a coupon bond, the coupon rate is usually 
chosen so that the bond is priced at, or close to, par. This will depend on 
prevailing rates in the financial markets at the time the bond is issued. 
The at-par yield that prevails at the time a coupon bond is issued is the 
coupon rate that should be chosen in order for the bond to be priced at 
par when it is issued. 


There is a close relationship between the yield curve of the term structure 
of zero coupon bond yield rates, forward rates of interest, yield to 
maturity of coupon bonds and at-par yield rates. The following example 
illustrates some of the relationships that exist under the “normal” 
increasing term structure. 
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(Forward rates and at-par yields) 


Suppose that the term structure of interest rates is increasing with the yield 
rate for a zero coupon bond maturing at time /-years being 


5 = .09—(08).94). 


The spot rates are 7j—.01,75—.0148, 7, —.0193,..., etc. Find the implied 


forward rates of interest and the at-par yield rates for the 1” through the 
60” year and draw a graph of the three series of rates. 


SOLUTION 


To find the n-year forward rate f, ,.) for the year starting n years from 


7 +l 
tra)" 


now, we use the relationship fj; = Cerny 
3 LU 


—1. To find the n-year 


at-par yield rate j, for an n-year coupon bond with annual coupons, we 
ENS 
use the relationship j, = Lum. 
Pa y* 


The table of rates is as follows. 
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Year Spot Rate Forward Rate — At-Par Yield 
1 0.0100 0.0100 0.0100 
2 0.0148 0.0196 0.0148 
3 0.0193 0.0284 0.0192 
E 0.0236 0.0364 0.0233 
3 0.0275 0.0436 0.0271 
6 0.0313 0.0502 0.0306 
T 0.0348 0.0562 0.0338 
8 0.0381 0.0616 0.0367 
9 0.0412 0.0665 0.0394 
10 0.0442 0.0709 0.0418 
1 0.0469 0.0748 0.0440 
12 0.0495 0.0784 0.0460 
13 0.0519 0.0815 0.0479 
14 0.0542 0.0844 0.0495 
15 0.0564 0.0869 0.0510 
16 0.0584 0.0891 0.0524 
17 0.0603 0.0911 0.0536 
18 0.0621 0.0928 0.0547 
19 0.0637 0.0944 0.0557 
20 0.0653 0.0957 0.0565 
21 0.0668 0.0969 0.0573 
22 0.0682 0.0979 0.0581 
23 0.0695 0.0987 0.0587 
24 0.0707 0.0994 0.0593 
25 0.0719 0.1000 0.0598 
26 0.0730 0.1005 0.0603 
27 0.0740 0.1009 0.0607 
28 0.0749 0.1012 0.0611 
29 0.0759 0.1014 0.0614 
30 0.0767 0.1016 0.0617 
31 0.0775 0.1017 0.0620 
32 0.0782 0.1018 0.0622 
33 0.0790 0.1018 0.0625 
34 0.0796 0.1017 0.0627 
35 0.0802 0.1016 0.0628 
36 0.0808 0.1015 0.0630 
34 0.0796 0.1017 0.0627 


Table 6.6 
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Year — Spot Rate Forward Rate At-Par Yield 
35 0.0802 0.1016 0.0628 
36 0.0808 0.1015 0.0630 
37 0.0814 0.1014 0.0631 
38 0.0819 0.1012 0.0633 
39 0.0824 0.1010 0.0634 
40 0.0828 0.1008 0.0635 
4l 0.0833 0.1006 0.0636 
42 0.0837 0.1004 0.0636 
43 0.0841 0.1001 0.0637 
44 0.0844 0.0999 0.0638 
45 0.0847 0.0996 0.0639 
46 0.0851 0.0993 0.0639 
47 0.0854 0.0991 0.0640 
48 0.0856 0.0988 0.0640 
49 0.0859 0.0985 0.0640 
50 0.0861 0.0983 0.0641 
51 0.0864 0.0980 0.0641 
52 0.0866 0.0977 0.0641 
53 0.0868 0.0975 0.0642 
54 0.0870 0.0972 0.0642 
55 0.0872 0.0970 0.0642 
56 0.0873 0.0967 0.0642 
57 0.0875 0.0965 0.0642 
58 0.0876 0.0962 0.0643 
59 0.0878 0.0960 0.0643 
60 0.0879 0.0958 0.0643 


Table 6.6 (continued) 


The graph of this data is in Figure 6.6. 
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There are a few features in this example that we note. The term structure of 
spot rates is increasing. When this occurs, the forward rate for the one year 
period /—1 to / is greater than the spot rate for maturity at time f, i.e., 
jiu]? % As can also be seen from Example 6.8, the forward rates are 


not necessarily increasing even though the spot rates are increasing. An 
increasing term structure of spot rates also results in increasing at-par yield 
rates as time to maturity increases. If the term structure of spot rates is 
decreasing, the forward rates are smaller than spot rates and the at-par 
yield rates are decreasing. These characteristics are considered in the 
exercises. 


The following graph of spot rates, forward rates and at-par yield rates 
around late 2009 was excerpted from the website of J. Huston McCulloch, 
Department of Economics of Ohio State University. Example 6.8 
illustrated a term structure based on a mathematical model. The following 
real-life graph shows that the term structure and the associated forward 
curve and at-par yield can become more complex. 
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6.5 DEFINITIONS AND FORMULAS 


Definition 6.1 — Zero Coupon Bond 


A zero coupon bond is a bond that has no coupons and has a single 
payment made at the time of maturity. It is also called a discount bond. 


Definition 6.2 — Term Structure of Interest Rates 


The term structure of interest rates at the current point in time is the set of 


yield rates on zero coupon bonds of all maturities. This is the set indu: 


where 7; is the annual effective yield rate as of time 0 for a zero coupon 
bond maturing at time t. The term structure is also called the zero coupon 
bond yield curve. In the notation, the subscript indicates the current point in 
time from which interest rates are being measured. 
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Any set of future cashflows can be valued now using the term structure. 
Suppose that payments of amounts C,,C, ,...,C, are due in t,,f,...,t, 
years from now. The total present value of the series of cashflows is 


C Qr, (5) + C oer Y e C er; Y. (6.1) 


Definition 6.3 — Spot Rate of Interest 


The yield to maturity on a zero coupon bond is called the spot rate of interest 
for that time to maturity. 7, is the spot rate for a /-year maturity zero coupon 


bond. The price at time 0 of a t-year zero coupon bond is y fora 
maturity value of 1. 

Definition 6.4 — Forward Rate of Interest 

Given the term structure of zero coupon bond yield rates, (7; los , the time 


0, n-1-year forward, one-year interest rate for the year from time n-/ to time 
n is denoted by the symbol j,,.,,,j, and satisfies the relationship 


en Y" 


[INN ym (6.4) 


1+ faa] = 
The forward rate for the period from time 0 to time | is o4; =7 (not really 
a forward rate, since “forward rate” refers to a rate on a transaction that starts 


in the future, not now). 

Definition 6.5 — Arbitrage 

An arbitrage is a simultaneous purchase and sale of securities in different 
markets in order to profit from price discrepancies. 

Definition 6.6 - Forward Rate Agreeement (FRA) 


A forward rate agreement is a contract that guarantees a borrowing or 
lending rate for a specific amount of principal (sometimes called the 
notional amount) for a specified time period that begins at a future date. 
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Definition 6.7 — At-Par Yield 


Given a term structure of zero coupon yield rates, the at-par yield rate for a 
coupon bond maturing at time ¢ is defined to be the rate j, such that a bond 
with coupon rate j; that matures at time / has a yield to maturity that is also 
J; so that the bond will be priced at par. 


6.6 NOTES AND REFERENCES 


There are a number of theories that attempt to explain the nature of the term 
structure and its relationship to economic conditions. A review of several of 
these theories can be found in The Handbook of Fixed Income Securities 
and in Modern Portfolio Theory and Investment Analysis by E. Elton and 
M. Gruber. The Elton and Gruber book also provides an extensive 
bibliography for stochastic models of the term structure, a topic which is 
beyond the scope of this book. In 2017, the Society of Actuaries introduced 
a new study note for Exam FM titled “Determinants of Interest Rates” by 
Michael Bean. 
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6.7 EXERCISES 


SECTIONS 6.1 AND 6.2 


6.1.1 


You are given the following term structure: 
n 7.15, 7, 7.10, n -.05. 


These are effective annual rates of interest for zero coupon 
bonds of 1, 2 and 3 years maturity, respectively. A newly issued 
3-year bond with face amount 100 has annual coupon rate 10%, 
with coupons paid once per year starting one year from now. 


Find the price and effective annual yield to maturity of the bond. 


The term structure of effective annual yield rates for zero coupon 
bonds is given as follows: 1- and 2-year maturity, 10%; 3- and 4- 
year maturity, 12%. Find the price of a 4-year bond with face 
amount 100, and annual coupons at rate 5%. The first coupon 
will be paid in one year. 


A 10% bond with face amount 100 matures in 3 years. 


(a) Find the value of the bond based on each of the following term 
structures for zero coupon bond spot rates, where 7, denotes the 


nominal annual spot rate convertible semiannually for a /-year 
term zero coupon bond. 


(i) rs =.075 n =.0775 5 =.08 n =.08 
rs =.0825 z =.085 

(ii) r5 =.14 n 7.1375 55 2.135 n 2.1325 
57.13 5 2.1275 

(iii) rs =.12 į =.12 ns-.12 n -.12 
n5-.2 5n-.12 

(b) For each of the bond prices found in (a) find the 
corresponding yield to maturity. 


(c) Repeat part (a) for an 8% bond and for a 12% bond. 


*6.1.6 
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a ou are given the following information about two 1 -year 

Y given the following information abi 0. 
bonds. Both bonds have face amount 100 and coupons 
payable semi-annually, with next coupon due in 4-year. 


Bond 1: Coupon rate 4% per year, price 85.12 
Bond2: Coupon rate 10% per year, price 133.34. 


Find the yield rate for a 10-year zero coupon bond. 


(b) You are given the following term structure (effective annual 
interest rates) for zero coupon bond maturities up to ; years: 
n-n "<7, (flat term structure except for n-year 

maturity). An n-year bond has annual coupon rate r>0 and 

annual coupons. Show that the yield to maturity for the bond 


j must satisfy 7, , <j «n. 


You are given the following information for 4 bonds. All coupon 
and yield-to-maturity rates are nominal annual convertible twice 
per year. 


Bond | Time to Maturity | Coupon Rate | YTM 
1 a-year 4% .05 
2 1-year 6% 10 
3 14-year 4% 5 
4 2-year 8% AS 


Find the associated term structure for zero coupon bonds with 
maturities of 2-year, l-year, lY?-year, and 2-year (quotations 
should be nominal annual rates convertible twice per year). 


Assume that the pricing of a coupon bond is consistent with its 
pricing based on separate coupons and redemption using the term 
structure of spot rates as in Exercise 6.1.1. Let H(u,t) denote the 


current term structure for the yield to maturity of a coupon bond with 
coupon rate w and time ¢ to maturity. Then r; = H (0,7) is the current 


term structure for zero coupons bonds. Let wu; 2 u2. 


(a) Suppose H(0,t) is a decreasing function of ¢ for all t. Show 
that H(u,t) is also a decreasing function of t, and 
H(u,,t)> H(u,,t) 2 H(0,t) 
for any t. 
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(b) Suppose H(0,t) is an increasing function of t for all t. Show 
that H(r,t) is also an increasing function of t, and 
H(n,t) S H(r,t) < H(0,t) 
for any t. 
(c) Suppose H(0,t) is constant for all t. Show that H(r,t) is 
also constant and H (r,t) = H (0.7) for any t. 


SECTION 6.3 


6.3.1 


(a) Find an expression for fig- 4) in terms of the 7, 's. 


(b) Show that 


(Uf): (1 fa) = (0) 
for 212; 


(c) Show that defi » 0and zc fin «0. 


(d) Show that if 7, >r, then Jiu 2H. 


(a) Consider the following two yield curves (representing 
perhaps annual yields on two different classes of zero 
coupon bonds), based on the notation of Exercise 6.3.1: 


() m =.09+.001k; i 
Gi) 7, =.09+.002k —.0001k?, both for k =1,2,...,10. 


For each of these yield curves, calculate the corresponding 
forward rates of interest for years 2 to 10, and plot the forward 
rates on a graph along with a plot of the yield curve. 


(b) Given that both yield curves are increasing, use part (d) of 
Exercise 6.3.1 to create the graph of the forward rates and 
corresponding yield curve. Note the relationship between the 
curves. 


A 6-month T-Bill of face amount 100 can be bought today for 
97.800, and a 1-year T-Bill of face amount 100 can be bought 
today for 95.400. Find the forward rate of interest for the 6- 


6.3.5 


6.3.6 


*6.3.7 
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month period beginning 6 months from today, quoted as a 
nominal annual rate of interest compounded semi-annually. 


According to the current term structure of interest rates, the 
effective annual interest rates for 1, 2 and 3 year maturity zero 
coupon bonds are 

l-year:.08, 2-year:.10, 3-year: .11. 
Find the one-year forward effective annual rate of interest and find 
the two-year forward effective annual rate of interest. 


The following term structure is given as effective annual rates of 
interest on zero coupon bonds: 
l-year maturity: 6% 2-year maturity: 7% 3-year maturity: 9% 


(a) Find (i) the 1-year forward effective annual interest rate for a 
l-year period, fij; and (ii) the 2-year forward effective 
annual interest rate for a 1-year period, f(2,3). 

(b) The effective annual rate of interest for a 4-year zero coupon 
bond is 74. Find the minimum value of r4 needed so that 
fisa) 2 fiza}, Where fisy is the 3-year forward effective 
annual interest rate for a 1-year period and f[, 3j. is found in 
part (a). 


The term structure of effective annual yield rates for zero coupon 
bonds is given as follows: 


1- and 2-year maturity, 10%; 
3- and 4-year maturity, 12%. 


You are given the price of a 5-year bond with face amount 100, 
and annual coupons at rate 5% is 73.68. Find the 4-year forward 
effective annual interest rate (in effect for the 5" year). 


(a) Prove each of the following relationships between 7 and 
Sian: 
(i) If % is increasing, then 7 € fy. 
(ii) If 7 is decreasing, then 7; = fri. 


(b) (i) Construct an increasing yield curve z; for which fiij. 
is decreasing for / 2 2. 
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(ii) Construct a decreasing yield curve n for which fiis]. 
is increasing for t 22. 


*6.3.8 Suppose that v, denotes the continuously compounded yield rate 


on a zero coupon bond maturing at time ¢ (the term-structure). 
Suppose that ô, is the continuously compounded /-year forward 
rate (force of interest at time /). Prove the following: 


(i) If lim vy, =v (where 0<v<oo), then lim ô, =v; and 
t>% t>o 


(ii) if limó, =v (where 0€v«c), then lim v, =v. 
tn 1-96 


N 6.4 


Yield rates for zero coupon bonds are as follows: 


1-year maturity: 10% (effective annual); 
2-year maturity: 8% (effective annual). 


You take the following actions: 


(i) Sell a one-year zero coupon bond with maturity value 
1000. 
(ii) Invest the proceeds in a two-year zero coupon bond. 


Which of the following represents your overall net position? 


(a) One-year forward investment for one year at 6% 
(b) One-year forward investment for one year at 12% 
(c) One-year forward loan for one year at 6% 

(d) One-year forward loan for one year at 1294 

(e) Two-year loan for 9% 


Suppose that yield rates on zero coupon bonds are currently 
6% for a one-year maturity and 7% for a two-year maturity 
(effective annual rates). 


Suppose that someone is willing to lend money to you starting 
one year from now to be repaid two years from now at an 


6.4.3 


6.4.4 
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effective annual interest rate of 7%. Construct a transaction in 
which an arbitrage gain can be obtained (positive net gain for 
net investment of 0). 


Yield rates for zero coupon bonds are as follows: 
1-year maturity: 8% (effective annual); 
2-year maturity: 10% (effective annual). 


You take the following actions. 


(i) Sell a two-year zero coupon bond with maturity value 
1000. 
(ii) Invest the proceeds in a one-year zero coupon bond. 


Which of the following represents your overall net position? 


(a) One-year forward investment for one year at 1096 
(b) One-year forward investment for one year at 1296 
(c) One-year forward loan for one year at 10% 
(d) One-year forward loan for one year at 12% 


(e) Two-year investment for 994 


The current term structure has the following nominal annual spot 


rates, i? 


6-month spot rate is 8%; 
1-year spot rate is 10%; 
14-year spot rate is x96. 


(a) Based on this term structure, a 1'^-year bond with (nominal 
annual) coupon rate 10% has a YTM of 11%. Find x. 


(b) Suppose that the forward rate (quoted as a nominal annual 
rate of interest) for the period from 1 to 1% years is 11%. 
Find x in that case. 
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6.4.5 


*6.4.6 


(c) You predict that 6 months from now, the 6-month spot rate 
will be 10%. Construct a strategy to implement now, 
involving sale and purchase of zero coupon bonds that will 
make a profit for you if your prediction is correct. 


The effective annual yield on a one-year zero coupon bond is 8% 
and the effective annual interest rate on a two-year zero coupon 
bond is 8.5%. You are able to arrange a one-year forward loan at 
rate i for a one-year period. Suppose that under these conditions it 
is possible to make a riskless profit with the following strategy: 


(i) borrow amount | for one year at 8% effective annual, 
(ii) invest amount 1 for 2 years at 8.5% per year effective annual, 


(iii) arrange a one-year forward one-year length loan of amount 
1.08 at rate i (starting one year from now) and repay the 
loan in (i), 

(iv) use the proceeds from (ii) to repay loan (iii) at the end of 
the second year. 


For what full range of i will this strategy result in a positive 
amount left over after all 3 transactions are settled at the end of 
the second year? 


Using this book's terminology for forward rates of interest, spot 
rates (7) and at-par yield rates (j,), verify the following 


implications: 
(a) ris an increasing function of t for all t & fi, 4, » 7; for all t. 
(b) 7, isa decreasing function of t for all t & fi, ,,; <7; for all t. 


(c) f. is an increasing function of ¢ for all ¢ 
=n, is an increasing function of ¢ for all t 
= j, is an increasing function of t for all t. 
(d) f; is a decreasing function of ¢ for all t 
=r, is an decreasing function of ¢ for all t 
= j, is a decreasing function of t for all ¢. 
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*64.7 Prove algebraically that Jim[in[1+ Reval l= 


(force of interest at time /). 


CHAPTER 7 


CASHFLOW DURATION AND IMMUNIZATION 


"I have enough money to last me the rest of my life, unless I buy something. " 
Jackie Mason — American Comedian (1931 - ) 


An investor who holds a fixed-income investment such as a bond will see 
the value of the bond change over time for a number of reasons. It was 
seen in the discussion of bond amortization in Chapter 4 that there is a 
natural progression of the amortized value of a bond toward the maturity 
value as the bond approaches its maturity date. Over the lifetime of the 
bond, the market value of the bond will also converge to the maturity 
amount as well. These longer term changes in bond values are somewhat 
predictable, although the market value will fluctuate to a large extent as a 
result of changing market conditions, such as changing interest rates and 
the perception of the chance of the bond defaulting on some of its 
scheduled payments. 


The market value of a bond at a particular time is directly related to the 
yield to maturity that prevails in the bond market at that time. Changes in 
market yield rates can have a sudden and significant impact on the market 
value of a bond. There is no guarantee that when an investor buys a bond, 
the yield rate at which the bond was bought will continue to be the bond's 
yield rate for the entire term of the bond. In fact, the yield rate will almost 
surely not stay constant as time goes on. The next example illustrates one of 
the reasons why yield rates on a particular bond might change over time. 


(Yield curve slide) 


Suppose that the current term structure of interest rates has the following 
schedule of spot rates for maturities of 1, 2, 3 and 4 years: 


Maturity 1-year 2-year 3-year 4-year 
Spot Rate 7 =.05 n, =.10 n-.l5 ry =.20 


390 » CHAPTER 7 


Suppose a 4-year zero coupon bond with maturity amount 100 is purchased 
and that as time goes on, the term structure does not change, so that at any 
time the spot rates are the same as they are now for any time to maturity. 
This means that at time 1, 7, —.05, 7; =.10, etc. (at time 1 we continue to 
denote zero coupon bond yields with the r-notation, so it is important to 
know the time origin at which the term structure is being considered). Find 
the book value and market value of the bond in one, two and three years. 


SOLUTION 


The purchase price is 100(1.2)* —48.23. At time 1 (in one year) the 
amortized (book) value will be 100(1.2)? — 57.87. At that time the bond 
will be three years from maturity, so the market yield will be 15% (we 
are assuming that the term structure doesn’t change, so three-year zero 
coupon bonds will always have a yield rate of 15%). At time 1 the 
market value of the bond will be 100(1.15)-? = 65.75. Note that after one 
year the holder of the bond will have had a one-year holding period 


65.87 _]= 
return of 4803 —12.3657 (36.57%). 


At time 2 (the end of the second year) the book value will be 
100(1.2)-2 = 69.44 and the market value will be 100(1.1)? =82.64. At 


time 3 the book value will be 100(1.2)* 283.33 and the market value 
will be 100(1.05)7! 295.24. At time 4 the bond matures and its value 


(book and market) is 100. These book and market values are summarized 
in the following table. 


Time Book Value Market Value 


0 48.23 48.23 
1 57.87 65.75 
2 69.44 82.64 
3 83.33 95.24 
4 100.00 100.00 a 


The phrase “yield curve slide” in the title of this example refers to the 
move away from book value that the market value takes as time goes on. 
This can occur not because there is any change in the term structure, but 
because the term structure may not evolve in a way that is consistent 
with the original forward rate structure. For instance, at time 0, the one- 
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year forward effective annual rate of interest is Sii2) =15.24%, but when 
time | arrives, the actual one-year zero coupon bond yield is 5%. 


Rates of return demanded by investors (the term structure) may also 
change, which also affects the market value of the bond. If the market 
yield rate for the bond is higher than the bondholder’s original (book) 
yield, then the present value of the payments represented by the bond 
will be less at the higher market yield rate than at the original yield rate 
(with the reverse occurring if the market yield is below the book yield). 


There is no requirement that the bondholder must sell the bond before 
maturity, and if the bondholder keeps the bond until maturity the 
bondholder will realize the original book yield-to-maturity as the internal 
rate of return on the investment no matter what changes in interest rates 
occur during the term of the bond. If the bondholder sells the bond before 
maturity at a price other than the book value, the bondholder’s return for 
the period that the bond was held will most likely not be the original 
book yield, but will be related to the market yield at the time of sale. 


Suppose that in Example 7.1 above, the investor purchases the 4-year 
zero coupon bond at the yield rate of 20% per year for a price of 48.23. 
Suppose that later that same day some significant event occurs that 
changes the economic and financial outlook of investors and the 4-year 
spot rate suddenly changes to 22%. The value of the 4-year zero coupon 
bond becomes 100(1.22)^ =45.14, an almost immediate loss of 3.09. 
The numerical values used in this illustration are not likely to occur in 
the world’s major financial markets, and they exaggerate the possible 
consequences of short term changes in interest rates. The following 
section presents a systematic analysis of the sensitivity of a bond’s price 
to changes in the yield rate. 


7.1 DURATION OF A SET OF CASHFLOWS 
AND BOND DURATION 


In 1938, Canadian economist Frederick Macaulay, the son of a famous 
actuary, published a comprehensive study of interest rate behavior from 
1856 to 1938 in the book The Movements of Interest Rates, Bond Yields 
and Stock Prices in the United States since 1856. As part of that study, 
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Macaulay addressed the notion of the security of bond and loan values and 
yields. Macaulay commented that "only short-term loans can be imagined 
to be ‘absolutely secure". He created a measure of the “length” of a loan 
by which the “security” of loans of various terms to maturity and yield rates 
could be compared. 


“Length” in the definition that Macaulay introduced did not mean the term 
of the loan (time until the final payment). As an exaggerated example of 
comparing the lengths of two loans, consider the following two 10-year 
loans. Both loan amounts are $100, and both loans are at annual effective 
interest rate 10%. 


Loan 1: single payment of 259.37 in 10 years (100 = 259.37 x v!? ) 
Loan 2: payment of 100 in 1 year and payment of 23.60 in 10 years 
(100 2100x v, +23.60x v? ). 


Macaulay wanted to define a measure that would classify Loan 1 as 
“longer” than Loan 2 in the sense that the “bulk” of payment comes later 
for Loan 1 than for Loan 2. Macaulay called his measure of "length" of a 
loan the duration of the loan, and it is often referred to as Macaulay 
duration. The duration measure he developed took into account the amount 
and time of each payment and resulted in a weighted average of the time 
until the payments take place. 


Macaulay duration was originally defined assuming a flat term structure 
applied to a fixed set of cashflows such as an annuity or a coupon bond. 
The original definition is easily adaptable to a non-flat term structure. 
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Definition 7.1 — Macaulay Duration 


Flat Term Structure 

Suppose that the term structure is flat at annual effective rate i. 
Suppose that a fixed income set of cashflows consists of payments 
K,,K,,+++,K,, at times (years) 1,2,---,7. The Macaulay Duration of 


the set of cashflows is denoted D,,,.(i) (or D) and is defined to be 


mac 


Xx K,x (Ii) * 
Dag (i) = .— — —— (7.1) 
XK, xy 
t= 


General Term Structure 


Suppose that the term structure is {7} where 7 is the annual 


Pd? 
effective yield rate as of time 0 for a zero coupon bond maturing at time /. 


The Macaulay Duration is 


E 
Stk, l+)“ 
tzl 


n 
ÈK, (l+) 
i=l 


That Macaulay duration is a weighted average of time until payment can 
be seen as follows. Suppose that in Equation 7.2 (or 7.1) we define the 


K+)" 4 
factor w, as wo REEL, We see that Xw,-1 and 


ÈK, y" a 
t=l 


n 
DT D w, Xt. 
= 


The w, factor can be thought of as a “weight” applied to z. 
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Ker)" 
The weight applied to time t is w, QI. 


EK 


, which is the fraction 


of the overall present value of the series that is represented by that 
particular payment at time f. 


It does not seem that at the time Macaulay introduced his concept of 
duration that he meant for it to be applied to calculate changes in bond 
prices based on changes in yield rates. For many years prior to 1938, 
interest rates tended to be quite stable and "interest rate risk” may not 
have been perceived as being as important as it has been in recent years 
(since the 1970s) which have seen considerable volatility in interest 
rates. The following graph shows U.S. Treasury bond rates since 1790. 


US 10 year Treasury yields since 1790 


15% | ——US 10-year Treasury yield (constant maturity) 


13% 


1790 1805 1819 1833 1847 1861 1875 1890 


Monthly data 
Source: BofA Merrill Lynch Global Investment Strategy, Global Financial Data, 
Bloomberg 


Figure 7.1 
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The graph indicates that interest rates did not become very volatile until the 
1970s. As interest rate volatility and risk grew, the finance industry 
developed an alternative to Macaulay duration to measure the sensitivity of 
bond prices to changes in yield rates. The concept of modified duration 
was introduced, defined in terms of the derivative (rate of change) of bond 
price with respect to change in yield. Modified duration is defined in the 
case ofa flat term structure. 


Definition 7.2 -Modified Duration 


Suppose that the term structure is flat at annual effective rate i. 
Suppose that a fixed income set of cashflows consists of payments 
K,, K,,--, K, at times (years) 1,2,---,n, with a present value (at time 


0) of P()- X Key". The Modified Duration of the series of 
tal 


cashflows is denoted D, 


mod 


(i) and is defined to be 


Present values decrease when interest rates increase, so in the case of a 
series of positive cashflow amounts, the derivative Lro would be 


negative. In order to have a positive number to measure the sensitivity of 
present value to changes in interest rate, the negative of the derivative is 
used. From here on in the book when “duration” is mentioned, it will be 
taken to be Macaulay duration, and “modified duration” will be 
mentioned when it is specifically being referred to. 


The units of measure for Macaulay duration is years, since it measures a 
weighted average of times to payments. The units of measure for modified 
duration are change in present value per dollar of present value for a change 
in interest rate. The modified duration measure was developed, in part, to 
apply a commonly used method to obtain an approximation to changes in 
bond price when there is a small change in the yield to maturity. It turns 
out that Macaulay duration can be applied to provide a more accurate 
approximation for this. These applications will be considered in the 
following section of this chapter. 


396 » CHAPTER 7 


n 
Another point to note is the following. From P(i)= X K,(1+i)" we get 
tl 


E220] E -Ži x K, (1-1) , and D poa i) can be formulated as 


n 
Lik (+i) 
Doa) BELL. Comparing this to the expression for Dmae (i) 
XK, 0+)” 
tl 


in Equation 7.1, we see that, in the case of a flat term structure D,,,.(i) 
Dy (1) 


and D,q(i) are linked by the relationship D,,,4(i) = Ti 


7.1.1 DURATION OF A ZERO COUPON BOND 


We will first consider the sensitivity of the value of a zero coupon bond 
to changes in the yield rate. Suppose that such a bond matures for 
amount | in n years and is currently priced at an effective annual yield 
rate i for n-year maturities. The present value or price of the bond is 


P()-(e«-)". The Macaulay duration of this zero coupon bond is 
pn 
Dac) amale n. This is what Macaulay meant for the duration 


T 


(length) of a single payment loan or zero coupon bond. 


If we regard the price as a function of the yield rate i, and we 
differentiate with respect to i, we get £.P() = -nx (Ii). The 
derivative is negative because increasing the yield rate results in a 
decreasing present value (P(i) is a decreasing function of i). The 
modified duration of the zero coupon bond is 


EN. NE o n Adoos c Misi) 
Dii) = "py = “a mue)! = nv = met. (14) 


7.1.2 DURATION OF A COUPON BOND 


A coupon bond has relatively small coupon payments and then a large 
payment on the maturity date. When viewing the Macaulay duration of 
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the bond as a weighted average of the payment times, the weights 
applied to the coupon times would be relatively small and the weight 
applied to the time of redemption payment would be relatively large. We 
would expect the duration of a coupon bond to be close to n. Comparing 
the durations of two bonds, the one with larger coupons would tend to 
have a smaller duration. This is illustrated in the following example. 


EXAMPLE 7.2 BM (Duration of a coupon bond) 


A bond with annual coupons has face amount F, coupon rate r per year, n 
annual coupons until maturity, and is valued at yield rate j per year. 
Calculate the Macaulay duration of the bond for all possible 
combinations of parameters r—.05,.10,.15; n=2, 10, 30, 60; and 


j 7.05, .10, .15. 


SOLUTION 


The bond payments at times 1,2,...,n are K, = Fr for t =1,2,...,n—1 and 
K, = F+Fr. Thus, the duration is 


n 
Ltx Frxvi tax F xvi 
Dis) = 8E ——. (7.5) 
2 Frxvj +Fx vi 
t=1 
Note that in the numerator of D,,,.(/) in Equation 7.5, the first term is 
the increasing annuity-immediate Fr(Ja);;;. 


At an annual effective yield rate of i=5% per year, the duration values 
are as shown in Table 7. 1a. 


TABLE 7.1a 


Coupons Until Maturity 


Coupon Rate 2 10 30 60 
.05 1.952 | 8.108 | 16.141 | 19.876 
.10 1.913 | 7.270 | 14.328 | 18.772 
AS 1.880 | 6.797 | 13.613 | 18.391 


Ata yield rate of 10% per year, the durations are given in Table 7.1b. 
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TABLE 7.1b 
Coupons Until Maturity 


Coupon Rate 2 10 30 60 
.05 1.950 | 7.661 | 11.434 | 11.124 
10 1.909 | 6.759 | 10.370 | 10.964 
AS 1.875 | 6.281 | 9.987 | 10.910 
At a yield rate of 15% per year, the durations are given in Table 7.1c. 
TABLE 7.1¢ 
Coupons Until Maturity 
Coupon Rate 2 10 30 60 
05 1.948 | 7.170 | 8.209 | 7.689 
.10 1.905 | 6.237 | 7.719 | 7.671 
15 1.870 | 5.772 | 7.551 | 7.665 


o 


For an n-year bond with annual coupons at rate r per year and valued at 

an effective annual yield rate of i per year, the Macaulay duration of the 
a l+j__l+j+n(r-j) 

bond can be shown to be Dmac (J) = J Wes" 


(See Exercise 7.1.4.) 


7.1.3 DURATION APPLIED TO APPROXIMATE CHANGES IN PRESENT 
VALUE OF A SERIES OF CASHFLOWS: FIRST ORDER 
APPROXIMATIONS 


The duration measures can be applied to approximate the change in value 
of a series or portfolio of cashflows when there is a small change in the 
interest rate used for valuation. The traditional way of approximating the 
change in a function f(x) when there is a small change in x is to apply 


the linear approximation. 


The idea behind the linear approximation is quite simple. The 
conventional definition of and notation for the derivative of the function 


f(x) with respect to x is f'(x) -4 = lim SE If we regard 
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the present value of a series of cashflows as a function of the interest rate 
i, say P(i), then for a relatively “small” change from i, to i, +h, the 


P(igth)—P(iy) 
h 


ratio is approximately equal to SP = P'(i;) , and then 


it follows from the definition of D,,,,4 (iy) the 
Pligth)—Plip) = hx PCi) = -hx Pliy)* Dml). (7.6) 
Ifweset h=i-i, , this becomes 


P(i) = Plig) -(i— ip) x P') x Da o). (7.6a) 


Note that this relationship involves modified duration. This linear 
approximation may be referred to as the first-order modified 
approximation of the present value. 


Equation 7.6 can be seen to follow from formulating the Taylor series for 
P(i) taken to the linear term: P(iy +h) = Pliy) - hx P'(i). Equation 7.6 
results when P'(i;) is replaced by —P(iy)* Dmoa (io) . 


The approximation in Equation 7.6 is not presented from the point of view 
of being the most appropriate or accurate way to approximate the change 
in present value of the series of cashflows that results from a change in the 
interest rate. If there are only a few cashflows involved, it may be a simple 
calculation to find the exact present value of the series of cashflows at the 
new interest rate without relying on approximation. If, for instance, the 
"series" of cashflows consists of a single zero coupon bond, then it is very 
easy to find bond's present value at any interest rate. 


Although the first-order modified approximation is a commonly used 
method to approximate the change in the value of a function, in the case of 
present value calculations there is a method that is more accurate in 
making approximations when the interest rate changes. This method 
makes use of the Macaulay duration D,,,.(i)) in the following 


relationship 
20 MD (ip) 
lig ) a (7.7) 


Pligth) = Pox (ae 
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Equation 7.7 can be derived by applying the linear approximation to the 
function g(i) = P(i)x (1+ i)Pw 5) , The approximation would be 


Blip +h) s Blip) - hx gy) . 
Using the product rule for differentiation, we have 
(ig) = Pig) x (1+ ig Pm) + Plig) x Dmae (ig) x (1+ ig)P 67 
Then, since (for a flat term structure), 


Dy (ig) = Dmoa (in) X (1+ iy) = ae b x (1 iy), it follows that 


& (i) = P' (ig) x (1+ ig Pes + Pig) x Danae (ig) x (1+ ip Pave 071 


Po) 
Pig) 


= P'(ig) x (1+ ig Pos 60 rwd- Laskaria 1-20. 


Therefore, the linear approximation for g(/) becomes 
gliog +h) gg) +hx g'li) = gli), since g'(i)) =0. 


This can then be rewritten as 


glio +h) = Plig +) x (1+ ig +h) Pm) = Big) = Pli) x (Lig) =» 


which is equivalent to Equation 7.7. 


We will refer to this approximation as the first-order Macaulay 
approximation. 


It was suggested earlier that the first-order Macaulay approximation is 
generally more accurate than the linear approximation. This will definitely 
be the case for a zero-coupon bond. This is because, in the case of a zero 
coupon bond, P(i) =(1+i)-", so that 

g(i)=(1+i)" x(1+i)? =(1+i)-" x(1+i)" =1 for any i. It then follows 
that the first-order Macaulay approximation results in the exact value 
gli+h)=1. 


The next example uses some of the numerical results of Example 7.2 to 
compare the accuracy of the two first-order approximation methods 
when applied to coupon bonds. 
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(Approximating the change in PV using duration) 


Compare the two first-order approximation methods described above by 
applying them to find the approximate change in bond price for bonds of 
face amount 100 when there is an increase in yield rate of 10 basis points 
(.1%) for the following two bonds from Example 7.2: 

(a) 10-coupon bond with 5% coupons and a yield rate of 10% 

(b) 60-coupon bond with 10% coupons and yield rate of 5% 


The exact prices of bonds (a) and (b) are 
100v? + Sag, 7692772 and 
10008 + lÜaza 95 = 194.6464. 

The exact prices of bonds (a) and (b) at the changed yield rates are 
100v0 + Saiq 19) 7 68.7969 and 


100v, +1045 i. 191.2204. 


The Macaulay durations of the two bonds are 7.661 for bond (a) and 
18.772 for bond (b) The modified durations of the two bonds are 


nog (1) = 1661 =6.965 for bond (a) and Dyyyg(.05) = 18.772 -17.878 
for bond E 


Applying the first-order modified approximation, the bond price for bond 

(a) with yield rate 10.1% will be 

= 69.2772 —.001x6.965x 69.2772 = 68.7947. The relative error in this 

68.7947 - 68.7969] 
68.7969 

Applying the first-order Macaulay approximation, the bond price for 

bond (a) with yield rate 10.1% will be 


P(.101) = Pop 


approximation is 232x105. 


61 
Toi = 69.2772 x.993 1 = 68.7966. 


The relative error in this approximation is 
[68.7966 — 68.7969] 


= -6 
68.7969 -44x10^. 


For bond (b), the first-order modified approximation is 191.167, with 
relative error 2.8x107* and the first-order Macaulay approximation is 
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191.199, with relative error 1.1x107*. We see that in both examples the 
first-order Macaulay approximation has considerably smaller relative 
error than the first-order modified approximation. o 


7.1.4 DURATION OF A PORTFOLIO OF SERIES OF CASHFLOWS 


Suppose that m separate series of annual cashflows are under consid- 
eration. Suppose that each set is an n-year series, with the payments for 
cashflow series k denoted ¢(") ,c{®,...,c%. We continue to assume a flat 
yield curve. At effective annual interest rate i the present value of 
cashflow series kis 


X, = ePi) +c Pe)? ee P", 


for k=1,2,...,m. The Macaulay duration of the Kk". cashflow series is 
dy 
Da i) = -+x E, so that Dy, li) XXe = —(4i)-EXy. 


n 


The aggregate present value of the collection of all series of cashflows is 
m n 

X=} X,,and $x-4 Y X,. The Macaulay duration of the 
kel k=l 


combination of all the series of cashflows is 


D, —(14i)x#— = #1 


dy XE-0404X, È Dua Xe 
aco (È) = X i == 


(7.8) 


If we define the factor u, to be up -A., then 


n m 
Dicit). = > uy X Dmae (Ù), and E" =L 


We see that the Macaulay duration of the overall portfolio of series of 
cashflows can be represented as a weighted average of the durations of 
the individual series of cashflows, where the weight applied to duration 


D maca (i) iS u = 2 , which is the fraction of the present value of the 


overall portfolio represented by cashflow series k. 


CASHFLOW DURATION AND IMMUNIZATION X 403 


A similar relationship applies to the modified duration of the overall 
m m 
` 2X L-4* E Poo x X, 
portfolio: Diva iia (i) = — X st Y == x 


(Duration of portfolio of bonds) 


A portfolio consists of four bonds, each of which has annual coupons: 


(i) 2-year bond with face amount $100,000, and 5% coupon rate, 

(ii) 10-year bond with face amount $80,000, and 10% coupon rate, 
(iii) 30-year bond with face amount $120,000, and 5% coupon rate, and 
(iv) 60-year bond with face amount $75,000, and 15% coupon rate. 


Find the Macaulay duration of this portfolio of bonds if the term 
structure is flat with effective annual interest rate 10%. 


SOLUTION 


The bond prices are: (i) 91,322, (ii) 80,000, (iii) 63,439, and (iv) 112,377. 


The combined price of all bonds in the portfolio is 347,138. 
From Example 7.2, the Macaulay durations for the bonds are: (i) 1.950, 
(ii) 6.759, (iii) 11.434, and (iv) 10.91. 


The Macaulay duration of the portfolio is 


L Dy j (1) * X, 
D macsot o1) = MEET S 
(1.950)(91,322) + (6.759)(80,000) 
+ (11.434)(63,439) + (10.910)(1 12,377) 
347,138 
= 7.69 o 
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7.1.5 DURATION AND SHIFTS IN TERM STRUCTURE 


Two different cashflow series that have the same present value and the 
same duration at a common yield rate of i would have the same 
sensitivity to changes in the yield rate. We would describe the two series 
as being “matched” in the sense of present value and duration. This is a 
concept that will be explored in detail in the next section on cashflow 
matching and *immunization" of a series of cashflows, but we consider a 
simple illustration here. 


Consider a bond portfolio consisting of two bonds, each of face amount 50: 


(i) a2-coupon bond with coupon rate 5% per coupon period, and 
(ii) a 60-coupon bond with coupon rate 15% per coupon period. 


Suppose the yield rate for 2-coupon bonds is 5% per coupon period, and the 
yield on 60-coupon bonds is 1596. Since the yield rate is equal to the 
coupon rate for each bond, both bonds are currently valued at their par 
values of 50 each, so the total value of the portfolio is 100. These bonds are 
found in Tables 7.1a and 7.1c, with Macaulay durations of 1.952 and 7.665, 
respectively. It follows from the comments in the previous section that the 
Macaulay duration of the portfolio is (.5)(1.952+7.665) = 4.81. 


Now consider a second portfolio consisting of a single bond of face amount 
100, with 6 coupons and a coupon rate of 10%, valued at a yield rate of 10% 
per coupon period. This bond will be priced at its par value of 100. The 
duration of this bond is 4.79. Thus, the portfolios have the same value and 
almost the same duration at the current yield rates. 


The yield rates can be summarized in a yield curve (Figure 7.2a). Let us 
consider the effect on the portfolios that result from an instantaneous 
change in the yield curve. A parallel shift in a yield curve refers to a 
constant change in yield rates at all maturities. Suppose that there is a 
parallel shift in the yield curve (Figure 7.2b), in which the yield rates for all 
bond maturities increase by 1% (i.e., the 2-year bond yield rate changes 
from 5% to 6%, the 6-year bond yield changes from 10% to 11%, etc.). The 
value of the first portfolio becomes 95.96, and the value of the second 
portfolio becomes 95.77. Thus, as expected, both portfolios decrease in 
value by nearly the same amount as a result of the shift in the yield rate, 
since they have nearly the same duration. The basic notion of duration is 
based on parallel shifts in a flat term structure. Estimating or approximating 
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changes in present value becomes more complicated if the yield curve is 
not flat and the change does not follow a parallel shift. 


Suppose, instead, that the yield curve flattens slightly (Figure 7.2c), so 
that the yield on the 2-coupon bond increases from 5% to 6%, the yield 
on the 6-coupon bond stays at 10%, and the yield on the 60-coupon bond 
decreases from 15% to 14%. The value of the first portfolio becomes 
102.65, but the second stays at 100. The purpose of this discussion is to 
point out that although two portfolios may currently have matched value 
and duration, the effects of non-parallel shifts in the yield curve may 
differ from one portfolio to another. 


AS 45 AS 

10 10 10 
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4 i jJ | bat 1 
ra T im! T tT T 
2 6 60 2 6 60 2 6 60 
FIGURE 7.2a FIGURE 7.2b FIGURE 7.2¢ 


Note that the yield curves represented here are not term structure curves 
but rather are graphs of yield to maturity versus time to maturity for the 
specific coupon bonds described above. A term structure curve would 
have yields for zero-coupon bonds. 


One of the important interpretations of duration is that two separate 
cashflow series that have the same duration will be affected in the same 
way by small changes (parallel shifts) in yield to maturity. In particular, 
if the Macaulay duration of a series of cashflows is D, then a zero 
coupon bond maturing in D years will have the same Macaulay duration. 
If the zero coupon bond has the same present value as the series of 
cashflows, then for small changes in the yield to maturity, the change in 
present value of the cashflow series will be about the same as the change 
in value of the zero coupon bond. 


It is clear that if an investor perceives that interest rates will increase, 
then the investor’s risk of a loss in value of bond holdings is more 
limited with bonds of small duration, whereas if the perception is that 
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rates will decrease, the investor's potential for gain in value of bond 
holdings is greater with bonds of larger duration. Duration can be used to 
compare volatility of bond prices with respect to yield rate. Duration can 
also be used to predict approximate changes in present value when there 
is a small parallel shift in the yield curve. When used in practice to 
anticipate approximate changes in value, the first-order Macaulay 
approximation is generally preferred over the first-order modified 
approximation, due to its greater accuracy. 


7.2 ASSET-LIABILITY MATCHING AND IMMUNIZATION 


In the course of conducting business, an enterprise will make commitments 
involving future income and outgo of capital. To maintain a viable (and 
profitable) position, the company will make investments so that funds will 
be available to provide for outgoing payments as they come due. Projected 
at time 0, the net outgoing payment at time ¢>0 represents the company’s 
liability due (or outgo) L, at time /. The funds available from anticipated 
revenue, investment income and investments maturing at time / to cover that 
liability represent the company's asset income (or proceeds) 4, at time ¢. If 
the company can arrange its investments so that asset income exactly covers 
the liability due at each point in time, so that 4, — L, for all ¢, then the 
projected asset income and liabilities due are said to be exactly matched. 


Asset-liability matching is generally considered from the point of view of 
asset income and liability due cash flows occurring at discrete (usually 
equally spaced) points of time, 1 — 0,1,2,..., 7. It is also possible to consider 
continuous models of asset-liability matching, where 4, is the rate of asset 
income and L, is the rate of liability due at time /. 


(Exact matching of assets and liabilities) 


A small company terminating its operations has decided to provide each of 
its three employees with a severance package that pays 10,000 per year (at 
the end of each year) up to and including at age 65, plus a lump sum 
payment of 100,000 at age 65. In case of death of an employee before age 
65, the payments continue until that employee would have been 65. The 
three employees are now exact ages 50, 53 and 55. The company 
determines that the payments due under this package can be met by the 
income and maturities generated by three bonds, each with a face amount of 
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100,000 and an annual coupon rate of 10% and with maturities of 10, 12, 
and 15 years. Determine the cost to the company to fund the severance 
package if the bonds have (effective annual) yield rates of 10% for the 10- 
year bond, 11% for the 12-year bond and 12% for the 15-year bond. 


Applying any of the bond price formulas from Chapter 4 gives prices of 
100,000 for the 10-year bond, 93,507.64 for the 12-year bond and 
86,378.27 for the 15-year bond, for a total cost of 279,885.91. With the 
purchase of these bonds, the company's liabilities to the three employees 
are exactly matched. 


As a variation on Example 7.5, suppose there are bonds available with a 
variety of coupon rates and maturity dates (including, perhaps, zero coupon 
bonds) The company might have several alternative combinations of 
investments whose asset income flows match the liabilities. Linear pro- 
gramming can be used to find the minimum cost combination of 
investments which matches asset flow to liability flow (see Exercise 7.2.1). 


In Example 7.5, once the company purchases the bonds, the payments to 
the employees are guaranteed at the exact amounts on the exact dates 
needed. It may not always be possible to obtain an exact match between 
projected asset income and liabilities due. Example 7.6 below considers 
alternative ways of setting up asset cashflows in an attempt to match the 
liabilities but that do not involve exact matching. A simpler illustration 
of the risk involved in asset-liability matching is presented in the 
following example. 


(Asset-Liability Matching) 


Suppose that there will be liability cashflows of amounts 1 each at times 
1 and 2, so that Lọ —0,Z; = L; =1. Suppose also that at time 0, the term 


structure is flat with yield rates of 10% for all zero coupon bond 
maturities. The present value at time 0 of the liabilities is 


vitvi = 1.735537. 


There are various ways of trying to structure asset cashflows to pay for the 
liabilities. Verify that each of the following series of asset cashflows has the 
same present value at time 0 at an interest rate of 10% as the series of 
liability cashflows. 
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(i) Ap =0,4; —45 =1. This series of asset cashflows provides exact 
matching with the liability cashflows. 


(ii) 49 =1.735537, 4 = 4; =0. Not exact matching, but present values 
at i= 10% of assets and liabilities are matched at time 0. 


(iii) 4p = A, = 0, 42 = 2.1. Not exact matching, but present values at i = 
10% of assets and liabilities are matched at time 0. 


SOLUTION 


We can interpret each of these three cases in the following way. 


(i) A one-year zero coupon bond with face amount | and a two-year 
zero coupon bond with face amount | are purchased to provide the 
asset cashflow. The cost of the two bonds is 1.735537 at time 0, and 
they will provide the exact asset cashflow to pay for the liabilities as 
they come due. 


(ii) We assume that cash deposits can be made into an account earning 
interest at a rate of 10%. The initial asset cashflow at time 0 is a 
payment of 1.735537 which is deposited into the account. At time 1, 
the deposit account has grown to 1.735537(1.1)=1.909091. The 
liability of amount 1 due at time 1 is paid by making a withdrawal 
from the account, leaving a balance of .909091 in the account. At 
time 2 the account has grown to .909091(1.1)=1.000000. The 
liability of amount 1 due at time 2 is paid by making a withdrawal 
from the account, leaving a balance of 0 in the account. 


(iii) A line of credit account is set up which charges interest at a rate of 
10% when money is owing to the account. The liability of amount 1 
due at time 1 is paid by taking a withdrawal of amount 1 from the 
line of credit at that time. The amount owed to the line of credit 
account at time 2 is 1.1 (one year of interest is added to the balance 
that was owing at time 1). At time 2 when the asset cashflow of 2.1 
is received, it pays for the liability of amount 1 due at time 2 and it 
pays off the balance owing of 1.1 in the line of credit account. This 
leaves a net asset-liability position of 0 at time 2. o 


The three asset cashflow series that are presented in Example 7.6 each 
have the same present value at 10% at time 0 of 1.735537. This matching 
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of the present values is generally the first step in the matching of 
liabilities and assets. In each of these examples, we see that if the interest 
rate environment that was in effect at time 0 continues to be in effect 
during the term of the cashflows, there will be a net surplus-deficit 
position of 0 at the time the cashflows end, An interest rate of 10% for 
any zero coupon maturity was in effect at time 0, and it was assumed to 
continue for the two year period. We have really just restated a basic 
principle of compound interest that if the present values of two cashflow 
streams are equal at a particular point in time, then their values will be 
equal at any other point in time, providing the interest rate used for 
valuation stays constant. 


7.2.1 REDINGTON IMMUNIZATION AND CONVEXITY 


In this elementary presentation of asset-liability matching concepts, we 
are assuming that the term structure at time 0 is flat with a yield to 
maturity of iy for all times to maturity. In attempting to match assets with 
liabilities we start out by ensuring that the present values of the two 
cashflow streams are equal at time 0 using ij. This can be represented 
algebraically as follows (we use the notations PV,(i) and PV,(i) to 
denote present values of asset and liability cashflows, respectively): 


PV (io) = LAY, = XT = PY. (7.9) 
0 


n 
Equation 7.9 can be written in the form 3:4, —L, vi = 0, or equivalently 
0 


in the form 


E-L =0. (1.10) 
0 


We can interpret this last equation in the following way. At each cashflow 
time point ¢ there is a net cashflow received of amount 4, — L,, which can 
be positive or negative. In Example 7.6(iii), we imagined that a line of credit 
account is in place in which interest is charged to the account at rate ij when 
the balance is negative and interest is credited to the account at the same rate 
ij when the balance in the account is positive. As the net cashflow amount 
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is received at time ¢, we regard it as being deposited into or withdrawn from 
the line of credit account, depending upon whether 4,-L,>0 or 
A, —L, « 0. At each intermediate point in time there would be a net balance 
in the account that could be positive or negative. Equation 7.10 says that the 
balance in the account is 0 at the time of the final net cashflow. In other 
words, the net surplus-deficit position is 0 at the time the series of asset and 
liability cashflows ends. 


The complication that arises in asset-liability matching is that although 
asset and liability cashflow present values may be matched at time 0 
using valuation interest rate ij, if there is a change in the interest rate, the 


present values might no longer match, and the surplus-deficit position at the 
time the cashflows end may no longer be 0. The imbalance that occurs 
depends on the relationship between asset and liability cashflow amounts. 


In Example 7.6(i) it can be seen that once the 1- and 2-year zero coupon 
bonds are purchased to provide the asset cashflows, changes in interest 
rate are irrelevant in that as the bonds mature, they exactly pay the 
liability amounts required. 


In Example 7.6(ii), the asset cashflow of amount 1.735537 was deposited 
into an account earning interest at rate 10%, and if the deposit account 
continued to earn 10% per year for the two year period, the assets would be 
exactly enough to pay for the liabilities. Suppose that for the first year the 
interest is 10% on the account, but at time 1, the interest rate on the deposit 
account changes to 9% for the 2” year. The balance in the account just after 
the liability payment at time 1 is still .909091, but the balance in the 
account at the end of the second year just before the liability payment is 
(.909091)(1.09) =.990909. After the liability payment of amount | at time 


2, the balance in the account is —.009091, so there is a deficit position in 
the assets as compared to the liabilities. 


It is impossible to know the future behavior of interest rates, so even 
though asset and liability cashflow present values are matched at time 0 
based on the interest rate environment at time 0, future interest rate 
changes can put the asset and liability valuations out of balance. What 
we may attempt to do is structure the asset cashflows so that small 
changes in the interest rate do not put the asset-liability relationship into 
a deficit position. One way we have seen to do that is to have assets 
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exactly matched with liabilities, so that 4, =L, for all 1 —0,1,2,...,». In 
that case Equation 7.9 holds for any rate ij, and there will never be a 


surplus or deficit position in the asset-liability relationship no matter how 
interest rates change. 


Without exact matching, there is the risk that if the valuation rate of interest 
deviates from its original value of i, to some other value i, then 
PV 4(i)< PV, (i) and the asset income flow will not be sufficient to balance 
the liabilities due. 


In 1952, the famous actuary F. M. Redington introduced a theory of 
immunization for an asset/liability flow. According to this theory, with a 
careful structuring of asset income in relation to liabilities due, small 
deviations in the interest rate from i to i result in PV,(i)> PV,(i), for 
both i>ig and i«ig. Therefore, whether the interest rate increases or 
decreases (by a small amount), the present value of the assets at the new rate 
of interest will be larger than the present value of the liabilities, and the 
asset-liability relationship will not change from a matched to a deficit 
position. 


The basic theory of immunization is as follows. Suppose asset income 
has been allocated so as to balance liabilities due at interest rate i) 
according to Equation 7.9. Suppose this allocation of asset income also 
satisfies the conditions 


d s dis gs 
“py, = “py, 7.1 
qi Val, = GPO, 939 
and 
d^ py j d^ py (i) (7.12) 
— L E ETE t ` " 
ap dme p IAM 
If we define the function A(i) to be 
h(i) = PV4G)- PV (i), (7.13) 


then (ig) =A'(i9) =0 (from Equations 7.9 and 7.11), and A"(i,) > 0 (from 
Equation 7.12). It follows that h(i) has a relative minimum at ig. In other 
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words, for some interval around jp, say (ij.iy). if ip <i<iy then 
h(i) > h(io) =0, or, equivalently, PV, (i) > PV, (i). 


With the asset/liability flow immunized in this way, a small change in 
the interest rate from ij to i where i is in an appropriate interval 
around ij as described in the previous paragraph, results in a surplus 
position in the sense that there is an excess of the present value of 
asset income over liabilities due when valued at the new rate i. The 
change in the interest rate must be small enough so that į stays within 
the interval. The actual interval of interest rates for which the 
inequality holds cannot be known without specific details of the 
cashflows and i, . This immunization of the portfolio against small 
changes in i is called Redington immunization. 


Definition 7.3 — Redington Immunization 


If asset cashflows are 4, for ¢=0,1,...,2 and liability cashflows are 
L, for ¢=0,1,...,7,, then the liability cashflows are Redington immu- 
nized by the asset cash flows at valuation rate i; if the following con- 
ditions are met 

© PVQG), = PVQG), 

- d r d j 
ii PV] =- PV, (i) 
(ii devaj = £m) 


lio iy 


2 ! 
(iii) = Prao 


2 


ero) 


D 
iy 


The second derivative of a function at a point is sometimes used as a 
measure of curvature of the function at that point. A concept related to 
this is that of the convexity of a series of cashflows. There are two 
versions of convexity that we consider. The first is modified convexity, 
which relates to asset-liability matching. 
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Definition 7.4 — Modified Convexity 


The modified convexity of a series of cashflows is the second 
derivative of the present value of the cashflows with respect to the rate 
of valuation divided by the present value. For the series of cashflows 
A,,A\,...,4, made at times 0,1,...,7 , the PV at time 0 at interest rate 


n 
i, is 274 x(l +i)” , and the convexity of the series is 
=0 


2 n 
a. PV4GQ) — Yu DAQ o) 7 
di ly ra 


Coa (i) = PVD), 


2 
VAC +i) 


tl 


Equation 7.12 can be restated as Cy Assets (0) > Cmod, Liabilities (I0 ) ; i.e. the 
modified convexity of the (present value function of the) assets as a 
function of the rate of interest is greater than the convexity of the 
(present value of the) liabilities. 


In Exercise 7.2.3 it is shown that Equation 7.11 is equivalent to 


Dexa xv, = Xt, (7.14) 


and if Equation 7.11 is true then Equation 7.12 is equivalent to 


YP x4 xv, > PP xl xy. (7.15) 


It follows from Equation 7.11 being true that PV,(i) and PV, (i) have the 
same duration (modified or Macaulay) with respect to interest rates. This 
says that for small changes in the interest rate away from jy, the changes in 


the present value of the assets and the present value of the liabilities are 
approximately the same. 


Suppose that the conditions in Equations 7.9 and 7.11 are satisfied, 
PV (ig) = PV, (ip) and PIA = py () 
s di ig di 


io 
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Then Equation 7.15 is equivalent to 
Ll Danae io] x4 xvi > Y[t-Dax(0] x Li xvi. (7.19) 


Equation 7.16 would be correct if Dmoa(io) is used in place of 
Dwac(io). We see that if Equations 7.9 and 7.11 are satisfied, the 
asset/liability match is immunized if the asset income flow is more 
"dispersed" or “widely spread" (in time) about D(io) (Macaulay or 
modified) than the liabilities are. The liability cashflow series in 
Example 7.5 is used in the following example to illustrate how the 
conditions for immunization might be met by ensuring a greater 
dispersion of asset cashflows than liability cashflows. 


EXAMPLE 7.7 f (Redington immunization) 


To immunize the liabilities due in the severance package described in 
Example 7.5, the company purchases an investment portfolio consisting 
of two zero coupon bonds, due at times /, and ¢, (measured from the 
starting date of the severance package). Suppose that the term structure is 
flat at an effective annual rate of 10%. For each of the following pairs ¢, 
and /,, determine the amounts of each zero coupon bond that must be 
purchased and whether or not the overall asset/liability portfolio is in an 
immunized position: 

(a) (20, t =15; 

(b) 4 =6, h =12; 

(c) 422, t 214. 


Let X be the amount of zero coupon bond purchased with maturity at t 
and Y the amount with maturity at ¢,. In order to satisfy Equation 7.9 we 


must have Xxviig+¥x Vito -XLxv(y-300,000 (this is the present 
value of the liabilities). 


In order to satisfy Equation 7.11 we must have 
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xX xvVio th xYxvi = Lex L, xvi 
30,000» + 2(30,000)v? + 3(30,000)»? 
+-+-+9(30,000)v? + 10130, 000)v!° 
+11(20,000)v'! +12(120,000)v? 
+13(10,000)v"? + 14(10, 000)v'# 
+15(110,000)v'5 
2,262,077.228. 


Solving these two equations for X and Y in each of the three cases, we 
obtain the values 

(a) X =149,194.85, Y = 629,950.53; 

(b) X =395,035.30, Y = 241,699.38; and 

(c) X =195,407.21, Y 2 525,977.96 


The third immunization condition, Equation 7.12, requires that 
(x Xxvi e idxYxvi > DP xL xv 
The right-hand side of the inequality is equal to 


30,000v + 2? (30,000)? 4-32 (30,000? +--+ 
+97 (30,000)? 4-10? (130,000), 
+117(20,000)v'! 412? (120,000)? +137 (10,000)? 
414^ (10,000)v'^ - 15? (110,000) 
= 22,709,878. 


In case (a) t? x X x vio +13 x Y x vto (the left hand side of equation 7.18) 
is 33,931,158, so this portfolio is immunized. In case (b) the left hand 
side is 19,117,390, so for small changes in the interest rate away from 
10% (positive or negative), the present value of assets will be less than 
the present value of liabilities, so the portfolio is not immunized. In case 
(c) the left side is 27,793,236, so the portfolio is again immunized. a 
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Another measure of convexity is Macaulay convexity. 


Definition 7.5 — Macaulay Convexity 


The Macaulay convexity of the series of cashflows 4), A,,...,4, 


made at times 0,1,...,7, at interest rate 7 is 
n 
VPA +0) 
Cmac (io) == 


SAC + in) 
tz 


The main application of Macaulay convexity is in the second-order 
Macaulay approximation to changes in present value when the interest 
rate changes. This will be presented in the next section. Macaulay 
convexity of a series of cashflows is related to modified convexity by the 
Coe 0) + Di) 


following relationship: Cpa (i) = 
E p: Cog Ci) (iy 


7.2.2 FULL IMMUNIZATION 


In Exercise 7.2.8 you are asked to show that in case (a) of Example 7.7 
the portfolio is actually fully immunized. 


Definition 7.5 — Full Immunization 


A portfolio is fully immunized if X 4, x v 2 XL, xv! for any i 0. 


In case (c) A(i), the PV of asset cashflows minus the PV of liabilities due, 


has a relative minimum at i(,—.10, but X4 xv «XL xv for 
sufficiently large values of ;. That is, in case (c), a deficit in present value 
may occur if the change in interest is large enough so that i is far enough 
from 10%. Thus, in case (c), the portfolio satisfies the conditions of 
Redington immunization at i,—.10, but the portfolio is not fully 
immunized. The graphs of A(i) for cases (a) and (c) of Example 7.8 are 
shown in Figure 7.3 (not to scale). 
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h(i) hü) 


(a) (c) 


ig i ig 


FIGURE 7.3 


As time goes on, changes in interest rates may occur. This consideration, 
along with changing times until liabilities are due and asset income is 
received, may require that the asset portfolio be updated to maintain an 
immunized position. 


We now further investigate the concept of full immunization defined 
above. Suppose liabilities due consist of a single liability of amount L, 
at time s 20, and asset cashflows consist of two cashflows, A, and A, , 
occurring at times f, and f, , respectively, with /, < t . Suppose also that 
Equations 7.9 and 7.11 are satisfied with the current values of 
1.5, L,,1,, 4, and 4, , where 4 $s and f 2sat interest rate i per 
unit time. Then Equations 7.9 and 7.11 become 


A,xvit +4, xve =L xvi (7.17) 
and 


í à ; 
fA, xvi thA xv? = sx Lx. (7.18) 


To simplify notation we define a=s—t, and b=t,—s. As before, the 
function h(i) = PV4(i)—PV, (i) = 4, xv} +4, xv? —L, xv? will be the 
present value of asset minus liability flow, valued at interest rate i. With 
some algebraic manipulation (see Exercise 7.2.9), h(i) can be 
formulated as 
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a Wb 
vail (Ste) vn rnt 4 +4) 
: IE] bild b 


vi x A, x gi) (7.19) 


h(i) 


We see that A(ij) 20 and g(ij) -0 and 


a -b 
= aii 1+i) _f 1+i 
g'(i) = a(l+i) (53 (=) | 
Since a>0 and 520, it follows that g'() 20 if i2iọ, and g'(i)<0 if 
iig. Therefore, g(i) is increasing for i2i9 and g(i) is decreasing for 
iXig. The function g(i) has an absolute minimum at j 2 ig, and since 
g(io)=0, it follows that g(i)>0 for any interest rate i. Therefore 


h(i) 20 for all i, and the asset/liability flow is fully immunized against 
changes in interest rates of any size. 


This full immunization of a single liability due can be seen from another 
point of view. Earlier in this chapter we saw that the Macaulay duration 
of a single amount payable at time ¢ in the future is simply equal to ¢. It 
then follows from Equation 7.16 that any allocation of asset income 
involving two or more non-zero 4,’s that satisfies Equations 7.17 and 


7.18 will result in full immunization, since the right-hand side of 7.16 is 
zero for a single liability due but the left-hand side will exceed zero. 


(Full immunization) 


Use the method of full immunization outlined in Equations 7.17, 7.18 and 
7.19 to find the values of Ag and As that immunize Z;; =120,000, 
assuming i; =.10,¢,=0,f2 =15 and s=12. 


We wish to solve the two equations 


Ay x lo As xvii, = 120,000x và, = 38,235.70 
and 


Ox Ay xv +15x A x vl, = 12x(120,000x!,) = 458,828.38. 
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The solution is Ag =7647.14 and 45 =127,776.00. Note that 
h(0) =15,423.14, h(.10)=0, lim A(i) = 49 = 7647.14, and h(i) is de- 
inn 


creasing for 0<i<.10 and increasing for i>.10. If the interest valuation 
rate were to drop to 0 from i; =.10, a profit of 15,423.14 could be made, 
since some of the assets could be sold while still maintaining sufficient 
assets to cover liabilities at the new interest rate of 0. a 


Assuming s, Ls, and ig are known, Equations 7.9 and 7.10 involve the 
unknown quantities An, A, ¢ and t2. In general, given any two of 
these four quantities, there will be a unique solution for the other two so as 
to fully immunize the portfolio. (Cases may arise in which one of the 4’s 
or fs is negative, or there may be infinitely many or no solutions; see 
Exercise 7.2.11). In Exercise 7.2.4, it is shown that if each of the liabilities 
due in Example 7.5 is fully immunized (at i =.10) according to the method 
above, using ^4; =0 and /5 =15, then the total asset income allocated for 
all liabilities combined is the same as in part (a) of Example 7.7. 


In discussing Redington immunization and full immunization, there have 
been the following two implicit assumptions. 


(1) The term structure of interest rates is constant or flat for all 
maturities. 


(2) When interest rate changes occur, the change is the same throughout 
the term structure. In other words, there is a parallel shift in the term 
structure. 


These implicit assumptions have been reflected in the examples. In 
practice it is not common to find a flat yield curve, and shifts in the term 
structure are usually not parallel, so that it may not be possible to fully 
immunize a portfolio. Suppose in Example 7.8 the 10% interest rate 
becomes 11% for the 12-year term and 11.1% for the 15 year term. Then 
the present value of the asset flow is 


7647.144127,776.00x vi), = 33,994.58 


while the present value of the liabilities is 120,000 xv! — 34,300.90. 


The portfolio is not immunized against this almost parallel shift in the 
yield curve. The theory of immunization can be extended to situations 
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involving term structures that are not flat and shifts in the term structure 
that are not parallel, and even to stochastic models of the term structure. 
Stochastic models are beyond the scope of this text. 


7.3 APPLICATIONS AND ILLUSTRATIONS 


7.3.1 DURATION BASED ON CHANGES IN A NOMINAL 
ANNUAL YIELD RATE COMPOUNDED SEMIANNUALLY 


The presentation of duration in Section 7.1 assumed that the series of 
cashflows had annual payments and the yield rate was an effective annual 
rate of interest. The presentation could have been based on any equally 
spaced period for the payments with a yield rate that was compounded with 
the same frequency as the payments are made. The units in which duration is 
measured would be based on the payment period, so a duration of 10 would 
mean 10 payment periods. In practice, the conventional units for duration are 
years. It is a simple matter to convert from describing duration in terms of 
the payment period to describing duration in terms of years. 


In practice, bond coupons are paid semiannually and bond yields are quoted 
as nominal annual rates of interest compounded semiannually. Macaulay 
duration would be defined in the same way in which it was in Definition 7.1, 
except that the interest rate i (or j) would be a 6-month yield rate, and the 


units for D... (/) would be in half-years. The Macaulay duration measured 
in years would then be found by dividing by 2 to get a measure in years. For 
instance, consider an n-year zero-coupon bond at a yield rate of i). If we 


, then the present value of the bond is P -(1«j)?". 


Applying definition 7.1 we would get a Macaulay duration of 
2nx(1+ jy" 


—7 — = 2n half-years, or equivalently, n years. 
a+" 


In the case of modified duration, again consider an n-year zero coupon bond 


V $ ioca a. FON : 
with a yield rate ¿®. Again with j= D. the present value of the bond is 


P-(-j)^" and the modified duration would be 
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= 2n(1+)' half-years (the interest rate j is a half-year rate). If the 
derivative in the numerator is taken with respect to the nominal annual 
rate (7), then the modified duration becomes 


d (2) (2) 1 
p (1+) 7 _-2ali+) x3 
0j)?" 02)?" 
;*X-2n-l 
S ny. - aa jy. 
ay?” 


" A ur) "NUS . "^ 
What has happened is that since j = derivatives with respect to i‘? 


are half as big as derivatives with respect to j. 


(Macaulay duration) 


A 10-year 5% bond has semiannual coupons and is currently valued at 
i? 2594. Find the Macaulay duration of the bond (in years). 


SOLUTION 


This bond has = 20 semi-annual coupons, a coupon rate of r =.025 
every six months, and a 6-moth yield rate of j =.025. Using a face amount 
of F =100, the Macaulay duration as measured in half-years is 


20 
È 2.52(1.025) + 100(20)(1.025)? 
= fl 


D= = 15.979. 


20 
© 2.5(1.025) -100(1.025) 79 
t= 


Note that the first term in the numerator is the increasing annuity 
2.5(Ja);i 935- Any face amount could be used. The coupon amount and 
redemption would be scaled up appropriately. 


The Macaulay duration in years is 4x15.979 = 7.989 years. a 
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7.3.2. DURATION BASED ON CHANGES IN THE FORCE OF INTEREST 


Theoretical analysis of financial mathematics often is based on continuous 
compounding (force of interest) for valuations. If the yield to maturity on a 
cashflow series is ó (flat term structure), then the present value is 


P-XK,e. If sensitivity is based on changes in 6, then 
tal 
n 


p= -XiK,e, and the rate of change of the present value per 
tal 


dollar invested is cH - . As in the formulation for duration 


Ske” 
tal 
based on annual effective interest rate, this version is a weighted average 
of the time until payment of all of the payments in the series. This is the 
form of Macaulay duration in terms of force of interest. Note that there is 
no distinction between modified and Macaulay duration when we are 
basing sensitivity on changes in the force of interest. 


We have just described a version of duration that is based on changes in 
the force of interest. We can also define a version of convexity based on 
changes in the force of interest. The Macaulay convexity is defined to 


d? p PK” 
be 4— = £1 — . and this is the same as the modified convexity 


when measured in terms of force of interest. 


7.3.3 DURATION BASED ON SHIFTS IN THE TERM STRUCTURE 


The duration measure that was developed in Section 7.1 is based on the 
change in the yield to maturity for the series of cashflows. We have seen 
in Chapter 6 that valuation of a cashflow series can be done using the 
term structure of spot rates of interest. In the duration measure 
considered in Section 7.1, the assumption was made that the term 
structure is flat, with the same yield to maturity, say i, for payments at 
any time in the future. In that case, as pointed out in Section 6.1, the 
yield to maturity for any coupon bond will also be i for any term to 
maturity and any coupon rate. 
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In practice, it is not usually the case that the term structure is flat. It is 
most often the case that the term structure is an increasing function of 
time to maturity for zero coupon bonds. 


For a series of annual payments of amounts K;, K»...., K,, the present 
value of the series using a yield to maturity ; for all payments is 


n " " -4 y K +i)“ 
P-XK,(0-i)', and the modified duration is — =o 
tà DET M 

[ 
The derivative in the numerator can be expressed in an alternative, but 
n n 
equivalent way, LEK, +i)" = EK, (ea) (evaluated at 
tl tl exo) 


a=0). We are using the derivative relationship f'(x) 


a foa), .- 


We will continue to use the notation introduced in Section 6.1 for the 
spot rates of interest, so that 7; denotes the yield on a zero coupon bond 
maturing in / years (at time 0, the time of valuation). The present value of 
a series of n annual payments starting one year from now with payment 


n 
amounts of Ki,K,,...,K, can be expressed as P = X K, (18) *. 
t=1 


Suppose that a change in the term structure occurs in which each yield in the 
term structure is “shifted” by amount a, so that the yield on a f-year zero 


coupon bond becomes 7, +æ. The present value of the series of payments 
n 

can be formulated as a function of æ, Pry(a) = X K,(l+r,+a)", and 
m 


note that P,s(0)= P (present value based on original term structure). 
The derivative of Pj; (c) with respect to @ is 


a. 


"m 7 n u 
da ne) = daa 5 bep) ! 2 -YUK nna). 


re 


2 n 
This derivative evaluated at 2-0 is P,(0)-—XK,(lo5) ^". The 
tal 


modified duration of the series of payments based on the change in œ is 
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n 
EK, (en) 
= = Since we are assuming that the spot rates are 


7 
X K, +y" 
is 

all changing by amount œ simultaneously, the situation above is referred 
to as a parallel shift in the term structure. 


We can also define a version of the Macaulay duration of the series of 
payments in a way analogous to that when the term structure is flat. This 


n, 
tK (ny 


— , the weighted average that we saw earlier. With 


a flat term structure with as the yield rate for all maturity time, we had 
the relationship Dae (i) = D, G) x (1 +i) . Such a relationship does not 


exist in the more general case of a non-level term structure. 


EXAMPLE 7.10. fi (Duration based on change in term structure) 


Suppose that the current term structure of interest rates has the following 
schedule of spot rates for maturities of 1, 2, 3 and 4 years: 


Maturity l-year 2-year 3-year 4-year 
Spot Rate .05 10 AS 20 


A four-year bond has annual coupons at 10%. Find the modified duration 
for the bond based on a parallel shift in the term structure. Find the yield 
to maturity for the bond. Find the modified duration for the bond based 
on a change in the yield to maturity. 


The bond price for a bond with face amount 100 is 


Pry = 10[ (1.05)-!+ (1.10)2- 1.15) (1.20) ]+100(1.20)4 = 77.41. 


The modified duration of the bond based on a parallel shift in the term 
structure is 
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RE 
mo EO) 
BO Ek am 
... 10/(1.05)242(1.10)3 &30.15)4(1.20) 5] 100(4I(1.20)-5 


10[(1.05)7'-- (1.10)? + (1.15)? + (1.20)*]--100(1.20)^ 
= 2.82 years. 


Based on the term structure, the yield to maturity for the bond is i, where 
7741 = V0[ (c) 19)? + (14a) + (1i) J+ 10001414. 


Solving for i results in i=.1847, The modified duration of the bond 
based on changes in the yield to maturity is 


1O[(1.1847)2+ 2(1.1847)3+3(1.1847)4 


*4(1.1847) 5] 100(41.1847)5.—. 
10[(1.1847)-1- (1.1847)2 4 (1.1847)? 


2.88. 
+(1.1847)*]+100(1.1847)* 


Even with this extreme case of an increasing term structure, the difference 


between the modified duration based on term structure and that based on 
yield to maturity is not large. 


The Macaulay duration of the bond is 
DtK, (l+) 
tz 


ÈK, 0)" 
tl 


... 10[(1.05) 201.10) ? +3(1.15)3+4(1.20)4]+100(4)(1.20)4 


10[(1.05)~!+ (1.10)? + (1.15)? + (1.20) ]-100(1.20)* 
3.33 years. 


The Macaulay duration of the bond based on changes in the equivalent 
yield to maturity .1847 is D nog x (1 +i) = 2.88 x 1.1847=3.41. 
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If there is a 10 basis point parallel shift up in the term structure, the revised 
bond price will be 


Ps = 10[(.051)7- (1.101)-2+ (1.151) (1.201) ] 
4100(1.201)* = 77.194. 


Applying the linear approximation with modified duration, the 
approximate price after the parallel shift would be 
77.41-2.88x.001x 77.412 77.187 . 


Applying the Macaulay method to the bond price based on equivalent 
yield to maturity results in an approximate price of 
341 
Tia ( E887) — 77.188. The purpose of this comment is to show 
that when the term structure is not flat, for a particular bond, we can 
make the approximate assumption that the term structure is flat at that 
bond's YTM. We can then find the Macaulay duration and approximate 
changes in bond price based on that approximate flat structure. In this 
example, we see that this approximation gives quite an accurate 
numerical answer. o 


When changes occur in the term structure, the change is generally not a 
parallel shift. Short term rates tend to be more volatile than longer term 
rates. Suppose we consider the following model for the price of the bond 
based on the term structure in Example 7.10. 
P (æ) = 10[(1.05+a)"! 

+ (1.14.75) 2 (1.15459) + (1.24250) * ] -100(1.24:252)) * 
Under this model, the 1-year rate is most sensitive to a change in a, and 


the longer term maturities are less and less sensitive. The modified 
duration with respect to change in a is 


10[(1.05)2 + 2750.10) 
PO +3(.5)(1.15)* + 4(.25)(1.20)5] + 100(4)(.25)(1.20)-5 
Ps (0) 10.05)" + (1.10) + (1.15) + (1.20) *] + 10001.20)" 
= 94, 
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It is not surprising that the duration is smaller than in Example 7.10, 
since most of the variability is in the shortest term rates. 


Although shifts in the term structure are usually not parallel, the measure 
of duration based on yield to maturity can be useful when comparing the 
interest rate risk of various bonds. If two sets of series of payments have 
the same duration, they have approximately the same sensitivity to a small 
change in yield to maturity or to a small change in the term structure. 


7.3.4. EFFECTIVE DURATION 


The definition of duration was based on a series of cashflows that were 
fixed, such as those of a non-callable bond. A series of cashflows may 
have “embedded options". For instance, a callable bond (callable by the 
issuer) gives the bond issuer the option of redeeming the bond at any 
time over a range of redemption dates. If the yield rate is above the 
coupon rate, the bond issuer will redeem the bond at the latest date, and 
if the yield rate is below the coupon rate, the bond issuer will redeem the 
bond at the earliest date. 


Suppose we consider a callable bond and that it is past the earliest 
redemption date, so that the issuer can call the bond at any time. Suppose 
that the yield rate right now is slightly above the coupon rate. Then the 
bond issuer will not redeem the bond now. Suppose further that there is 
sudden change in yield rate and it falls below the coupon rate. Then the 
bond issuer will redeem the bond now. The way in which the bond price 
is changing is not a differentiable function of the yield rate, because the 
change in yield rate is not only changing the present value of cashflows, 
it is changing the actual cashflows because the bond will be redeemed 
now instead of later as a result of the change in interest rates. The usual 
definitions of duration cannot be used since they are based on certain 
(non-contingent) cashflows. 


For cashflows that include embedded options which may change the 
actual cashflows as a result of a change in interest rate we have the 
notion of effective duration. If the current interest rate being used to 
aa i EE T is " 
value cashflows is i,, then the effective duration is Play PV 
2hx PV, 
In this expression, / represents a change in the interest rate. In practice, 
the value of / might be from a few basis points to a full percentage point, 
and the effective duration will vary depending upon the value of /. For a 
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series of cashflows that are fixed, the effective duration should be 
approximately equal to the usual modified duration, approaching 
modified duration as a limit as h > 0. 


EXAMPLE 7.11. M (Effective duration) 


Suppose that a 10-year bond has face amount 100 and annual coupons of 
amount 10 cach. Suppose further that the bond is callable at 100 at the 
option of the bond issuer on any coupon date (just after the coupon is 
paid) starting with the 5" coupon. Suppose that just as the 5" coupon is 
due, the bond’s YTM is 10.1%. Using a 50 basis point change up or 
down, calculate the effective duration of the bond at that time. Calculate 
the effective duration of the bond if it were not callable. 


Ata YTM of 10.1% the bond price is 100vio, +1045 p, 799.62. 


The bond issuer will not call the bond at this point because the bond price is 
below the cost to call, which is 100. If the YTM was 10.6%, the bond price 
would be 100v4 94 +1 Oaz jog =97-76, and again the bond would not be 


called. If the YTM was 9.6%, the bond price would be 101.53, so the 
bond would be called as the issuer can call at 100, which is less than the 
bond value at that YTM. 

i ioni 100 —97.76 
The effective duration is 2x 005 x99.62 
If the bond is not callable, the effective duration is 

101.53-97.76 _ 

2x,005%99.62 779 Oo 


The notion of convexity can be extended to effective convexity. The 

effective convexity of a series of cash flows is defined to be 

PV, —2PVi, + PVigsh 
h? x PV, 


effective convexity depends on the value of h. 


. As with the definition of effective duration, 
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7.3.5 DURATION AND CONVEXITY APPLIED TO APPROXIMATE 
CHANGES IN PRESENT VALUE OF A SERIES OF CASHFLOWS: SECOND 
ORDER APPROXIMATIONS OF PRESENT VALUE 


Section 7.1.3 considered “first-order” methods to approximate the 
change in present value of a set of cashflows when a change occurred in 
the valuation interest rate. The first order modified approximation was 
based applying a Taylor series expansion of the present value function 
P(i) (a function of the valuation interest rate i). The approximation was 


referred to as “first-order” because the Taylor expansion was taken to the 
first-order (first derivative) term. 

The Taylor series approximation to the second-order (second derivative) 

2 

term is P(iy +h) = P(ig)+ hx P'(ig) + ae P'(ij). This is the second- 
order modified approximation of the present value function. Recalling 
that P'(i) 2 -P(,) x Dmoa (ig) and that P"(i,) = PCi) x C, (ip) (where 
C ma o) is the modified convexity of the set of cashflows), the second- 
order modified approximation can be formulated as 


Ph) Poxi -hx Dno lin) x C moa à») (7.20) 


The other approximation method derived in Section 7.1.3 was the first- 
order Macaulay approximation to the present value function. This was 


po \Panac lo) 
given in Equation 7.6 as P(ig+h) = P(iy)x (+4) 
0 


In the Appendix of the Society of Actuaries study note written by Robert 
Alps the following approximation, the following approximation is derived. 
It is referred to there as the second-order Macaulay approximation. 


; Dos (ig) 2 
Pligth) = Pays (ct (4 h ) x 


l+ig+h lig 


The next example is an extension of Example 7.3, applying the second 
order approximation methods just described. 
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EXAMPLE 7.3 (continued) f (Second-order approximation) 


In the original Example 7.3, the following bond was considered: 

10 coupon bond with 5% coupons and a yield rate of 10% 

The bond has face amount 100. The first order modified and Macaulay 
approximations were applied to approximate the change in present value 
that occurs as a result of an increase in yield rate of 10 basis points 
(.1%). Apply the second-order modified and Macaulay approximations 
and compare them to each other and to the first order approximations. 


Calculations will be done to greater accuracy to help assess the accuracy 
of the methods. The exact price of the bond is 
100v? + Sai; , =69.27716447 


The exact price of the bond at the changed yield rate is 
100v; +5475 9 = 68-79687762. 


The Macaulay duration of the bond is 7.66086256 and the modified 
duration of the bond is D, (1) E —6.964420509. 


The first-order modified approximate price for the bond is 69.7947, with a 
relative error of 3.2x10^?. The first-order Macaulay approximate price for 
the bond is 69.7966, with a relative error of 4.4x10% . The second-order 


approximations require the values of the modified and Macaulay 
convexities for the bond. 


The Macaulay convexity for the bond is 
10 
2 Ly" 

at LPAI sq caesi) +105% 100010 
ac Uo) 7 ^4 = 
SN TE 5x(v, evi 8h) 105v 

d 

tal 

=69.05183414. 
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10 
DEDAU)? 
The modified convexity is C mog (5) =p 


ZAU" 
tal 
=63.39892289 . 


Applying the second-order modified approximation, the bond price is 
2 
P(.1+.001)= PC1)x{ 1-001 Dy) + 001 kc a n) 


2 
=69.27716447 x (i —.001x6.964420509 07 x 6339892289) 
= 68.79688522. 


The relative error in this approximation is 
|68.79688522 = 68.79687762| 


= -7 
68.79687762 EILS 


The relative error in the first order modified approximation was 
32x105. 


Applying the second-order Macaulay approximation, the bond price is 
Dase (io) 2 Carne )- DA.) 
P(.1+.001) = Pdh] ? («91 ERE 


1.101 L1 2 
69.27716447 x|} scis 14. (.001 2 69.05183414-7,66086256? 
i (ii) * «(gt X— M 3—— 
= 69.79687760. 
The relative error in this approximation is 
8.7979687760 — 68. 
[8.7979687760 ~€8.79687702|_ cay " 


68.79687762 
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7.3.6 SHORTCOMINGS OF DURATION ASA 
MEASURE OF INTEREST RATE RISK 


As noted earlier, conventional measures of duration that we considered in 
Section 7.1 are based on yield to maturity and parallel shifts in the term 
structure. In reality, this is not the way interest rates change. 


A second shortcoming is that the duration of a series of payments will 
change as time goes on, even if there is no change in the yield rate. For a 
zero coupon bond, the Macaulay duration is the time to maturity, which 
decreases as time goes on since we are getting closer to the maturity date. If 
two series of payments valued at the same yield to maturity i have the same 
present value and the same duration at time 0, then at any later time, if they 
continue to be valued at the same yield to maturity i as they were earlier, 
they will continue to have matching present values and durations at that later 
time. If, however, at the later time they are valued at a yield to maturity other 
than i, their present values and durations may no longer be matched. This is 
illustrated in the following example. 


EXAMPLE 7.12. (Duration drift) 


We consider the following two portfolios of bonds 


Portfolio 1: A 10-year zero coupon bond with face amount 100. 


Portfolio 2: A 5-year zero coupon bond with face amount 41.39 
combined with a 20-year zero coupon bond with face amount 
86.46. 


The yield to maturity for all bonds is ; 1096. 


Show that the present value and Macaulay durations of the two portfolios 
are matched at any time before 5 years if the yield to maturity stays at 
10%. Suppose that afier one year the yield to maturity for all bonds is 
1196. Find the present values and Macaulay durations of the two 
portfolios. 


SOLUTION 


The present values and durations at time 0 of the two portfolios are: 
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Portfolio 1: PU -100(1.1) 238.55 and DU =10 
(for a zero coupon bond). 


Portfolio2: | P?) = 41.39(1.1)? +86.46(1.1) °° 238,55 and 


41.39(5)(1.1)* «8646Q0)0. 7? _ 
38.55 


D® = 10. 


At time ¢ the present value of Portfolio 1 is 


PY = 1000.1) q.1Y = 1000.) = 38.55(1.1)', 
and the present value of Portfolio 2 is also 


PO = [41.3901.1)5+86.46(1.1) 2 ]a.1y 
= 41.39(1.1 6? 48646(1.1) 0 = 38,55(1.1)'. 


At time f the numerator of the Macaulay duration for Portfolio 1 is 
100(0-/)0.1) 09? = 100(0)(.1) 9? — 100r(1.1) 097? 
At time ¢ the numerator of the Macaulay duration for Portfolio 2 is 


41.39(5-0y(.1) 6? + 86.46(20—2)(1.1) 2) 
= 41.39(5y(1.1) 6-9 
*86.46(20y1.1) 0-0 — ¢[ 41,3901. 1) 6. 86.46(.1) 97? ]. 


Since the durations were matched at time 0, it must be true that 
100(10).1)79 = 41.39(5)(1.1)5 -86.46(20y(1.1)9, 
and therefore 
100(10)(1.1) (1.1 = [41.39(5y1.1)5 +86.46(20)(1.1)° Ja.1y. 


Also, since at time 0 the present values are matched, we have 
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1001.19 = 41.39(.1)? +86.46(1.1) °°, 
and therefore 
1001.1) ay! = [41390.05 +86.460.1) 2 Jan’. 
It follows that the numerators of the Macaulay durations of Portfolios 1 
and 2 are equal at any time ¢ before 5 years, so that the durations are 


matched at any time ¢ before 5 years. 


With a yield to maturity of 11% at time 1, the present values at time 1 of 
the two Portfolios are: 


Portfolio 1: P? =100(1.11)° =39.09 and D® =9 
(for a 9-year zero coupon bond). 


Portfolio 2: P® = 41.39(1.11) ^ «8646(1.11) ^ = 39.17 and 


41.39(4)0.1)/^ &86.4609)0.1 ^. 
39.17 


po = 856. O 


Exercise 7.1.3 shows more generally that for a series of more than one 
payment, as the yield to maturity increases the duration will decrease. 


7.3.7 A GENERALIZATION OF REDINGTON IMMUNIZATION 


Suppose that the annual asset cashflow series is 4j, 45,...,4, and the 
annual liability cashflow series is Z,L2,...,Ln, and suppose that the 
current continuously compounded term structure is Ó;, but after an 
instantaneous interest rate shock the term structure changes to ô. We 


gu 


define the function g(t) to be g(t) = "I 1. Then the change in the 


present value of the surplus (present value of asset minus liability 
cashflows) is 
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S'-8 = Y4-LYe" e^) = Y (4-L)xe"*g(r). 


00 120 


Using Taylor's expansion about 0 to the 2” derivative term and the 
weighted theorem of the mean for integrals applied to the function g(r) 


it can be shown that 
S'-S = g(0x X(A-L)e9 eg (0)x X (4-L)e 9 
Po (50 


+58"xZP (4-165 
Po 


for some value of c between 0 and n. The value of c depends on the nature 
of the interest rate shock. If the present value of asset and liability 
cashflows are matched, and the first *moment" of their present values is 
matched under the current term structure (before the interest rate shock), 


then D(4,-L,)e% = X ((4,-L,)e? =0. Note that since g(0)=0, the 
0 (50 


first condition is not needed, and also, in general, first moments being 
matched is similar to, but not exactly the same as parallel shift duration 
matching for effective annual interest rates. Then, 


if the interest rate shock is a parallel shift in the term structure, say 


à, = Â +e, 
we have 
a) = Sii = etat 
and 
g'(c) = ee, 
so that 


i =f = leet) anys. 
o 


If the usual Redington immunization requirement for immunization is 
satisfied (2"! moment of present value of asset minus liability is positive, 
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EÜC(A-L)e"* 20) then S'—S 2 0 and the assets immunize the 
150 


liabilities. This analysis is valid even if the term structure is not flat. 


7.4 DEFINITIONS AND FORMULAS 


Macaulay Duration 


The Macaulay duration, denoted D, is usually referred to simply as 
"duration." 


n n 
Tek (ti LK, Hn)" 
Diii) Et EL. (4) 
X Key" 

[s 

Modified Duration 

The modified duration, denoted MD (sometimes referred to as 
“volatility”) of the set of cashflows K,, K,,... is 


. j Bat EE 
Aou. Ae a 


Dy) «at e cm = 


- aD 
ÈK, (+) 
tal 


Modified duration and Macaulay duration of an n-year zero coupon 
bond 


Dac) = Day) * (+i) = nv(1+i) = n. (7.3) 
dp pyra 
Dali) = -E = A = niriy” = m. (74) 


First-order approximate change in the present value of a set of 
cashflows 


Macaulay Pish) = Pi) ( 1 z) (7.6) 


Modified. Pi) P()) = hx £ P(i) = -hx P)x Dass). (7.5) 
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Macaulay duration of an n-year coupon bond 


n 
XtxFrxv,*nxFxvj 


Dmac(i) = = (7.7) 
Frxvi e Fxvj 
tal 
Macaulay duration of a portfolio 
m m 
dx X-(0«)4 X, È Dmc > Xt 
Dyae(i) = - (41) = SL =e (7.8) 


Redington Immunization 


If asset cashflows are A, for ¢=0,1,...,7 and liability cashflows are L, for 
1—0,1...,7, then the liability cashflows are Redington immunized by the 
asset cash flows at valuation rate i, if the following conditions are met 


(i) PVA), = PaO 
* dios o dnas 
(ii) gerol, = dero (7.11) 
m " d? " 
(iii) PVA) > Spr) (7.12) 
"iu E N 
Convexity 
Modified Convexity 
" 
d-PyQ) PHD? 
zi 1 
Coi) = = tal 
nod (i) PVs, 


n 
DA + io" 
=I 
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Macaulay Convexity 


YCOAQ i)" 
Crac (io) --L— — ——— 
DAC + io" 
tl 


Relationship Between Modified and Macaulay Convexity 


C. (D4 D... 
Cus (i) = ee 


Full Immunization 
A portfolio is fully immunized if X4, «v > XL,-v for any i>0. 


7.5 NOTES AND REFERENCES 


The concept of duration was introduced by Frederick Macaulay in the 
book titled Some Theoretical Problems Suggested by the Movements of 
Interest Rates, Bond Yields and Stock Prices in the United States since 
1856, published by the National Bureau of Economic Research in 1938. 
The concept of duration was not widely used in practice until the 1970s. I 
would like extend my gratitude to Robert Alps for providing detailed 
comments on duration and in particular for enlightening me on the first- 
and second-order Macaulay approximations. In 2017, the Society of 
Actuaries incorporated a study note for the professional FM examination. 
The study note is written by Mr. Alps. 


The early development of immunization theory can be found in the paper 
Review of the Principles of Life Office Valuations, by F. M. Redington, 
published in the Journal of the Institute of Actuaries in 1952. A 
discussion of full immunization can be found in Chapter 10 of An 
Introduction to the Mathematics of Finance, by J. J. McCutcheon and 
W.F. Scott, published in 1986 by Oxford: Heinemann Professional 
Publishing. In a presentation to the 1993 AFIR (Actuarial Approach to 
Financial Risks) Colloquium, S. Coutts pronounced that “Immunization 
is Dead." The paper outlined a number of problems with Redington 
immunization, including its difficulty in dealing with a stochastic interest 
rate environment. 
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7.6 EXERCISES 


SECTION 7.1 


Unless otherwise specified, questions involving duration assume a flat 
term structure. 


74-1 


7.1.4 


A 3-year annual coupon bond has coupons of 10 per year starting 
one year from now and matures in 3 years for amount 100. The 
YTM for the bond is 11.8% (effective annual). Find the Macaulay 
duration for the bond. 


Suppose that the yield rate and coupon rate on an n-coupon bond 
are the same. Show that the Macaulay duration is ä valued at 
the yield rate. Find the Macaulay duration of a 6-coupon bond 
with coupon rate 10% per coupon period and yield rate 10% per 
coupon period. 


Use a computer spreadsheet program to repeat Example 7.2 for 
parameter values 


r=.04, .06,.08; n=2, 10, 20,40; and j =.03,.05, .07. 


Holding two of the three parameters r, n, j fixed, identify the 
behavior of D,,,.(j) as a function of the other parameter. 


Show that the (annualized) Macaulay duration for a coupon bond 


redeemable at par with annual coupon rate r^ per year (payable 


semiannually), and yield to maturity of i per year (payable 


semiannually) with n full coupon periods remaining, is 
Itf 1+ j4n(r-j) luo 
2j 2rfa+j"-1]+2/ 


, Where r= 2) 
2 


and j =F! s 
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7.4.5 


a 


"718 


87.1.9. 


Develop an expression for the duration of a level n-payment 
annuity-immediate of 1 per period with interest rate i per period, 


and show that it is equal to 4-7. 


Under the current market conditions Bond 1 has a price (per 100 of 
face amount) of 88.35 and a Macaulay duration of 12.7, and Bond 2 
has a price (per 100 of face amount) of 130.49 and Macaulay 
duration of 14.6. A portfolio is created with a combination of face 
amount F; of Bond | and face amount F, of Bond 2. The 
combined face amount of the portfolio is F| +F, =100, and the 
Macaulay duration of the portfolio is 13.5. Find the portfolio value. 


D(r,n,j) denotes the Macaulay duration of a bond of face 
amount F, with n coupons at rate r per coupon period, and with 
yield rate j. Find 


@ lim Diran, j), (@) lim D(r.n. j), 

(b) lim D(r,n, j), (e) lim D(r,n, j), and 
n> joe 

(c) lim D(r.n, j), (f lim Dn, j), 


For the cashflow series with payments K,,K,,...,K,, made at 


n 
times 1,2,...,, suppose that L= È K,-v' at rate ij per payment 
= 


period. Show that £[ L(+) ]| =9, 


Consider a bond with continuous coupons at rate r per period 
and redemption amount | in periods, valued at yield rate 3. 


(a) Express dL. in terms of continuous annui symbols and the 
press qu 


factors r, n and 6. The modified duration is 


*7.1.10 


*STETT 


TIJ 
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(b) Find an expression for Dest. Show that it has the same sign 


as 5 +(r-6)[r(n-@) + ôT], so that if r2, then D, 


od 
increases with n, but if r«ó, then D, is increasing for 


n=0 to n=no, and then is decreasing for n» 7:5. This 
accounts for the smaller durations for the 60-coupon bonds 
than the 30-coupon bonds in line 1 of Table 7.1b and lines 1 
and 2 of Table 7.1c. 


Verify algebraically that the Macaulay duration of a coupon bond 
is a decreasing function of the coupon rate. 


Using a 3-year 10% bond with a face amount of 100 and term 
14 


structure (i) of Exercise 6.1.3, find LIK}, +a] and 
ta 2 


14 3 
find £ ÈK, [1+4(.0990+a) | at a - 0. 


It is assumed that the term structure of interest rates is flat, so 
that the yield on a zero coupon bond with any time to maturity is 
j > Oper year. An investor owns a portfolio of two bonds, one of 
which has present value 50,000 and Macaulay duration 8 years, 
and the other has present value 30,000 and Macaulay duration 6 
years. 


The investor would like to rebalance the portfolio so that the 
Macaulay duration of the portfolio becomes 7 years. The 
rebalancing will be done by selling some of one of the bonds to 
decrease the holding of that bond and using the proceeds to buy 
more of the other bond to increase its holding. The total value of 
the portfolio will still be 80,000 after rebalancing. Which of the 
following is the correct action to rebalance the portfolio? 


(a) No action is needed since the portfolio already has a duration 
of 7 years. 

(b) Sell 20,000 of the 6-year duration bond and buy 20,000 of 
the 8-year duration bond. 
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*7:1.13. 


*7.1.14 


"11.15 


*71.16 


(c) Sell 10,000 of the 6-year duration bond and buy 10,000 of 
the 8-year duration bond. 

(d) Sell 20,000 of the 8-year duration bond and buy 20,000 of 
the 6-year duration bond. 

(e) Sell 10,000 of the 8-year duration bond and buy 10,000 of 
the 6-year duration bond. 


It is assumed that the term structure of interest rates is flat, so that 
the yield on a zero coupon bond with any time to maturity is i per 
year. Two bonds with the same face amount and the same number 
(n= 2) of annual coupons to maturity are being compared. Bond 1 
has coupon rate 7) (per year) and Bond 2 has coupon rate 72 per 
year. If r, >, 20, which of the following statements is true about 
the bond prices Pj and P) and the bond Macaulay durations D 
and D2? 


(a) R > P, and D, > D, 
(b) A <P, and Dj» D; 
(c) A >P, and D, < D 
(d) A <P, and D, < D 
(e) None of A, B, C, or D is true in general. 


Suppose that K, 20 for ¢=1,...,2 and at K, » 0 for at least two 
values of t. Show that Due (j) «0. 


Show that for an annual cashflow series with the first payment at 
time 1, lim D,,,.(/) =1. 
joe 


Using the bond in Example 7.3 that has 5% coupon rate and 10% 
yield rate, calculate the exact new prices and approximate new 
prices using Equations 7.6 and 7.7 if the yield rate changes to 
(i) 9.99% and (ii) 9.0% 
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SECTION 7.2 


72.1 


T2 


7.2.3 


Liabilities of 1 each are due at the ends of periods | and 2. There 

are three securities available to produce asset income to cover 

these liabilities, as follows: 

(i) A bond due at the end of period 1 with coupon at rate 1% per 
period, valued at a periodic yield of 14%; 

(ii) A bond due at the end of period 2 with coupon rate 2% per 
period, valued at a periodic yield of 15%; 

(iii) A bond due at the end of period 2 with coupon rate 20% per 
period, valued at a periodic yield of 14.95%. 


Determine the cost of the portfolio that exactly matches asset 

income to liabilities due using 

(a) bonds (i) and (ii) only. 

(b) bonds (i) and (iii) only 

(c) Show that the combination of securities in (b) minimizes the 
cost of all exact-matching portfolios made up of a combination 
of the three securities. Note that the minimum cost exact- 
matching portfolio does not use the highest yielding security in 
this case. 


In order to match asset income to the liabilities in Example 7.5 
so that PV ,(.10) 2 PV, (.10), a level annual payment annuity- 
immediate with n payments is purchased to provide the asset 
income flow. For each of 5—5,15,50,100, find the required 
annual payment and calculate both X:x4,xvjo and 
St? x A, x v. Which value of n provides the nearest match to 
the relation X£x A, xv4g 2 tx L, xv4g? Solve for the exact 
value of n for which Xx A, x vio 2 Xtx L, xvii. Determine 
whether this provides Redington immunization for the portfolio. 


(a) Show that Equation (7.11) is equivalent to Equation (7.14) 
(b) Show that if Equation (7.11) is true, then Equations (7.12), 
(7.15) and (7.16) are equivalent. 
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7.24 


7.2.5 


7.2.6 


For each of the liabilities due in Example 7.5 find the values of 
Ag and Ajs at i=.10, according to the method of full 
immunization described in Section 7.2. Find the total of all 49's 
and the total of all 4;s s separately, and show that this gives the 
same asset income as that found in part (a) of Example 7.7. 


A liability of 1 is due at time 10. An attempt is made to fully 
immunize this liability at ig =.10 using two zero coupon bonds 
ofamounts 4, and A, due at times /; and f2, respectively. In 
each of the following cases, solve for the two missing quantities 
out of 4, , A,» ft, given the other two. 


(a) tj 25,12 215 
(b) (i) t 25, An 7.40 
(ii) 4 =5, A, =.70 (no solution for t2 210) 
(c) (i) t 25, A), =.90 (two solutions for t} 210) 
=1.5 (one solution for t5 210) 
(iii) tj =5, 4,, —.75 (no solutions for tz 210) 
(d) (i) 215, A, =.80 
(ii) t2 =15, A, =1.1 (no solution for 4j, >0,0 <4; $10) 
(iii) t2 =15, A, =.01 (no solution for 0 tj <10) 
(e) An =.40, Aj, =.90 


A financial institution has taken over the business of another 
company. One of the acquired liabilities is a capital redemption 
policy that obligates the payment of 1,000,000 by the institution 
to the policyholder in exactly 12 years, and requires the 
policyholder to make annual premium payments (at the start of 
each of the remaining 12 years) of 15,000. Out of the assets of 
the acquired company, the financial institution wants to allocate 
a single asset income payment 4,, to be made at time fg so that, 
along with the asset income represented by the premiums 
payable by the policyholder, the capital redemption policy will 
be fully immunized at the current interest rate of 10%. Find to 
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and the asset income amount A, that must be allocated, and 
show that this fully immunizes the policy. 


7.2.7 Liability payments of 100 each are due to be paid in 2, 4 and 6 
years from now. Asset cashflow consists of 4 in 1 year and A; in 


5 years. The yield for all payments is 10%. An attempt is made to 
have the asset cash flow immunize the liability cashflow by 
matching present value and duration. 


(a) Find 4, and 4,. 


(b) Determine whether or not the conditions for Redington 
immunization are satisfied. 


*72.8 (a) Consider the function A'(/) for the portfolio of assets and 
liabilities in part (a) of Example 7.7. Use one of the methods 
of Section 5.1 to show that /'(i)=0 has only one solution 
for i20. Note that h(0)>0,A(.10)=0, 4'C10)-0 and 
lim h(i) 2149,195. Use these facts to conclude that h(i) has 


inn 
its overall minimum at i —.10. 


(b) Show that for (very) large values of i, A(/)«0 for the 


portfolio of assets and liabilities in part (c) of Example 7.7. 
(Try increasing values of i, such as 200%, 400%, and so on.) 


*72.9 (a) Multiply Equation (7.17) by s and subtract Equation (7.18) 
to show that a- 4, E^ =b-A,-v?, 


h 


(b) Use part (a) to solve for L, in terms of Apa, b and v,. 


(c) Use parts (a) and (b) to write A(i) as given in Equation (7.19). 


*72.10 For each of parts (a), (b), and (c) of Example 7.7, determine 
h(i) for i —.03,.08,.12 and .20. 
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*7.2.11 Let iy 20, L, »0 and s be given. Show that in each of the 


following cases there is a unique solution for the unknown 
quantities in Equations (7.17) and (7.18), with the solution 
consisting of positive numbers. 


(a) 4 <s and f 25, with 4 and f, given 


(b) 42s and A, satisfying A4, -v~ L,, with tj and 4, 


given 

(c) 4 Ss and A, satisfying 4, (Lei)? <Z,, with 4 and 4, 
given 

(d) >s and A, € L,, with t; and 4, given 


*7.2.12 It is assumed that the term structure of interest rates is flat at 


10 


ka 


j=.08 per year. Suppose that a company has liabilities 


consisting of 10 annual payments of 1000 each starting in one 
year. You are given: 


10 10 
vos = 6.7101, — $i, = 326869, — Y vh, = 212.9687 


yy 


k=l k=l 


(a) The company wishes to invest in assets in order to immunize 
the liabilities against small changes in j. The assets will 
consist of some cash now at time 0 and a zero coupon bond 
maturing at time 10. The present value and duration of the 
assets must match the present value and duration of the 
liabilities. Find how much of the asset portfolio should be in 
cash (nearest $1). 

Suppose that a liability of 5000 payable in 11 years is added 
to the existing liability payments. An attempt to immunize is 
made using the same two assets as in question (a). Which of 
the following statements is correct regarding the additional 
asset amount C needed at time 10? 

(i) C<5000 and the assets immunize the liabilities (for 

small changes in j) 


(b 
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(ii) C «5000 and the assets do not immunize the liabilities 
(for small changes in j) 

(iii) C » 5000 and the assets immunize the liabilities (for 
small changes in j) 

(iv) C » 5000 and the assets do not immunize the liabilities 
(for small changes in j) 

(v) C=0 and the assets do not immunize the liabilities (for 
small changes in j) 


*7.2.13 Cash flow 1 consists of three payments: A in 5 periods, B in 10 
periods and C in 15 periods. Cash flow 2 consists of 2 payments: 
X in 6 periods and Y in 12 periods. As of now, at yield j per 
period for all maturities, the two sets of cashflows have the same 
present value and the same Macaulay duration. Suppose that one 
period from now the yield is still j for all maturities. Show that 


(a) the two sets of cash flows will have the same present value; 
(b) the two sets of cash flows have the same Macaulay duration 
at that time; and 


(c) the Macaulay duration one period from now is exactly 1 less 
than it is now. 


CHAPTER 8 


INTEREST RATE SWAPS 


“We live by the Golden Rule. Those who have the gold make the rules. ” 
— Buzzi Bavasi, Former General Manager of the Brooklyn and LA Dodgers 


8.1 INTEREST RATE SWAPS 


In general, a swap is an agreement to exchange one set of payments for 
another set of payments over some period of time. An underlying 
principle in a swap arrangement is that at the time that the swap is first 
arranged, the present values should be the same for the two sets of 
payments that are being exchanged. For instance, at an annual effective 
interest rate of 10%, a single payment of 2 to be made at the end of one 
year has the same value as a payment of 1 now combined with a payment 
of .99 at the end of 2 years. This can be described by the equation 
2y, =1+.99v}. If the interest rate environment is defined by a term 


structure, the “same value" principle still applies. 


Definition 8.1 — Interest Rate Swaps 


An interest rate swap is a contractual agreement between two parties to 
exchange a series of interest payments based on a specified principal 
amount for a stated period of time. 


It is usually the case that the interest payments involved in an interest rate 
swap are on an interest only loan (with the understanding that principal will 
be repaid at some later time). Interest rate swaps may be implemented for a 
number of reasons. A common interest rate swap, known as a "vanilla 
swap", is one that converts floating-rate liability into fixed-rate liability 
and vice-versa. A floating rate of interest is a short-term interest rate that 
changes periodically, depending on the transaction to which it is being 
applied. It may also be referred to as a variable rate or adjustable rate of 
interest. 


449 
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The “floating rate" in a swap has often been related to the LIBOR (London 
Inter-Bank Offered Rate), which is the interest rate the highly-rated 
commercial banks charge one another for short-term financing. The LIBOR 
rate is set every day based on that day's banking conditions. Nevertheless, 
with LIBOR due to be phased out in 2021, different benchmarks are being 
chosen, and in July 2017, a committee of large international banks voted to 
use the U.S. Treasuries-backed repurchase agreement market (repo) rate as 
the LIBOR replacement. 


What it means to “convert floating-rate liability into fixed-rate liability" is 
the following. Suppose that a borrower has an annual payment interest only 
loan on a specified principal amount for which the interest rate is set at the 
start of each year based on some market benchmark rate of interest such as 
the LIBOR or repo at the start of the year. The borrower will pay interest at 
the end of each year based on the rate set at the start of the year. The rate 
likely will change from year to year. The borrower may be able to find 
another party that is willing to assume paying the floating interest payments 
in exchange for receiving payments from the borrower at a fixed rate of 
interest on the principal amount. This other party assumes the risk inherent 
in the unknown future floating interest rates while the original borrower 
now has known fixed-interest payments. 


When a floating-rate liability is swapped for a fixed rate, the fixed rate is 
referred to as the swap rate. The two parties involved in the swap are 
referred to as the counterparties. The principal amount upon which the 
interest payments arc based is the notional principal amount. The length 
of time that the swap is in effect is the swap term (or swap tenor). The 
dates on which interest payments will be swapped are called settlement 
dates and the time interval between settlement dates is the settlement 
period. 


The following is a simple illustration of an interest rate swap. Smith has an 
interest-only loan of $100,000 with a bank that requires annual interest 
payments based on the LIBOR + 1%, where the LIBOR rate is set at the 
start of the year and the interest payment is made at the end of the year. 
Smith would like to eliminate the risk that is inherent in not knowing what 
the future LIBOR rates will be. Smith would rather pay a fixed rate of 
interest in the loan. Smith is able to make the following arrangement with 
Jones. Jones will pay the interest on Smith's loan in exchange for Smith 
paying Jones 2% at the end of each year ($2,000, in this case). In practice, 
Smith would continue to pay the bank LIBOR + 1% at the end of each year 
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and there would be a net exchange between Smith and Jones that would 
account for the swap arrangement that they have made. If, for example, the 
LIBOR rate is set at 5% for a particular year, Smith “pays” 2% ($2000) to 
Jones, and Jones "pays" 1.5% ($1,500) to the bank. In practice, Smith 
would pay $1,500 to the bank and $500 to Jones, resulting in a net payment 
by Smith of 2% ($2,000 in total). Jones benefits from the LIBOR rate that 
results in the floating rate payment of $1,500 being less than the agreed to 
fixed payment $2,000. On the other hand, if the LIBOR rate is set at 2% for 
a particular year, Jones would have to make a net payment of $1,000 to 
Smith. The $500 payment from Smith to Jones in the first case, and the 
$1,000 from Jones to Smith in the second case are net swap payments. 


In the example just presented, Smith's bank might be willing to convert the 
loan to a fixed rate loan, or Smith might find an intermediate counterparty 
(Jones) who will assume the floating interest rate liability in exchange for 
fixed interest from Smith at a mutually agreeable rate. We look at this in 
detail in the following section. 


8.1.1 SWAPPING A FLOATING-RATE LOAN FOR A FIXED-RATE LOAN 


In this section we look in detail at and develop the concept of interest 
rate swap introduced at the start of this chapter. The Smith and Jones 
illustration given above of a swap of LIBOR + 1% interest for 
guaranteed 2% does not give any insight into why or even if that is a 
financially sound arrangement for both parties to the swap. 


There is fundamental financial principle that we have seen before that 
also applies to a swap situation. That principle is that the present values 
of the two sets of cash flows that are being swapped (or exchanged, the 
floating-rate interest payments and the fixed-rate interest payments) are 
the same at the time the swap is initiated. A similar principle is that 
neither party to the transaction has any financial advantage or arbitrage 
opportunity when the transaction is initiated. 


An arbitrage is a guaranteed positive return for an investment of 0 (a free 
lunch). An alternative description is that there is an investment that 
provides a riskless guaranteed return above the risk-free rate of interest. 
The risk-free rates referred to are those in the current risk-free term 
structure of interest rates. A fundamental principle of finance is that 
financial valuation is based on the assumption that no arbitrage 
opportunities can exist, for if such an opportunity arose, market forces 
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would result in immediate demand for the opportunity which would 
result in an immediate end to the supply (availability) of the opportunity. 


The nature of a floating-rate interest is that it is impossible to know in 
advance what the floating rates will be in future years. From the current 
term structure, however, we can determine forward interest rates and it is 
the forward rates that are used as "surrogate rates" or expected rates for 
future floating rates when setting up an interest rate swap. Forward rates 
of interest were introduced and studied in Chapter 6. Example 6.4 
showed that the forward rate is the "appropriate" interest rate to be used 
to swap for a floating rate. "Appropriate" is used here in the sense that it 
is the appropriate rate that results in no advantage (arbitrage) for either 
party to the swap. Example 6.4 is repeated here as Example 8.1 to 
reinforce this point in the current chapter. 


EXAMPLE 8.1l (Arbitrage on forward interest rates) 


Suppose that the one-year zero coupon bond yield rate is 8% and the 
two-year zero coupon bond yield rate is 9% (both effective annual rates). 
For each of the situations in (a) and (b), construct transactions that 
provide a positive profit for a net investment of 0 (an arbitrage gain). 
Assume that it is possible to borrow or lend risk free at the zero coupon 
rates for their maturity periods. 


(a) A borrower offers to pay you an interest rate i above 10.01% for a 
one year investment starting one year from now. 


(b) A lender offers to lend you money for one year at rate j starting one 
year from now at an interest rate less than 10.01%. 


(a) Borrow 1000 for two years at the two-year zero coupon yield rate of 
9%, so that you must repay 1000(1.09)? 21,188.10. two years from 
now. Invest the 1000 in a one-year zero coupon bond for one year at 
the one-year rate of 8%, so that you receive 1080 one year from now. 
Arrange to lend that amount to the borrower at rate į starting one 
year from now. You have made a net investment of 0, and at the end 
of two years the borrower pays you 1080(I+i). Since i>.1001 it 
follows that the amount you receive from the borrower at the end of 
two years is 
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1080(1-i) > 1080(1.1001) = 1188.10. 


You have more than you need to repay your two year loan. You have 
made a guaranteed positive gain on an investment of 0. 


(b 


Borrow 1000 at the one-year zero coupon yield rate of 8%. You must 
repay 1080 in one year. Invest the 1000 at the two-year zero coupon 
yield of 9%, so that you will receive 1881.10 in two years. Arrange 
to borrow 1080 from the lender one year from now at the one-year 
rate of j. At the end of one year, when you receive 1080 from the 
lender, you pay the 1080 as repayment of your own one-year loan. 
At the end of two years you receive 1881.10 from your two-year 
investment, and you have to repay 1080(1+j) to the lender from 
whom you borrowed 1080. Since j<.1001, the amount you must 
repay at the end of two years is 1080(1+/) « 1080(1.1001) 1881.10. 


Therefore, the proceeds of your two year investment is more than 
enough to repay your loan and the difference is a guaranteed profit to 
you, having invested a net amount of 0. 


In both cases (a) and (b) you have made an arbitrage profit. g 


The rate of 10.01% in Example 8.1 is the one-year forward rate based on 


2 2 
the term structure, foy = 52 42 CO 1. 1001 (10.01%). 


l+; 1.08 
Example 8.1 shows that if a one-year forward (or delayed) investment or 
loan is constructed, then the appropriate (no arbitrage) rate of interest for 
that investment or loan is the one-year forward rate of interest. Any other 
rate gives one of the parties to the transaction an arbitrage gain (a 
positive gain for an investment of 0). Example 8.1 is repeated from 
Chapter 6 (Example 6.4) in which the concept of a Forward Rate 
Agreement (FRA) was introduced. A FRA is an agreement that 
guarantees a borrowing or lending rate for a specified future time period. 
A generalization of Example 8.1 (Exercise 8.1) shows that the 
appropriate (no arbitrage) fixed rate for a specified year in the future is 
the forward rate that is implied for that period by the current term 
structure. 


Example 8.1 was not put in the context of a swap, but we can adapt the 
situation in the example to an equivalent swap situation. Suppose that a 
borrower has a floating rate debt to pay interest at the end of two years 
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based on the floating rate for the second year. Suppose that the borrower 
wishes to engage a counterparty to swap the floating-rate interest for a 
fixed rate to be paid at the end of the second year. In order for neither the 
borrower nor the counterparty to have an arbitrage opportunity, the fixed 
interest rate agreed to be received by the counterparty would be the one- 
year forward rate (10.01% in Example 8.1). Of course, under this 
arrangement, the counterparty is assuming the floating interest rate risk 
involved since the second year floating rate is not known at the time the 
swap is initiated. We see from this that a borrower who has a loan at a 
floating rate can swap for a fixed-rate loan for each separate year in the 
future using the forward rates that are implied by the current term 
structure. The following example illustrates this. 


[EXAMPLE 8. (Interest rate swap) 


A borrower (Party A) has a loan with floating interest from a lender (Party 
B) that has payments of interest only at the end of each year for the next 
three years (and return of the principal at the end of three years). Suppose 
that the current term structure has effective annual zero coupon bond yields 
for one, two and three years of 8%, 9% and 9.5%, respectively. The 
borrower arranges an interest rate swap with a financial intermediary (Party 
C) for each year's interest payments. Under this arrangement, fixed interest 
rates will be determined now for Party A to pay to Party C at the end of 
each year for the next three years, and Party C will pay the floating-rate 
interest payments to Party B. Find the fixed interest rates that will be paid 
by A to C for each of the three years. 


According to the discussion before this example, the appropriate fixed 
interest rates to be paid are the forward rates implied by the current term 
structure. Those rates are 1; = fio; 7.08 at the end of the first year (keep 


in mind that in the first year, the term structure rate, forward rate and the 
floating rate are the same, since they are all known at the start of the 


year), 
faza UE. 1001 atthe end of the second year, and 
Jia 11051 at the end of the third year. 


These are the rates that A will pay to C over the three-year period. Party C 
will pay the floating rate to Party B at the end of each year. 
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As in Chapter 6 we denote the floating rate for the period from time ¢ to 
time ¢+1 by u,,,1).The net interest rate paid by C is 0 at the end of the 


first year (C receives 8% from A and C pays 8% to B at the end of the 
first year). The net interest rate paid by C at the end of the second year is 
45,5; 7.1001 (C pays uj; to B and receives .1001 from A). The net 


interest rate paid by C at the end of the third year is 125; —.1051 (C pays 
4,3) to B and receives .1051 from A). a 


Example 8.2 does not present the way in which payments actually take 
place in practice in a swap arrangement. It is more likely that A 
continues to pay B floating interest payments at the end of each year, and 
that A and C make a settlement payment with one another at the end of 
each year depending upon whether the floating rate is greater or less than 
the fixed rate for that year. If the floating rate is greater than 10.01% in 
the second year, then C pays A the difference (floating minus 10.01%) 
and vice versa, A pays C the difference if the floating rate is less than the 
fixed rate of 10.01% (similarly for the third year). This is similar to what 
was described in the illustration just before the start of Section 8.1.1 
above. 


Suppose in Example 8.2 Party A would like the swap to allow payment 
of fixed interest at a level rate for the three-year period of the loan 
instead of paying the forward rates of interest in successive years. This is 
more likely the structure of a typical swap. We would like to find a level 
fixed interest rate, say R, payable at the end of each year for three years 
that is equivalent to paying the forward rates of .08, .1001 and .1051 at 
the ends of the three consecutive years. This is a straightforward present 
value exercise in the sense that we want the present value of the level 
interest payments to be the same as the present value of the forward rate 
payments, with the valuation point being time 0 (when the swap is 
initiated). Assuming a notional (principal) amount of 1, the equation of 
value, based on the situation in Example 8.2 is 


present value of interest payments based on forward rates 
= present value of interest payments based on level rate R , 


08 , 100, 105] _ R , R R 
1.08 * (1.09)? ` (1.095). 1.08 ^ (1.09)? ^ (1.095) 
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Solving for R results in R =.0942 . This is the swap rate for this interest 
rate swap. 


8.1.2 THE SWAP RATE 


As mentioned in the comments after Example 8.2, when a floating 
interest rate loan is swapped for fixed interest rate loan the fixed rate is 
often set up to be a constant rate for the tenor (lifetime) of the swap. In 
the discussion following Example 8.2 above we saw that a fixed rate of 
9.42% is the appropriate level rate (the swap rate) for the swapping the 
three-year floating rate loan based on the term structure that was 
specified. We now put that example in the more conventional swap 
context. 


EXAMPLE 8.2 (continued) B (Swap rate) 


À borrower has a three-year interest-only floating-rate loan with a notional 
principal amount of $100,000 from a lender. The current term structure has 
n =.08 (one-year zero-coupon bond yield), 7, =.09 and n -.095. The 
borrower wishes to swap the floating rate interest for a fixed rate of interest 
for the three-year period. Find the fixed rate for the swap and describe the 
various components of the swap in the conventional swap terminology. 


As we have seen, the forward rates of interest associated with the term 
structure are used as the floating rates for the purpose of setting up an 
equation of value for the swap. The interest payments based on the forward 
rates are — 100,000x.08 28,000, — 100,000x.1001—10,010, and 
100,000x.1051=10,510 at the ends of years one, two, and three, 
respectively. The interest payments based on a level rate of interest of R for 
the three years are 100,000x R each year. The equation of value sets equal 
the present value of the two sets of interest payments, using the term 
structure rates for present value. This equation is 


8,000, 10,010 , 10,510 
1.08 (1.09)? (1.095)? 


1 1 1 
=100,000R 
100, stay * dum 


(this is 100,000 multiplied by the equation formulated just before the 
start of this section). Solving for A results in a value of A —.0942, which 
is the swap rate. The three year period is the swap term or swap tenor. 
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The original borrower (also called the payer), pays the swap rate to the 
counterparty (called the receiver) who pays the floating rate to the 
borrower. These payments will be netted at the end of each year (the 
settlement dates). The settlement period in this case is one year, which is 
the time between interest payments. 


The counterparty, who pays the floating rate to the borrower as a result 
of the swap, will not know in advance what the actual floating rates will 
be for years two and three, but the rate for the first year is always known 
at the start of the first year. As mentioned above, at the end of each year, 
the interest payments to be made by the payer (borrower) and the 
receiver (counterparty) are “netted” so that only one payment is 
exchanged between them. The amount of that payment depends upon 
what the floating rate was set at when the year began. For the first year, 
the floating rate is 8%, so the payer would be responsible for paying 
$100,000x R=$9,420 to the receiver, and the receiver would be 
responsible for paying $100,000.08 = $8,000 to the payer. This results 
in a net payment of $1,420 from the payer to the receiver. This is the net 
swap payment at the end of the first year (the first settlement date). 
Keep in mind that the payer must pay the original lender floating- rate 
interest each year, so at the end of the first year the payer makes a 
payment of $8,000 to the lender and also pays a net swap payment of 
$1,420 to the receiver for a total of $9,420, which is the fixed swap rate 
to which the payer agreed. 


A similar situation will arise on each settlement date. The value of the 
floating rate for the second year is set at the start of the second year, and 
the net swap payment at the end of the second year would depend on that 
value. For instance, if the floating rate at the start of the second year is 
set at 9%, the net swap payment at the end of the second year would be 
$420 paid by the payer to the receiver ($9,420 from payer to receiver 
minus $9,000 from receiver to payer). On the other hand, if the floating 
rate was 10%, the net swap payment would be $580 from the receiver to 
the payer. In any event, when this net swap payment is combined with 
the floating-rate payment that the payer makes to the original lender, the 
total (net) amount paid by the payer will be $9,420 ($9,000 to lender plus 
$420 to receiver if the second year floating rate is 996, and $10,000 to the 
lender minus $520 from the receiver if the floating rate is 10%). o 


458 > CHAPTER 8 


The continuation of Example 8.2 can be summarized in the following 
way. The borrower is obligated to make the floating-rate payments 
(denoted isı} for year ¢ to ¢+1) to the lender. The payer (borrower) 


must find another party, the receiver (counterparty), who will agree to 
the swap. The receiver will receive the fixed rate interest payment from 
the borrower and will pay floating rate interest to the payer. We denote 
the fixed rate of interest (the swap rate) for year ¢ to ¢+1 by Sys) 


(9.42% each year in this example), so that the net interest payment from 
the receiver to the payer is ut, 11) —j,,1j. As a result of this, the payer 


pays t41) to the lender and receives t 141) — gj ,,;j from the receiver, 
for a net interest rate paid of 

Wi rn] [uin E = gp.) (the fixed swap rate that the payer has 
agreed to). In the first year, uro; —.08 and gj; =.0942, so there is a net 
swap payment of 

100,000 [uto i — So, | 2 100,000x[.08—.0942] - —1,420 from 


receiver to payer, or equivalently, a net swap payment of 1,420 from 
payer to receiver. If the second-year floating rate is uj) —.10 then the 


net swap payment from receiver to payer is 
100,000x tig,2) ~ Zu.) ]=100,000x[.10-.0942] = 580. 


Borrower pays Lender ur, 141] 
Borrower >| Lender 


Counterparty pays Borrower up, +41) — gj, ,,4j Which 


may be positive or negative 


Counterparty 


Figure 8.1 
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As we have seen, the equation of value that represents the equivalence 
between the two sides of an interest rate swap is 


present value of interest payments based on forward rates 
= present value of interest payments based on level rate R . 


With a notional loan amount of 1, annual interest payments and a swap 
tenor of n years, this equation becomes 


fion faz " fa] TNI pu] 


ben (+7) (+4) (en 


R R R R 
LORS, + duy . 81 
ben (ny (+5) 07)" "d 


The rate R that results from this equation is the swap rate. The SOA 
study note on interest rate swaps uses the notation P, =(1+7,)* to 
denote the present value of a zero coupon bond of face amount 1 
maturing in k years. Using this notation, Equation 8.1 becomes 


Sosy A+ Sagx et fpa] x Bet Sinin” P 
=Rx[R P) Py P,] , so that the swap rate is 


n i * ape Pot oap n Fus 
7 Att Rte +8, ` 


(8.2) 


Keep in mind that this relationship applies for a swap in which the 
notional amount is level throughout the swap tenor (variations on this 
will be considered later in this chapter). If that is so, then we can derive a 
simplified expression for the swap rate. We use the relationship 


Gii q- BBa tdeti i 
Ld] = 1 = 4 , Using this, Equation 8.2 b 
Feast] Trn) Ha sing this, Equation ecomes 
I NN RU NN EN RENTEN 
cH B B gem 


REBTBYCHE 
LIHEH-B EB Be hs -B 
ReBABe E, 

1-5, 


“RRR oth, | 


(8.3) 
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Applying Equation 8.3 to Example 8.2, we get a swap rate of 


R= =.0942 , as before. 


AT 1 1 
1.08 * (1:09) * (1.095) 


Note that Equation 8.2 shows that the swap rate is a weighted average of 
the successive forward rates for which the present values of the zero 
coupon bonds (the 7, 's) are the weights. 


As noted above, Equations 8.1, 8.2 and 8.3 give formulations for the 
swap rate when the notional amount remains constant during the lifetime 
of the swap. It is possible that the original floating rate loan has principal 
amounts that are scheduled to change in a prearranged way. The 
following variation on Example 8.2 illustrates this. 


[EXAMPLE 8.3 ll (Von-level notional amount) 


A borrower has a three-year, interest-only floating rate loan with a notional 
principal amount of $100,000 in the first year, $150,000 in the second year 
and $200,000 in the third year. The current term structure has 7 =.08 
(one-year zero-coupon bond yield), 7, =.09 and 7; =.095 . The borrower 


wishes to swap the floating-rate interest for a fixed rate of interest for the 
three-year period. Find the fixed rate for the swap. 


The interest payments based on the forward rates are 
100,000 x.08 —8,000 , 150,000x.1001—15,015 and 
200,000x.1051=21,020 at the ends of years one, two and three, 
respectively. The interest payments based on a level rate of interest of R for 
the three years are 100,000x R, 150,000x R and 200,000xR, at the 
ends of years 1, 2 and 3, respectively. The equation of value sets equal the 
present value of the two sets of interest payments, using the term structure 
rates for present value. This equation is 


8,000 , 15,015 , 21,020 fing, dd 2 
2020 _100,000R 
1.08 ^ (1.09)? ` (1.095) «s * 0.097? ` (1.095 


Solving for R results in a value of R 2.0971. a 
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We can formulate a general relationship for determining the swap rate 
when the notional amount is not necessarily level. Suppose that the 
notional amount for year k is Q, . The for an n-year swap the swap rate R 
is the solution of the following equation: 
ax, [o1] X A*Q X fra] xP,+ [2.3] * BrterstQ, * insta] xP, 

=Rx[9, xR +0, xP, +0, xP, ++0,xP,], 


so that 
n . 
Xa X fua X Pk 
Ree (8.4) 
pen xP, 
k=l 


8.1.3 DEFERRED INTEREST RATE SWAP 


It is possible that a loan is deferred to begin at some point in the future. If 
an interest-only floating rate loan is scheduled to begin some years from 
now, it is possible to formulate a swap and determine a swap rate. The 
same principles apply as did to the non-deferred swap in the sense that 
the present value of the floating payments is set equal to the present 
value of the fixed swap payments. In this equation of value, the floating 
rate of interest is still represented by the corresponding forward rate for 
that period. This is illustrated in the following example. 


A borrower has a three-year interest-only floating rate loan with a notional 
principal amount of $100,000. Interest payments on this loan are due two, 
three and four years from now, based on the floating rates that are set one, 
two and three years from now. The current term structure has 7 =.08, 
ry =.09, 7, =.095 and 7,=.10. The borrower wishes to swap the 
floating-rate interest for a fixed rate of interest to be payable at the ends of 
years two, three and four. Find the fixed rate for the swap. 
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The forward rates for years two, three and four are 


_ (145)? , _ (1.09)? 
fas Ixn -l-^7p08 


Jis} 7.1151. The equation of value from which we solve for the swap rate 
Ris fagxP + fas XA fna x =Rx[P, +P +P] i 
This becomes 


1001, _.1051_, 101 p, 1 ,. 1 +], 
(1.09)? (1.095)? (1.10) (1.09)? (1.095) (1.10)* 


~1=.1001, fi23)=-1051 and 


from which we get R=.1048 . D 


Example 8.4 involved a deferred swap with a level notional amount. 
Equation 8.3 gave a simplified expression for the swap rate for a non- 
deferred swap when the notional amount is level. A derivation similar to the 
one that led to Equation 8.3 results in a similar expression for a deferred 
swap for which the notional amount is level. If a floating rate loan with a 
level notional amount has annual interest payments to be made at the ends 
of years k+1,k+2,...,n ,the swap rate is 


ee 7 NEN 
Fathat AC 


8.1.4 MARKET VALUE OF AN INTEREST RATE SWAP 


An interest rate swap is an agreement to exchange payments between the 
two counterparties to the swap (payer and receiver). At any point in time, 
the swap will have a market value to each of the parties. When the swap 
is set up, the market value of the swap is 0 to each of the parties, because 
the swap rate is determined so that the present values of the two sets of 
interest payments (floating and fixed) are equal. 


As time goes on, the term structure may change, and at a later time point 
it may be the case that the present values of future floating and fixed 
payments are no longer equal. We define the market value of the swap 
to the payer valued at time / as follows: 
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present value at time ¢ of future floating-rate payments 
minus 
present value at time ¢ of future fixed-rate payments based on swap rate R 


The present value at time ¢ of future floating-rate payments is represented 
by the present value of future interest payments based on forward rates 
implied by the term structure at time /. The market value of the swap to 
the receiver would be the negative of the market value to the payer, since 
from the receiver's point of view the payments are reversed. The 
following continuation of Example 8.2 illustrates this notion of the 
market value of a swap. 


(Market value of a swap) 


A borrower has a three-year interest-only floating-rate loan with a notional 
principal amount of $100,000 from a lender. The current term structure has 
7j =.08 (one-year zero-coupon bond yield), 7 =.09 and 7; =.095. It was 
established earlier that the swap rate is R —.0942. Suppose that one year 
after the swap is arranged, the term structure of interest rates is as 
follows: 


Maturity Annual Effective Spot Rate 
1 year -070 
2 years .075 


(a) Determine the market value of the swap to the payer. 
(b) Suppose that a new two-year swap is arranged at time 1. Determine 
the swap rate for this new swap. 


ISOLUTION] 
Care must be taken when using the notation that represents spot rates and 
forward rates. A /-year spot rate is denoted 7, and a k-year forward one- 


year rate is denoted ff, g+}. This notation implicitly assumes a “time 0” 


origin from which these rates are being measured. We could continue to use 
this notation for spot and forward rates as measured from a new time origin. 
Shifting the time origin so that time 1 becomes the “new time 0", the term 
structure described in this example is 7 —.07 and 7,=.075, and the 


(1.075)? 


^io 1 =-0800. 


forward rates are fig; =.07 and fi; 2) = 
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(a) As of time 1 there are two years left on the original swap. The payer is 
scheduled to make payments of $9,420 to the receiver at times 2 and 3 
(times 1 and 2 years from the new time origin). The present value of the 
fixed payments to be made by the payer to the receiver is 


1 
9,420x 955 
qd a Jy- I$ 


and the present value of the floating payments to be made to the payer 

.08 
1.07. (1.075) 
market value of the swap to the payer is. 13,465—16,955 — —3,490 , 
and the market value of the swap to the receiver is 3,490. 


from the receiver is — 100. 00 | |-13.465, The 


As a result of the new term structure at time 1, the floating-interest 
payments to be paid by the receiver to the payer are 7,000 and 8,000 at 
times 2 and 3. When the swap was originally arranged, as a result of the 
term structure at that time, the floating payments for times 2 and 3 were 
to be 10,010 and 10,510, respectively. The reduction in the amounts to 
be paid by the receiver to the payer is what causes the positive market 
value to the receiver (and the negative value to the payer) as of time 1. 
Another interpretation of this market value is that the payer would have 
to pay someone 3,490 in order for that individual to take on the payer's 
obligations of the original swap, and vice-versa, the receiver could 
receive a payment of 3,490 to sell the receiver's remaining position in 
the swap. 


as i 
(1.075)? 

d ae 

1.07 ` (1.075)? 


(b) R= =.0748 . 


Another indication that the market value of the swap to the payer has 
dropped is that the payer is still obligated to pay a swap rate of 9.42% 
based on the original swap, but based on the new term structure at time 
1, the swap rate is 7.48%, which would result in lower swap payments 
than those to which the payer is obligated. 
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8.1.5 INTEREST RATE SWAP WITH NON-ANNUAL PAYMENTS 


A floating loan may have payments that are monthly or quarterly or some 
settlement period that is other than a year. The same principles apply in 
determining a swap rate as in a floating-rate loan with annual payments. 
That principle is: 


present value of interest payments based on forward rates 
= present value of interest payments based on the swap rate . 


We review here some comments from Chapter 6 on forward rates of 
interest. It is possible to define a forward rate for a period of time in the 
future, say from time ż in the future to a later time ż,. For instance, 


suppose that the one-month effective rate of interest is .01 and the two- 
month effective rate is .015. The notation to describe these as spot rates is 


ñina = 0.01)? -1 =.1268 and r4; = (1.015)* 1.0934 . 


The one-month forward, one-month rate is 


m 1.015 (1.0934)?12 
,121915 (10954) — |. 09495 . 
^a] 1.01 (1.1268)//2 12.004 


We can denote this as an equivalent annual effective rate by 


far [infa] nm , 


[EXAMPLE 8.5 l (Swap with quarterly payments) 
A floating rate loan has payments at the end of each quarter for one year. 
The term structure is: 75, =.05 , 759 2.07 , 754 =.08 , 7, =.1 
Assuming a level notional amount for the loan, determine the swap rate 
to be paid at the end of each quarter for the year. 


The forward rates as 3-month effective rates are: 
(1.07)5 


fo,25) =(1.05)"4 1 =.0123 , Jis.) EU 


.0219 , 
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" (1.08)75 A.D " 
Áisasy7 (1.07) —1=.0242 , firsa) 7008) —1=.0383. 
The 3-month swap rate R is 

2 2 2 
cee 0219. 4. 0241 Q8 
R= (1.05) (1.07)? (1.08) — 0239 


1 l 1 
+ +———> + 
(1.05)?5 (107) (1.08)75 1.1 
This is the swap rate paid at the end of each quarter, it is not an annual rate. 
Since the notional amount is level, a version of Equation 8.3 applies: 


I-A 
=——— l =.0239 . 
s Pos Ps Pos +A di g 


The Growing Swap Market 


The practice of interest rate swapping began in the late 1970s. It has 
grown incredibly quickly since that time. An estimate of 1992 activity 
in interest rate and currency swaps placed the notional amount 


outstanding at 5 trillion dollars (U.S.). An estimate of the same activity 
in 2005 was over 60 trillion dollars, and in 2017, the average notional 
amount outstanding on interest rate derivatives was over 300 trillion 
dollars. 


8.2 COMPARATIVE ADVANTAGE INTEREST RATE SWAP 


Consider two borrowers, A and B. In the following discussion, the prime 
rate of interest refers to the short-term interest rate that banks charge their 
most creditworthy borrowers. Borrower A has a high credit rating, and can 
borrow in the medium- to long-term bond market at a rate of 8%, or in the 
floating-rate market (short-term or spot market) at prime plus 1%. 
Borrower B has a medium credit rating and can borrow in the fixed-rate 
market at 9% or in the floating-rate market at prime plus 1.5%. Borrower 
A wishes to borrow an amount in the floating-rate market and B wishes to 
borrow the same amount in the fixed-rate market. It is possible to construct 
an arrangement between A and B that will allow both of them to borrow at 
lower rates than those described above. The two borrowers construct the 
following swap. 
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A borrows in the fixed-rate market at 8% and loans the funds to B at a rate of 
8.5%. B borrows in the floating-rate market at prime plus 1.5% and loans the 
funds to A at prime plus 1.25%. The net effect for borrower 4 is that 
borrower A pays 8% on the fixed-rate loan, receives 8.5% from B and pays 
prime plus 1.25% to B, for a net payment rate of prime plus .75%. The net 
effect for borrower B is that B pays prime plus 1.5% on the floating-rate 
loan, B receives prime plus 1.25% from A and B pays 8.5% to A, for a net 
payment rate of 8.7596. A's net payment rate of prime plus .75% is .25% 
below the floating rate that 4 would pay directly, and B's net payment rate of 
8.75% is .25% below the fixed-rate that B would pay directly. 


What allows this arrangement to be made is that the differential between 
fixed and floating rates for A is not the same as that for B, and the two 
borrowers are able to take advantage of that by taking parallel loans (or 
back-to-back loans) and swapping them. Borrower 4 has a comparative 
advantage in the floating rate market, and borrower B has a comparative 
advantage in the fixed rate market. 


This situation is an arrangement between borrowers 4 and B without 
making use of a financial intermediary to make the swap arrangements. In 
practice, a financial intermediary would make the swap arrangements for 
them, and would receive as income a percentage of the principal involved. 
In the example above, the swap administered by the financial intermediary 
could be structured as follows: 


(i) borrower 4 borrows at fixed rate 8% (not necessarily from the 
intermediary); 


(ii) borrower B borrows at floating rate prime plus 1.5% (also not 
necessarily from the intermediary); 


(iii) the intermediary agrees with A to accept from A floating-rate interest 
payments at prime at the same time as paying 4 fixed interest at 7.2%; 


(iv) the intermediary agrees with B to accept from B fixed-interest 
payments at 7.3% at the same time as paying B floating-rate interest 
payments at prime. 


The net effect for borrower 4 is that A pays prime plus .8%: 
The net effect for borrower B is that B pays a fixed rate of 8.8%: 


The net effect for the intermediary is the receipt of “spread income” 
that is equal to .1% of the principal amount. This is income earned 
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by the intermediary as a result of the spread rates between borrowers 
A and B; it is not interest on an amount invested in the usual sense. 


More generally, suppose that borrower A can borrow at fixed rate i, and 

floating rate j, = prime rate+ f4, and borrower B can borrow at fixed 

rate ij and floating rate jg = prime rate+ fy. If ij —i, > fg — f4 then 

an interest rate swap can be constructed between A and B that allows A to 

borrow at floating rate prime rate +7} and allows B to borrow at fixed rate 

rg, Where r, < fy and rg <ig.This is done as follows: 

(i) Let c = (ip-i4)—(fe—F4)3 

(ii) A borrows at fixed rate i, and lends the funds to B at fixed rate 
D 

(iii) B borrows at floating rate prime rate+ f; and lends the funds to A at 
a floating rate of prime rate+ fg- $- 


The net effect for A is that A pays 
i4 (ig-c)- prime + fg x = prime-i,—ig + fp a 
= prime+ fy -$ 
= prime+r, < prime+ f4. 
The net effect for B is that B pays 
prime +f -(prime+fy-§) is -c = ip-5 =m «ds. 
If d «c, then it is possible for an intermediary to receive a fee at rate d 


under the following arrangement: 


(i) A borrows at fixed rate i4; 
(ii) B borrows at floating rate prime + fp; 


(iii) the intermediary agrees with A to accept from A floating-rate interest 
payments at prime at the same time as paying A fixed interest at rate 
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(iv) the intermediary ane Pan B to accept from B fixed-interest 
payments at ip — f5— £44 $ at the same time as paying B floating- 
rate interest payments at prime. 

The net effect for borrower A is that A pays 


i *prime- i, (fi -$+4)| = prime+ f, -£44; 


the net effect for borrower B is that B pays 
prime + fp +ip — fs -S+ d- prime = dg -$44; 
the net effect for the intermediary is that the intermediary receives a fee of 


prime -[i,-(f4-$+4)] +i Sa - $4 - prime 


= (ig-i)) -(/g- fA) - c*d = d. 


8.3 DEFINITIONS AND FORMULAS 


Swap Rate For Swap With Level Notional Amount 


For a swap with a level notional amount throughout the swap tenor, the 
swap rate R is found from the following equation: 


fpe Ata tp ttu 


"E RER+R +P, 


1-8, 


“Jra rAr GE CDe) 
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8.4 NOTES AND REFERENCES 


A good introduction to interest rate and currency swaps can be found in 
Interest Rate and Currency Swaps by R. Dattatreya, S. Venkatesh and V. 
Venkatesh. In 2017 the Society of Actuaries released a study note 
covering the basic concepts of interest rate swaps. The study note can be 
found at the following website: 


http://Awww.soa.org/Files/Edu/201 7/fm-interest-rate-swaps.pdf 
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8.6 EXERCISES 


8.1 


The term structure for (annual effective) interest rates is as 

follows for corresponding maturities: 

1 year: 5%, 2 year: 10%, 3 year: 15%, 4 year: 20% 

(a) Find the swap rate for a 4-year interest rate swap of floating 
rate interest for fixed rate interest if the notional amount is 
level for the four year swap tenor. 

(b) Suppose that the notional amount is $1,000,000 for the first 
two years and $2,000,000 for the third and fourth years. Find 
the swap rate. 

(c) A two-year deferred swap with a tenor of two years is 
arranged at the beginning of the first year. If the notional 
amount is level for the swap, determine the swap rate. 


Suppose that for the situation in Exercise 8.1, at the start of the 
second year, the term structure is 


Maturity Spot Rate 
| year -10 

2 year SES 

3 year .20 


(i) Find the net swap payment made at the end of the second 
year in each of part (a), assuming a notional amount of 
$1,000,000.. 

(ii) Find the market value of the swap to the payer at the start of 
the second year in each of (a), (b) and (c). 


(i) Determine the swap rate for a three-year swap based on the 
term structure given in Exercise 8.2. 

(ii) Calculate the present value at the time the swap is begun of 
the swap rate payments made by the payer in (i). 

(iii) Using the swap in Exercise 8.1(a) and the term structure one 
year later given in Exercise 8.2, calculate the present value 
of the remaining swap rate payments at the beginning of the 
second year of the swap in 8.1(a). 

(iv) Verify that the present value on (ii) minus the present value 
in (iii) is the market value of the 8.1(a) swap found in 8.2(ii). 
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8.5* 


Show that the swap rate for a standard swap with level notional 
amount is the same as the at-par yield rate for a bond with same 
time to maturity as the length of the swap. At-par yield was 
defined in Chapter 6 as coupon rate r at which a bond would 
have a yield to maturity of r under the current term structure. 


The current term structure results in the forward rates 
Forse fusi for the coming n years. A one-year 
deferred n—1 -year interest rate swap is arranged at the start of 


the first year, assuming a level notional amount for the n—1 - 
year tenor of the swap. A year later the term structure is such that 


the forward rates are FD FD vies edi for the coming 
n—] years (1) and (2) denote forward rates as of the beginning 
of the first year and the beginning of the second year, 
respectively). Suppose that | (ua = Aie for k=1,2,....n . 


Show if a swap is arranged at the beginning of the second year, 
the swap rate for an n —1 year swap with level notional amount 
will be the same as the swap rate for the one-year deferred swap 
that was arranged at the start of the first year. 


CHAPTER 9 


ADVANCED TOPICS IN EQUITY INVESTMENTS 
AND FINANCIAL DERIVATIVES 


“derivatives are financial weapons of mass destruction, 
carrying dangers that, while now latent, are potentially lethal. " 


= Warren Buffett, Chairman of Berkshire Hathaway, 
in the 2002 "Chairman 's Letter” to shareholders 


9.1 THE DIVIDEND DISCOUNT MODEL OF STOCK VALUATION 


When equities are actually bought and sold on a market, the trading takes 
place with buyers and sellers offering "bid" and "ask" prices, 
respectively, with an intermediate settlement price eventually found. 
The amount by which the ask price exceeds the bid is the "spread". 
This is the difference in price between the highest price that a buyer is 
willing to pay for an asset and the lowest price for which a seller is 
willing to sell it. This terminology applies to investments of all types, 
bonds (Chapter 4), equities, derivative investments (Chapters 9 and 10), 
etc. Some assets are more liquid than others and this may affect the size 
of the spread. 


Shares of common stock represent ownership in a corporation, entitling 
the stockholder to certain privileges including the right to vote on 
matters regarding the management of the corporation. In addition, the 
common stock owner may receive dividends that reflect a share of the 
profit earned by the corporation. 


Among the many factors affecting the price of a stock are the nature of 
the company's business, the quality of the company's management, 
current economic conditions, and forecasts of future conditions as they 
relate to the company's current and prospective profitability. An investor 
in stock would be looking for a return on that investment in the form of 
future dividends and share price increases. For an investor with a long- 
term outlook intending to hold the stock indefinitely, the price (or value) 
of the stock might be regarded as the present value of future dividends 
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expected to be paid on the stock. If d, denotes the expected dividend 


payable at the end of the ¢ year (with time measured from the purchase 
date of the stock), and i is the (long-term) annual rate of valuation for 
this investment, then according to the dividend discount model for 
valuing stocks (this was first introduced in Chapter 2), the price of the 
stock can be: 


v d, 
P=)—_. 9.1 
iow me 


Another formulation would use separate forward rates of interest for each 
year for valuation, so that 


Sp En 1 
(fom) Oho fay” i On 


Yet another formulation is based on spot rates, so(t), for discounting 
payments: 
di dy 
+ 
(Len) (+7)? 


(9.1) 


A stock is a more risky security than a government bond, so the term 
structure of spot rates that relate to risk-free zero-coupon bonds would 
not be appropriate for valuation of dividends on a stock. Example 8.2 
illustrated that there is a default premium on payments that are at risk of 
default. The rate for valuation of dividends would take into account the 
default risk or risk of dividends not being paid or being lowered. 


(Stock Valuation Using Dividend Discount Model) 


A stock is expected to pay dividends at the end of each year indefinitely. 
An investor wishes to receive an effective annual return of 5%. Find the 
stock price based on the dividend discount model in each of the 
following cases: 


(a) dividends are level at $2 per year, and 


(b) the first dividend is $2, and subsequent dividends increase by 2% 
every year. 
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SOLUTION 


(a) The price is the present value of a perpetuity-immediate. In this 
case, the price is ds =40. 

(b) The price is the present value of a geometrically increasing 
perpetuity-immediate. The price is Ed = 66.67. o 


9,2 SHORT SALE OF STOCK IN PRACTICE 


Stocks are bought by investors who anticipate gains from dividends and 
increases in share prices. The typical way in which to invest in a stock is 
to buy the stock now, wait (and hope) for a price increase, and sell the 
stock later; buy low and sell high. If the stock is purchased and paid fully 
in cash, this is referred to as an outright purchase. If the entire purchase 
price is borrowed, this is referred to as a fully leveraged purchase. 


Owning an asset is often referred to as having a long position in the 
asset. An alternative way to buy low and sell high is to reverse the order 
of buying and selling. The stock investor can try to sell high (first) and 
buy low (later). Arranging the stock investment in this way is done by 
means of a short sale of the stock. 


An investor who believes the share price of a stock will fall over a period 
of time can sell short the stock (sell something he does not own) at the 
current price and cover or close the short sale (buy the stock) at a later date 
when (he hopes) the stock can be purchased at a lower price. In theory, the 
short seller is “borrowing” the stock from someone who owns it then later 
selling it (at whatever the market price is at that time). The loan is repaid 
by giving the lender back the stock at the later date. This requires the short 
seller to buy the stock at the later date (at whatever the market price is at 
that time) in order to be able to repay the lender. The lender never 
relinquishes ownership in the stock, and is entitled to any benefits that 
result from stock ownership, specifically dividends. Therefore, when the 
loan of the stock is repaid, the borrower (short seller) must provide the 
lender (the actual owner of the stock) with the stock that was borrowed 
plus any dividends that the stock had paid during the time of the loan. If 
the dividends were payable before the short sale is closed, there may be 
interest due on the dividends from the time of dividend payment to the 
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time of the close of the short sale, or the dividends might be paid to the 
actual owner of the stock as they come due. 


Suppose that the value of the stock is So at the time the short sale is 
opened, and the value of the stock is 5; at the time the short sale is 
closed (the stock is bought back). When the short sale is closed, the net 
gain made by the short seller is Sọ —S; (the price when the stock was 
sold minus the price when the stock was bought). This net gain will be 
positive if Sı < So, so that the stock is bought for less than the price at 
which it was sold. In other words, the short seller has a positive net gain 
if the stock price drops from the time the short sale was initiated to the 
time the short sale is terminated. The short seller will experience a net 
loss on the transaction if S, >So. If the stock paid a dividend of amount 
D, then the short seller must pay that amount to the original owner of the 
stock, and the net gain made by the short seller becomes So -Sı -D 
(and interest will be payable on the dividend if it was payable before the 
short sale was terminated). 


In practice, this transaction is arranged through an investment dealer. 
The dealer will take the position of the lender of the stock in the short 
sale, meaning that the investment dealer is owed the shares borrowed and 
sold by the short seller, with the understanding that the short seller will 
eventually purchase the stock and give it to the dealer. When an investor 
is a short seller of stock, the investment dealer who executes the 
transaction will usually require a certain amount of margin from the 
short seller at the time the short sale is made. This margin is “good faith" 
money, and may be up to 50% of the value of the stock at the time the 
short sale is made, and it is held in an account administered by the 
investment dealer (the margin account). If the stock pays a dividend 
before the short position is closed, the short seller must pay the dividend 
amount to the investment dealer, or the amount is deducted from the 
margin account. The money in the margin account is owned by the 
investor, and the dealer may pay interest on the account. A simplified 
view of a short sale transaction that is initiated at time 0 and completed at 
time 1 can be summarized as follows. 


(i) Stock price at time 0 is So. 
(ii) Margin required at time 0 is M. 
(iii) Margin account pays interest at rate i per period. 
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(iv) Stock pays dividend of amount D at time 1. 
(v) Stock price at time 1 is Sj. 


Deposit margin M 
Sell stock for Sp 


Margin has grown to M (l+i) 
Buy stock for Sj 
Pay dividend D 


The short seller opens the margin account at time 0 with a deposit of 
amount M. The short sale is initiated at time 0. The short seller has a 
“short sale credit" of amount S, as a result of selling the stock for that 
amount. This amount So does not appear in the margin account, since it 
represents money that was obtained by selling the borrowed stock, so it 
is not really the property of the short seller. At time 1, the original 
margin deposit of M into the margin account will have grown with 
interest to M (12i). Also at time 1, when the short sale is terminated and 
the investor must “pay” S to buy the stock. This is illustrated in the time 
line above. 


The net gain on the short sale transaction is Sg — Sj, and this actual 
dollar amount is added to the margin account, increasing the balance if 
So-S,>0 and decreasing the balance if Sọ-Sı «0. At time 1, the 
dividend is payable, and that amount is deducted from the margin 
account. The net amount in the margin account at time 1, after interest is 
added to the margin account, and after the short sale is closed and the 
dividend is paid is M(1+i)+So — Sj — D. Therefore an initial investment 
of amount M (the original margin deposit required) has grown (or 
decreased) to. M (ci) -- $0 —$; — D over the course of the period. The 
actual return or yield j earned by the short sale investor over the period is 
found from the relationship 


M(I+j) = M(I+i)+ So -Sı - D. (9.2) 
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(Short Sale of Stock) 


The margin requirement on a short sale of stock is 50% of the value of the 
stock, and the margin account pays 10% per year. The value of the stock 
being sold short is 100 at the start of the year. The stock is sold short at the 
start of the year, and the short sale is closed at the end of the year at the 
time a dividend of 5 is paid. Find the net return earned by a short seller over 
the one year period if the stock price at the end of the year is 


(a) 90 (b) 100 (c) 110. 


The amount of margin required is 50 at the start of the year. The balance 
in the margin account at the end of the year is 


50(1.1)-100—5, -5 = 150- S. 
For the three cases considered, this amount will be 
(a) 60 (b) 50 (c) 40. 


The net return earned by the short seller in these cases will be 
60 4. $0 1. 320 0. 9 
(a) $5-1 = 20, (b) 35-1 0, (c) E 1--2. O 


The equity in the short seller's margin account is regularly updated when 
there are movements in the stock price. If the stock price increases, the 
short seller may be required to add to the margin account to maintain a 
minimum margin level (this is a margin call). This is illustrated in the 
following example. 


(Short sale of stock) 


The current price of a share of stock in Corporation XYZ is 50. Smith 
sells short 1000 shares of XYZ stock. Smith's investment dealer charges 
a commission of 2% of the value of stock purchased or sold short and 
also requires that Smith open a margin account for the short sale. While 
Smith is “short the stock,” the margin account must maintain a balance 
of at least 4096 of the value of the stock. Thus, when the short sale is 
initiated, Smith must deposit 20,000 into the margin account, and pay the 
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investment dealer a commission of 1000. It is assumed that the margin 
account earns no interest. 


(a) Suppose that the stock price drops to 40, at which time Smith 
*covers the short sale." If the commission on the stock purchase is 
deducted from the margin account, find the equity in the account 
after the short sale is covered. 


(b) Repeat part (a) if the price rises to 60. Suppose that the price rises to 
60 but Smith does not wish to cover the short sale yet. Find the 
amount Smith must add to the margin account to maintain the 
required balance of 40% of the stock value. 


(c) Suppose that the stock pays a dividend of 2 per share while the short 
sale is in effect. Find the least amount by which the share price must 
drop in order that Smith not get a “margin call" to add to the margin 
account to maintain the 40% minimum balance. 


(a) When Smith sells the stock short, Smith has a credit of 70,000 (the 
50,000 sale price of the stock and the 20,000 in the margin account) and 
owes 1000 shares of stock. At a price of 40, the cost of purchasing the 
stock is 40,000 plus 800 in commission. Smith's equity after the 
transaction is then 70,000 — 40,800 — 29,200. Smith's overall gain is 
9.200 minus the initial 1000 commission on the short sale, for a net gain, 
after commissions, of 8200. Smith's gain could also have been found as 
1000 x (50—40) — commission = 10,000 —1800 = 8200. Smith has 
made a gain of 8200 on an investment of 20,000, resulting in a return 
of 41% on the transaction. 


(b 


Smith must now have a margin account balance of 
40x 60,000 = 24,000, 


and so must add 4000 to the margin account. 


(c) Smith’s account has 2000 deducted to pay for dividends, leaving a 
balance of 18,000. In order for the account to be at least 40% of the 
stock value, it must be the case that 18,000 2 .40x1000x P. Thus, 
P € 45, so that the stock must drop in value by at least 5 in order to 
avoid a margin call. o 
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We have described how a short sale takes place in practice. In the next 
chapter we will look at short selling from a more theoretical financial 
point of view. We will refer to the method of short selling just described 
as the practical method of short selling. 


It is also possible to purchase stock *on margin." This means that the 
stock purchaser opens a margin account with an investment dealer, but 
the amount required in the margin account is a fraction of the actual 
stock price, just as in the case of a short sale. Example 9.3 could be 
repeated in the case of a purchase of stock on margin. 


Many types of assets other than stocks can be sold short. In theoretical 
models of financial markets, it is often assumed that any asset can be either 
purchased or sold short for the same price at any time. In practice, 
availability of supply will be a factor when considering a short sale. We will 
consider some theoretical models of financial markets in Chapter 10. 


Naked Short Selling 

The short sale of a stock involves borrowing the stock, selling it, and 
purchasing it later to repay the party from which it is was borrowed. 
When the short seller sells the stock, the purchaser receives the stock, 
or expects to receive it at some time soon after the sale. A *naked short 
sale" is a sale in which the short seller has not actually borrowed or 
arranged to borrow the stock. A risk associated with this practice is 
that the short seller may have difficulty actually delivering the stock to 
the party to whom it was sold. 


On February 3, 2005 the shares of the video rental company Movie 
Gallery Inc., dropped 20%, the largest drop in over 10 years of trading. It 
was later discovered that there had been short sales of 750,000 shares 
that day, about 2.5% of the company's shares in the market. Daily short 
sales averaged 370,000 in the first week of February, 2005 and the stock 
price dropped 36%. It was also discovered that growing numbers of short 
sellers weren't delivering the shares to the buyers. There was no serious 
underlying financial reason for the precipitous drop in the stock price. 
Naked short sales accounted for much of the short selling, but the selling 
frenzy in Movie Gallery's shares created the impression that the 
company was experiencing financial difficulties and the share price was 
driven down. 
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Stock market regulations are continually reviewed and modified to try 
to deal with all types of improper and manipulative trading practices. 
For example, the SEC (Securities Exchange Commission, the main 
stock market regulator in the U.S.) now has a rule that states that if a 


company has accumulated unsettled trades of at least 10,000 shares 
and 0.596 of the company's outstanding stock for five consecutive 
trading days, it is subject to restrictions on future short sales. 

Source: www.bloomberg.com 


9.3 ADDITIONAL EQUITY INVESTMENTS 


Along with investment in (or short sale of) individual stocks, there are 
investment alternatives that allow the investor to own part of a group of 
stocks. Mutual funds and exchange-traded funds (ETFs)are two popular 
investments of this type. 


9.3.1 MUTUAL FUNDS 


An investment company can pool the money of many individual 
investors and purchase various types of financial instruments such as 
stocks and/or bonds. Each individual would own a portion of the fund 
determined by the amount invested as a fraction of the total value of the 
fund. The individual’s ownership in a mutual fund is represented by a 
number of fund units. The price per unit would be found as the total 
value of the fund divided by the number of units held by individual 
investors. As new investors purchase units the fund managers continue to 
buy investments. If an investor wishes to sells units, the fund company 
can buy back the units and may have to sell some investments to raise the 
money needed to pay the investor. The price per unit is usually updated at 
the end of each trading day. The daily updated price takes into account 
changes in value of the investments owned by the fund. The daily unit price 
would also take into account the change, if any, in the number of units of 
the fund being held by investors, since additional units may have been 
purchased or existing units may have been redeemed during the day. 


The fund would be managed by investment professionals who make the 
decisions as to what instruments in which to invest. Some funds are 
designed to invest in specialized sectors of the financial markets. For 
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instance, a fund can invest mainly in energy stocks, such as those of oil 
and gas exploration companies, or electrical utility companies. The 
investment managers would generally charge an annual fee, typically 
anywhere from 0.5% to 2% of the fund's value. There are thousands of 
mutual funds available, ranging in size from a few million to over a 
hundred billion dollar. 


An individual investing in a mutual fund has the advantage of 
diversifying the investment over the range of instruments owned by the 
fund. Another (possible) advantage is the benefit of the expertise of the 
investment fund manager. Mutual funds are generally quite liquid 
investments, with valuations updated each day. 


9.3.2 STOCK INDEXES AND EXCHANGE-TRADED FUNDS 


A stock index is a portfolio of securities that represents all of, or a 
portion of, an overall stock market. It is generally used to track the 
performance of a group of stocks, which can act as valuable benchmark 
against which to measure the change in share price for public companies. 


Indexes show trends and changes in investing patterns, and are usually 
expressed in terms of a change from an original or a base value. This 
movement of the index number up or down — or the percent change 
over time — gives you a good idea of the overall performance of the 
index. 


Each index has its own calculation methodology. Most indices, however, 
weight companies based on market capitalization. For example, if a 
company's market cap is $2,000,000 and the value of all stocks in the 
index is $200,000,000, then the company would be worth 1% of the 


index. 


Popular indexes include the S&P/TSX Composite Index in Canada, the 
S&P 500, Dow Jones Industrial Average, and Nasdaq in the U.S., and the 
FTSE in London. 


One of the motivations for investing in a mutual fund is to obtain a 
diversified market return that has less risk than an individual stock might 
have. An alternative to mutual funds that has become popular in recent 
years is exchange-traded funds (ETFs). An ETF tracks a particular 
market index, such as the Dow Jones Industrial, or the Standard and 
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Poor's 500 (index of 500 major stocks). The fund trades like a stock and 
is listed on a major market, and can be bought or sold at any time during 
a trading day. A mutual fund has its value updated at the end of each 
trading day, whereas the value of an ETF fluctuates constantly 
throughout the day as the price of an individual stock would. Exchange- 
traded funds tend to have smaller management fees than mutual funds, 
since there is no "investment expertise" in the management of the 
exchange traded fund since its value always runs parallel to the index 
that it is tracking. 


9.3.3 OVER-THE-COUNTER MARKET 


The over-the-counter market refers to a decentralized market of securities 
not listed on an exchange where market participants trade over the 
telephone or over an electronic network instead of a physical trading floor. 
There is no central exchange or actual location for this market. It is also 
referred to as the “OTC market." 


In the OTC market, trading occurs via a network of dealers, who carry 
inventories of securities to facilitate the buy and sell orders of investors, 
rather than providing the order matchmaking service seen in exchanges 
such as the NYSE. Although stocks that are traded over the counter are 
often more speculative than stocks listed on established exchanges, 
virtually all government and municipal bonds and most corporate bonds 
are traded in the OTC market. Many derivatives are traded in the OTC 
market. 


9.3.4 CAPITAL ASSET PRICING MODEL 


A stock will have a certain amount of risk associated with it. The stock's 
price is influenced by prices in the stock market as a whole, so that part of 
the risk, called the market risk (or systematic risk or non-diversifiable 
risk), for an individual stock will be related to general factors that affect the 
overall economy. In addition, because of the specific nature of the stock's 
industry group and the position of the issuing corporation in that industry, 
there will be non-market risk or diversifiable risk. Diversifiable risk can 
be managed by carefully choosing the mix of stocks in the overall portfolio. 
If an investor's portfolio exactly matches that used to measure overall 
market performance, such as the portfolio used for the Dow Jones index or 
the Standard & Poor's index, then the risk of the portfolio will be entirely 
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market risk as measured by the standard portfolio. The market and non- 
market risks are generally assumed to be independent. 


The valuation rate (or sequence of rates) used in price formulas (9.1) for 
a specific stock, may be related to the risk classification of that stock. 


The relationship between the rate of return on a stock over a period of 
time and the average return of a broad market portfolio such as Standard 
and Poor's 500 index during the same period is represented by the 
stock's characteristic line, given by 


R, = Gs + B x Rm +8s, (9.3) 


where A, is the (random) return on the stock for the period under 
consideration, c is the part of the stock's return not related to the market 
and unique to that stock, Ø, is the expected change in Rs, given a change 
of 1 unit in the market return Rm, Rm is the (random) return on the entire 
market for the period, and e; is a random variable (with mean 0) measuring 
the non-market risk, or diversifiable risk (usually assumed to be 
independent of Rn). 


The factor f is called the beta of the stock, and measures the volatility 


of the stock's return in relation to the return on the entire market. The 
larger the beta for a stock, the larger the expected return and the larger 
the risk (standard deviation of return). These parameters change over 
time; estimates of æ; and 2, can be obtained using statistical regression 


based on historical data. 


Taking the expected value of both sides of Equation (9.3) results in 
R, = ae Be RS. (9.4) 


Under reasonable assumptions regarding investor behavior, this relation- 
ship can be written as the Capital Asset Pricing Model 


R, = Ry + AS -R,). (9.5) 
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In Equation (9.5), Ry denotes the risk-free rate of return available, as 


measured by an appropriate government security. We do not derive this 
model in this text. 


9.4 FINANCIAL DERIVATIVES DEFINED 


Definition 9.1 — Derivative Investment 


A financial derivative is an instrument that is related to some other 
asset and whose value is derived from that asset. 


There are many types of financial derivatives (usually referred to as 
derivatives). The next few sections of this chapter look at some basic 
types of derivatives — forward contracts, futures contracts and 
commodity swaps. The next chapter is devoted to options, which form a 
very important class of derivative securities. 


A forward or futures contract on an underlying asset is an agreement 
between two parties to sell and buy that asset at a specified future date for 
a specified price. An option on an asset is a contract that allows, but does 
not require, the holder of the option to buy the asset (call option) or sell the 
asset (put option) on or before a specified date at a specified price. 


In Chapter 6 we introduced the concept of a forward rate of interest. In 
the next sections of this chapter we consider the more general concept of 
a forward contract and the related concept of a futures contract. Some 
applications related to equity investments are introduced, including a 
simple model for pricing an option on a stock. A few of the concepts 
introduced in the next chapter require an elementary background in 
probability. 


It is generally assumed that there is always available a “risk-free” rate of 
return that can be obtained by any investor. The risk-free rate of return is 
often determined from U.S. government treasury bills or bonds because 
there is assumed to be no risk of default in U.S. treasury securities (the 
government can print the money needed to repay its obligations). 
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Another important assumption about the theoretical behavior of financial 
markets is that any asset can be purchased long or sold short. As in the 
case of long and short positions in an equity described earlier in Section 
9.2, a long position in an asset is taken by purchasing the asset at its 
market value. A short position is taken by borrowing the asset and selling 
it with the understanding that the short seller will eventually purchase the 
asset and return the borrowed asset. In a short sale, the short seller must 
return the asset at the time the short sale is terminated. As discussed in 
Section 9.2, a variation on a short sale is a "naked" short sale, in which 
the short seller doesn't actually borrow the asset. There are regulations 
that limit the amount of naked short selling that can take place in an 
asset. 


In the theoretical analysis of forward contracts and options that will be 
presented in this and the next chapter, it is assumed that any amount of 
money can and will be invested at the risk-free rate of interest, and that 
loans of any amount are always available at the risk-free rate. It is also 
assumed that a long or short position can be taken in any asset in any 
fractional quantity. For instance, if a particular situation calls for a short 
position in one-half of a share of stock, it is assumed that such a position 
can be taken. If an asset is sold short, then the short seller gets the 
proceeds of the sale of the asset and can invest that amount at the risk- 
free rate, or can use the money to purchase some other asset. 


A financial position is any combination of investments, including long 
and short positions in any assets, or in risk-free investing or borrowing. 
When describing the outcome at time T of a financial position created at 
time 0 we make a distinction between the payoff at time T of the 
financial position and the profit from time 0 to time T on the financial 
position. The payoff at time T is simply the value of the position at time 
T. The profit on the position from time 0 to time T is defined as follows. 


The value of the position is determined at time 0. This amount is 
accumulated to time 7 using the risk-free rate of interest. The profit on 
the position is the difference between the payoff on the position at time T 
and the accumulated value to time 7 (using the risk-free rate) of the 
initial position value. It follows that the profit on an investment or loan at 
the risk-free rate is always 0. This is true because, the payoff at time T of 
an investment at the risk-free rate is exactly the accumulated value at the 
risk-free rate, so when that accumulated value is subtracted, the profit is 
0. This definition of profit that we will be using in this theoretical 


ADVANCED TOPICS IN EQUITY INVESTMENTS & FINANCIAL DERIVATIVES < 487 


financial market context may not be the same as the definition of profit 
in common usage. For instance, if I invest $100 for one year and get back 
$110, I might regard that transaction as resulting in a profit of $10 for the 
year. In the version of profit that we will be using, we would subtract the 
risk-free part of the return from the $10; if the risk free rate of interest for 
the year was 6%, then profit, in our theoretical sense, would be $4. 


Figure 9.1 illustrates the payoff and profit at time T in a long position in 
an asset. The graphs are functions of the asset value at time 7. 


The payoff is simply the value of the asset at time 7, say S+. If the cost of 
the asset at time 0 was So, then the accumulated cost to time T of creating 
the long position at time 0 is Sy (I), where ; is the (annual effective) 
risk-free rate of interest. The profit at time Tis Sp —S)(1+i)’ . 


Payoff at Time T 
Sr Profit at Time T 
Sp —So(1+i)” 
Sr 
—So(1+i)” 
FIGURE 9.1 


In Chapter 6, the Law of One Price was introduced. According to this 
rule, under the assumption that no arbitrage opportunities exist, if two 
financial positions have the same payoff at time 7, then they will have 
the same price at time 0, and they will result in the same profit at time 7. 
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In the example above, the risk-free rate was used in annual effective rate 
form. In most financial literature, the risk-free rate is quoted as a 
continuously compounded rate. 


9.5 FORWARD CONTRACTS 


9.5.1 FORWARD CONTRACT DEFINED 


Definition 9.2 — Forward Contract 


A forward contract is an agreement to buy or sell a certain asset at a 
specific future date called the delivery date for a specific price called 


the delivery price. Both parties of the forward contract are bound by 
the contract terms at the time the contract is made, with the contract 
being settled on the delivery date. 


In general, the forward contract is constructed at time 0 so that no money 
changes hands at time 0, and the only exchange takes place at time 7. We 
will see shortly how the delivery price is determined so that it is 
acceptable to both positions in the forward contract so that no money is 
initially exchanged. 


We will denote by Sọ the value of the asset at time 0, and S; will denote 
its value at time 7. The value at time 0 (current price) is also referred to as 
the spot price. The spot price is the price quoted for immediate settlement, 
payment and delivery of a security or commodity. For a forward contract 
arranged at time 0 for delivery to take place at time 7, we will denote the 
delivery price by Fy. The payoff on the long position at the time of 


delivery is Sy — Fy, and the payoff on the short position is Fy — Sp. It 


is always the case that the payoff on a short position is the negative of 
the payoff on a long position of the same combination of financial 
investments. 


Since no money is initially invested for a forward contract, the profit on the 
delivery date is the same as the payoff on the delivery date. As with any 
buy/sell transaction, there are two positions that are taken on a forward 
contract. The party that will take delivery of the asset and pay the delivery 
price at time T has a long position on the forward contract, and the party 
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that will deliver the asset and be paid at time T has a short position on the 
contract. Forward contracts are often described from the point of view of 
the long position. Figure 9.2 illustrates the payoff at time 7 on long and 
short forward contracts. The payoff is a function of the time T asset value. 


Payoff at Time 7 on Long Forward 
For 


Sr- For 


Sr 


—For For -Sr 


Payoff at Time T on Short Forward 


FIGURE 9.2 


(Forward contract in gold) 


At time 0, a corporation enters into a forward contract with a gold refiner to 
purchase 1000 ounces of gold in one year (at time T —1) at the delivery 
price of U.S. $950 per ounce. Suppose that at the time of maturity the spot 
price of gold is U.S. $900. What is the payoff at time 1? 


SOLUTION 


The payoff on the long position held by the corporation is 
S, — Fg, = 1000x(900—950) = —$50,000. The reason for this is that the 


corporation is obligated by the forward contract to buy from the party that 
took the short position in the forward contract. The corporation must buy 
the gold at $950 per ounce, even though it is available in the spot market at 
$900 at time. The corporation is paying 950,000 for something that is 
actually worth 900,000. The payoff on the short position at time 1 would be 
$50,000. a 
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9.5.2 PREPAID FORWARD PRICE ON AN ASSET PAYING NO INCOME 


An alternative forward contract arrangement that can be made is a 
prepaid forward contract, in which the long side pays now (time 0) and 
the short side delivers the asset at time 7. In this case, the amount paid 
now is called the prepaid forward price, and we will denote it Fe, . For 
an asset which pays no income or dividends, the prepaid forward price at 
time 0 is equal to the spot price of the asset at time 0, Fo, =S. The 
following example shows that if Fr is not equal to Sọ, then it is 
possible to create an arbitrage opportunity (as defined in Chapter 6) and 
obtain a positive gain for a net investment of 0. 


(Arbitrage on a prepaid forward contract) 


A stock has a price at time 0 of $100. The risk-free force of interest is 10%. 
Suppose that an investor is willing to enter into a one year prepaid forward 
contract at a prepaid forward price of $105. Show how to make an arbitrage 
gain under these circumstances. 


SOLUTION 


A simple, but general principle in finance is to buy low and sell high in 
order to make a gain. If we can “buy” for 0 and “sell” for more than 0, then 
we have made an arbitrage gain. Since the current price of the stock is 100, 
if someone is offering a prepaid forward at a price that is not 100 we can 
take advantage of the situation in one of two ways, depending upon what 
the prepaid forward price is. If the prepaid forward price being offered is 
more than 100, we sell the prepaid forward and buy the stock, and vice 
versa if the prepaid forward price that an investor is willing to accept is less 
than 100. 


We sell to the investor the prepaid one-year forward contract on the stock 
(this is the “sell high" part of the arrangement). This means that the investor 
pays us $105 right now (time 0), and we agree to deliver a share of stock to 
the investor one year from now. We use $100 of the amount we receive to 
buy the stock right now (this is the “buying low" part of the arrangement), 
and invest the remaining $5 at the force of interest of 10%. In one year, we 
have the stock to deliver to the investor to complete the forward transaction, 
and we have cash of 5e! —5.53. This represents positive gain obtained 
with a net investment of 0 at time 0. a 
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9.5.3 FORWARD DELIVERY PRICE 
BASED ON AN ASSET PAYING NO INCOME 


Assuming no arbitrage opportunities exist, we have seen that the prepaid 
forward price on an asset paying no income is the spot price of the asset. 
It follows that the forward delivery price for delivery at time T is the 
value at time T of the initial spot price accumulated at the risk-free rate 
of interest. If the continuously compounded risk-free rate is r then the 


no-arbitrage forward price is Sy e^. 


This can be seen in the following way. Suppose that investor A is willing 
to enter into a long forward contract in which he will pay a delivery price 


of C»5S, e. Tt is possible to construct the following strategy. You 
enter into a short position on the forward contract with investor A taking 
the long position in which he will pay C to you at time 7, when you will 
deliver the asset to him. No money changes hands now (at time 0). At the 
same time you enter into this contract you borrow Sọ at the risk-free rate 
and buy the asset at today’s spot price of Sọ. You hold the asset until 
time 7, at which time you sell it to investor A and he pays you C. Since 
C> S e", you have more than enough to repay your loan at the risk- 
free rate. The excess is a guaranteed profit to you for a net investment of 
0. The assumption that no such arbitrage opportunities exist in a market 
implies that such a transaction would not be possible and there would not 
be such an investor A. A similar argument shows that if someone was 
willing to sell (deliver) the asset at time T at a price less than Sọ e, 
then an arbitrage gain would be available. 

It is possible to formulate the value of a forward contract (long or short 
position) at any point in time between the initial contract date and the 
delivery date. 


9.5.4 FORWARD CONTRACT VALUE 


Suppose that at time 0 a forward contract is arranged with the following 
characteristics: spot price at time 0 is Sọ, delivery is at time T, delivery 
price is Fy,, and the risk-free rate (continuously compounded) is r. 
Assuming no arbitrage opportunities exist, it must be the case that 
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So = Fue or Fyr = Se" (9.6) 


Suppose that at a later time, say ¢< T, the spot price is S,. The value of the 


long position in the original forward contract at time ¢ is S, — Se". The 
reason for this can be seen as follows. Assuming that the risk-free rate is still 
r, à new investor at time / who wants to enter into a long position forward 
contract that has delivery at time 7 would agree to a delivery price of 
S e" ^? (since the time is T —1 until delivery, assuming the risk-free rate 
is still 7). If the new investor were to take over the long forward position on 
the original contract, he would have to agree to a delivery price of Fy, at 
time 7. The amount that the new investor would be willing to pay to take 
over the original long position in the forward contract would be the present 
value of the reduction in what he would have to pay at delivery; that present 
value is [5, e 77?-5,, Je" = s, -Rre = S, - Sge". This is 
the present value (at time /) of the delivery price he would have to pay if 
he entered a new contract minus the delivery price he would have to pay 
if he took over the original contract, and it is also the current spot price 
(at time ) minus the accumulated value to time t of the spot price when 
the original forward contract was entered at time 0. 


The value of the short position of the original forward contract at time ¢ 
is —(S,-Sge") = Sy e" —S, (the combined value at any time of the long 
and short positions is always 0). 


EXAMPLE 9.4 Continued. f (Value of a Forward Contract) 


Suppose that the spot price of gold is 975 one-quarter year after the 
original forward contract is made. Find the value of the long position in 
the forward contract at that time assuming a continuously compounded 
risk-free rate of interest of 596. 


SOLUTION 


When the contract was first made at time 0, the delivery price was 950. 
This implies that the spot price at time 0 must have been Sọ, where 


So e=950, Thus, 5S =903.67. Since the spot price at time t=.25 is 
S55=975, it follows that the value of the long position in the forward 
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contract is. S5, — 5,0529 =975-903.67¢°'"5 = 59.97, The value of 
the short position at that time would be —59.97. a 


In the example above, gold can be replaced by any asset that does not 
produce any income from the time the forward contract is entered to the 
time the contract matures. In our simple financial market framework, we 
are also assuming that there would be no storage costs for holding an asset 
for a period of time. In practice, there would likely be some storage cost. 


9.5.5 FORWARD CONTRACT ON AN ASSET PAYING 
SPECIFIC DOLLAR INCOME 


We now consider a forward contract on an income-producing asset such 
as a risk-free (government treasury) bond. The asset to be delivered on 
the delivery date is a bond. 


Let [; be the present value at time 0, at the risk-free rate, of income to be 
received from time 0 until the maturity of the forward contract. With a 
delivery price of Fyr, the following Portfolios A and B have the same 


value. 


Portfolio A: one long forward contract on the security plus cash amount 
equal to Fy pe", 


Portfolio B: one unit of the security, combined with borrowing of 
amount / at the risk-free rate. 


The income from the security in portfolio B will repay the loan, and result 
in only the security being held at time 7, therefore the two portfolios result 
in the same financial position at time 7. Then the no-arbitrage assumption 
leads to 


For = (Sy—Iy)e™. (9.7) 


For a forward contract created at time ¢<7 with delivery at time T for 
the security, the delivery price would be (S,—/,)e" 7” 


present value at time ¢ of the cash income to be paid from time f to T. The 
value at time ¢ of the long position on the original forward contract is 
—r(T- 


, where /, is the 


S,-I,- Fore ~ (This is the present value of the difference between 
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what would have to be paid as delivery price on a new forward contract 
arranged at time / and the original forward contract; we are assuming that 
the risk-free rate remains constant at r). Note that the spot price, S,, 
includes the income to be received between now and the delivery time, 
but that income will not be paid to the long position holder of the 
forward contract, since the long position holder takes delivery after that 
income is paid. Thus, the delivery price should not include the income 
paid by the security between now and the time of delivery. 


An alternative way of looking at this situation is to see that the forward 
price should be the amortized value of the security at time T. This is the 
initial price (spot price at time 0) accumulated to time ¢ minus the 
accumulated income (coupons) to time t. From this comment, we also 


see that the prepaid forward price is Fir = 85-15, which is the asset spot 


price minus the present value (at the risk-free rate) of all income to be 
paid until delivery of the asset takes place. 


The following equations summarize some of the key relationships in 
forward contracts. 


Forward delivery price at time T, determined at time 0 for an asset with 
value S, at time 0 and paying specific dollar income between time 0 and 
time T with present value /, at time 0: 


Fyr = (Sp-ly)e™ (9.7a) 
Forward delivery price at time 7, determined at time ¢<7 for an asset 
with value Sọ at time 0 and paying specific dollar income between time t 
and time T with present value /, at time t: 


Fup = (S,-1)e 0? (9.7b) 


Value of long forward position at ¢ on the original forward contract 
initiated at time 0: 


(S,-1,)- Fyre" (9.7c) 
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EXAMPLE 9.08 (Forward contract on a bond) 


A coupon bond has a spot price of 860. The bond will pay coupons of 40 
in 6 months and in one year. 


(a) Suppose that the risk-free rate is 10% (per year continuously 


(b 


(c. 


compounded) for both a zero coupon bond with 6 months to maturity 
and a zero coupon bond with one year to maturity. The delivery price 
for a one year forward contract on the bond, with delivery 
immediately after the coupon payment, is 


Ér- (860-4061) 402-1) e10 
= [860e 5 —40]e!C9 —40 = 868.40. 


This is an illustration of Equation 9.6a. 


Suppose that immediately after the first coupon is paid (time .5), the 
continuously compounded risk-free rate of interest is still 10% for 6 
month maturities. If the spot price of the bond has risen to 870, then at 
time .5 the delivery price for a forward contract maturing at time 1 
(just after the coupon is paid) is F5 5 = (870-40e719)e169 = 874.61 


(Eq. 9.3b) and the value of the original forward contract entered at time 
Owill be Ss—1.—Fyre-?) =870-40e= 15) 868.400") = 5.90. 


Suppose that the risk-free rates are 8% (per year continuously 
compounded) for a 6-month maturity and 10% for a one year 
maturity. The delivery price for a one year forward contract on the 
bond, with delivery immediately after the coupon payment, is 


For = (860-402-9859) 492-10) ei 
= [860e%%5)_40 ] 1269 —40 = 867.97 


Using Eq. 9.6a (note that the continuously compounded '4 year 
forward rate of interest at time 0, denoted here by 1(.5,1) is 
2:10 


determined by solving the equation e»(^7*5 = 
20.085 


for ry(.5,1) ; 


this results in 79(.5,1)=.12 = 1208, 
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(d) Suppose that immediately after the first coupon is paid (time .5), the 
continuously compounded risk-free rate of interest is still 8% for 6 
month maturities. If the spot price of the bond has risen to 870 at time 
.5, then at time .5 the delivery price for a forward contract maturing at 
time 1 (just after the coupon is paid) for delivery at time | is 


(870— 406-9863) eS) = 865.51 (using 9.7c) 
and the value of the original forward contract entered at time 0 will be 


S,—15-F, je "9 —870-402-08) 8679707985) = 2.37. (9.7c) 
o 


9.5.6 FORWARD CONTRACT ON AN ASSET 
PAYING PERCENTAGE DIVIDEND INCOME 


Dividend paying stocks usually pay a dividend that is a dollar amount 
related to the value of the stock. If we consider a mutual fund or a stock 
index consisting of a mix of many different stocks, some paying dividends 
at different times, it may be possible to approximate the behavior of the 
stock index as paying dividends at a continuous percentage. It is also 
possible to imagine a single stock that pays periodic dividends, for which 
the dividend is a percentage of the value of the stock. 


As an example, we could consider a stock that pays a dividend of 1% of 
the share price at the end of each month. The prepaid forward price for a 
prepaid 4-month forward contract on one share of stock would be 


Riis = ar This is true because at the end of each month, the number 


1 
(1.01)* 


of shares grows by a factor of 1.01, so that shares bought today 


(at a price of 


ay ) would grow to 1 share delivered at the end of 4 


months. Note that we are assuming that the 1% dividend at the end of 4 
months occurs just before delivery. Keep in mind that it is one share of 
stock being delivered in 4 months, and since there is the percentage 
dividend occurring cach month, we would need less than one share 


( d y shares) now to grow to one share in 4 months. 
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Suppose that dividends are payable continuously and the continuous rate 
of dividend payment is y . This is similar to a force of interest in which 1 
grows to e” at time t. What is meant by a continuous rate of dividend 
payment is that y is applied instantaneously to the number of shares, so 
the number of shares is growing continuously at ratey. Therefore, 1 
share will grow to &/^ shares at time T. In order to deliver 1 share at 
time T, we need e~”” shares at time 0, which will grow to e? .e/T =] 
share at time 7. The prepaid forward price would be the price at time 0 of 


€^ shares, which is 


Fe, = Se (9.8) 


As with the other forward contracts considered, the no-arbitrage forward 
price for delivery of one share at time T is the prepaid forward price 
accumulated to time 7 at the risk-free rate r, 


Rr = Fire = Se 7T (9.9) 


The forward premium on a forward contract is defined to be 


For _ forward price > CNET For 
pu Oppia. Y and the annualized forward premium is +x In €^) 


If the asset pays continuous dividends at annual rate y then the 
annualized forward premium is r— y. This annualized forward premium 
is also referred to as the cost-of-carry. It is the net rate at which cost is 
incurred by borrowing at the risk free rate to own the asset paying the 
dividend rate. If we consider a short sale of the asset, the lender would 
have to be paid the dividend rate y, and this is referred to as the lease 
rate. Finance books often use 8 for the lease rate, but since we have used 
that for other purposes in this book, we will use y. 


9.5.7 SYNTHETIC FORWARD CONTRACT 


If two financial investments result in the same payoffs at a common time 
point in the future, then under the assumption of no arbitrage, they would 
have the same value or price today. For some types of financial contracts 
it is possible to replicate the payoffs by combining alternative financial 
instruments. 
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Suppose we consider a forward contract in an asset that pays dividends at 
continuous rate y (this includes the case of no dividends, y —0). In this 


case it is possible to replicate the payoffs on the forward contract 
expiring at time T by borrowing Sge” T (the prepaid forward price) at 
time 0 and buying the asset. At time T we own the asset which has value 
Sz , and we must pay back the loan, which has accumulated with interest 


to Spe". The payoff at time T of this combination is Sj — $56 77, 
The payoff at time T of a forward contract is Sy -F r- We have also 
seen that for a stock that pays dividends at rate y, the forward price is 
Fyr =S" 7". Therefore, the loan and stock purchase combination 


results in the same payoff as the forward contract. We have replicated the 
payoff of the forward contract. The loan and stock purchase combination 
is a synthetic forward contract, which can be represented by the 
equation 


forward contract = stock purchase + loan. (9.9) 
This can also be written as 
forward contract — stock purchase — zero coupon bond (9.10) 


since *—zero coupon bond" means shorting the bond, or equivalently, 
taking out a loan. 


Just as the equation 4--B — C can be written in the equivalent form 
A=C-B, we can rewrite the “equation” 


stock purchase — zero coupon bond = forward contract 


in the form: 


stock purchase = forward contract + zero coupon bond. 


(where “=” means that they have the same payoff at time 7). 
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We can interpret the right side of this equation as follows. At time 0 we 


(i) take a long position in a forward contract (which has 0 cost at time 0) 
and 
ii) at the same time we invest Spe” in a zero coupon bond maturing at 
o! p g 
time T. 


Then at time T we have 
(i) a payoff from the forward contract of amount. Sy — F, p, and 


(ii) a cash amount of. F} p = Se” from the zero coupon bond. 


The combined payoff on (i) and (ii) is S. the same payoff if we owned 
the stock at time 7 (of course, with the forward contract, we are actually 
obligated to buy the stock at time T at a price of F,;, and we have 
exactly the cash amount from the zero coupon bond to do that). We have 
used a long position in a forward contract combined with a zero coupon 
bond to replicate the value of the payoff of owning the stock at time T. 


We can consider other variations on the equation 4--B =C. For example, 
stock purchase — forward contract — zero coupon bond. 


*—" means that we are taking a short position, so the left side of this 
equation means that if we buy the stock and take a short position on the 
forward contract, we have invested Sge 7T at time 0 for the stock 
purchase (remember that a long or short forward contract does not 
require any cash payment at time 0). At time 7, our short forward 
contract is closed by selling the stock and receiving Spe” 77, We have 
created a T-year investment that gives a continuously compounded return 
of r. In other words, we have replicated the payoff on a T-year zero 
coupon bond. We have created a synthetic zero coupon bond. In general, 
a position consisting of buying the stock and going short on the forward 
contract has an initial investment of Sye?*, and a payoff at time T of 
For—Sp+Sp = Foy (sell the stock for F,; at time T). Under the 
assumption of no-arbitrage, F} p = Sge" 7” Y = $007 e^, which implies a 
continuous rate of return of r on the overall transaction. This is the implied 
repo rate on the transaction. If Fy. was different from ye", the 
implied repo rate would not be r. 
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We can consider any equivalent variation on the equation “4+8 =C” 
and interpret “—" asa short position. For instance 


— zero coupon bond- forward contract = — stock purchase 


can be interpreted as follows. Borrowing Sye” T at time 0 at the same 
time as taking a short position in the forward contract has the same payoff 
at time T as taking a short position in the stock. The payoff at time T on a 
short position in the stock is —$7. (the cost of covering the short sale). The 


(r-y)T 


“payoff” at time 7 on the loan is -Soe and the payoff on the short 


forward contractis Sge "7 — Sp, fora combined payoff of -Sp. 


9.5.8 STRATEGIES WITH FORWARD CONTRACTS 


A long position in an investment can be hedged by taking a short 
position in the investment or in a related investment. An example of a 
hedged position is a long position on an asset and a short position on a 
forward contract on the same asset. This combination is referred to as a 
cash-and-carry. Suppose that the underlying asset is a stock with price 
So at time 0 with continuous dividends at rate y . The long position in 
stock consists of e7 shares at time 0, and the forward price is 
Fyr =S". The payoff at time T (maturity date of the forward 
contract) of the cash-and-carry is S;+Fy7-S; = For = Soe, the 
sum of the payoffs on the long asset and the short forward. This 
corresponds to a continuously compounded return of r from time 0 to 
time T on an amount of Spe? with no risk (risk-free return only). 


A reverse cash-and-carry is a combination of a short position on the asset 
and a long forward contract on the asset. It would have the opposite payoff. 

If a forward contract with a delivery price F,; is available that is greater 
than Spe", then it possible to create a cash-and-carry arbitrage. We 
borrow Spe” and “buy low,” which means we buy €T shares of the 
stock now for a price of 55e 77 . We “sell high,” which means we short 
(sell) the forward contract with delivery price Fy, > Se" ” Then at 
time T we deliver the stock, receive Fy, and repay the loan for a payoff 
of Fy —Sye"". We have made a positive gain from an initial net 
investment of 0. 
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If a forward contract price is available with a delivery price that is less 
than Spe”, then it possible to create a reverse cash-and-carry 
arbitrage by reversing the steps just described. 


A variation on these situations can result in an arbitrage opportunity if 
the rate at which we can borrow is less than the implied repo rate. The 
following example illustrates this. The implied repo rate is the rate at 
which the initial asset value accumulated to the time of delivery is equal 
to the forward delivery price. 


(Arbitrage on the Implied Repo Rate) 


A stock which pays no dividends has a current price of $100. A one year 
forward contract is available with a delivery price of $110. Borrowing is 
available at a continuously compounded rate of 9%. Construct a cash- 
and-carry arbitrage. 


SOLUTION 


At time 0 borrow $100 and buy the stock, and also take a short position 
in a one-year forward contract on the stock. At time 1, close the forward 
contract by selling the stock for $110, and repay the loan with a payment 
of 100e® —109.42. A payoff of 0.58 has been made for an initial 
investment of 0. The implied repo rate is r, where 110=100e", so that 
r —.0953. Since the rate at which we can borrow is less than the implied 
repo rate, we know there will be an arbitrage opportunity available by 
borrowing at the low rate and arranging a transaction that earns the larger 
repo rate. We can also think of this situation as if 9% is the risk-free rate 
r, so that the no-arbitrage forward price is Se" 7? =100e" 109.42, 
which is less than the $110 available for a forward contract. We can 
arrange a cash-and-carry arbitrage since K > Soa em g 


9.6 FUTURES CONTRACTS 


It is usually the intention of the original parties to a forward contract to 
actually take part in the transaction specified for the future date, although it 
is possible for one of the parties to sell his side of the contract to a third 
party at any time before the delivery date. For both hedging and speculation 
on future changes in value of a particular financial instrument or 
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commodity, futures contracts are much more widely used than forward 
contracts. A futures contract is similar in many respects to a forward 
contract. One of the differences is that in setting up a forward contract, 
there is no restriction regarding the goods to be exchanged or the future date 
on which the transaction will take place, whereas futures contracts are 
restricted to a specific group of financial instruments and commodities, and 
they expire on specific days (such as the second Friday of the expiry 
month) in various months. The existence of centralized facilities, such as 
the Chicago Board of Trade and International Monetary Market, for the 
trading and standardization of the futures contracts has led to a highly liquid 
and efficient market. A few examples of goods on which futures contracts 
are traded are the following: 


(1) Japanese yen, with a standard contract size of 12.5 million yen. 

(2) 8% U.S. Treasury Bonds, maturing in 15 years, with a standard 
contract size of 100,000. 

(3) 30-day Interest Rate Future, with a standard contract size of 5,000,000. 
Interest rate futures are based on an underlying government Treasury 
bill or corporate investment certificate with an appropriate term to 
maturity. 

(4) Pork Bellies, with a standard contract size of 40,000 pounds. 


Another distinction between a futures contract and a forward contract is 
that with a forward contract there is generally no exchange of goods and 
money until the delivery date of the forward contract, whereas with a 
futures contract the purchaser of long (buyer) and short (seller) position 
must place a fraction of the cost of the goods with an intermediary 
(usually a futures broker) and give assurances that the remainder of the 
purchase price will be paid and the item delivered when required. 
Usually 2-10% of the contract value (depending on the volatility of 
commodity) is paid to a futures broker to be held in an account, with the 
rest of the contract amount owed on margin. As will be seen shortly, 
futures investments tend to be highly leveraged and very risky. 


Suppose a 6-month forward contract to purchase 100,000 Canadian dollars 
is bought on January 15 with a price of .85 U.S. per Canadian dollar to be 
paid on July 15. The exchange of funds relating to this contract will not 
take place until July 15. On January 15, a 6-month futures contract for 
100,000 Canadian dollars that expires July 15 may also have a future 
delivery price .85 U.S. per Canadian dollar. There are two types of 
purchasers of futures contracts: hedgers and speculators. Hedgers (see 
Example 9.8 below) wish to take a position in the futures market that will 
reduce the risk of holding a commodity or investment they currently own. 
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Speculators seek to make a gain by choosing a position in a futures contract 
that they think will rise in value. A long futures contract is like a long 
forward contract. It obligates the holder to purchase the asset at expiry. The 
futures markets are arranged so that for every long contract there is 
someone who takes the opposite position with a short contract obligating 
the holder to sell the asset at expiry. 


Purchasers of futures contracts do not invest the full value of the contract, 
but invest a relatively small percentage of the value of the contract. The 
amount needed to open the contract may depend on whether it is a hedger 
or speculator buying the contract. The amount needed to open a futures 
account is called the initial margin. At the time this is being written, initial 
margin for a speculator on the 100,000 Canadian dollar contract is $3,192 
and for a hedger it is $2,400. 


To maintain order in the futures market, there are daily limits on the 
movement of future prices. At the end of each trading day, a futures 
account is marked-to-market. This essentially means that any profit or 
loss resulting from a change in the futures price from the previous day's 
close is added or deducted from the account balance. In the example of a 
long contract cited in the previous paragraph, if the value of the Canadian 
dollar had risen from 85 cents U.S. to 86 cents U.S. in one day as of the 
closing of trading, then the account would be marked-to-market and the 
account balance would be increased by $1,000 (this is .01x100,000). In the 
case of a speculator, the account balance would be increased to $4,192. If, 
on the other hand, the Canadian dollar had dropped to 84 cents U.S., then 
the account balance for the speculator would have dropped to $2,192. The 
brokerage companies that administer futures accounts want the account 
holders to hold sufficient funds in their futures accounts, and if the balance 
goes below a certain level, the contract owner may be required to add funds 
to the account, or close the account. A margin call is a request from the 
broker to the contract holder to add funds to the account because it has 
fallen below a predefined level called the maintenance margin. When this 
happens, the contract holder must add funds to the account to bring it up to 
the level of the initial margin. The maintenance margin for a speculator in 
the Canadian dollar contract is $2,400, so in the example just mentioned 
where the Canadian dollar dropped to 84 cents U.S., there would be a 
margin call, and the contract holder would be required to deposit $1,000 in 
the account to bring it back to the initial margin level of $3,192. 


It can be seen from the simple example in the previous paragraphs that 
futures contracts can involve a high amount of risk. If the Canadian dollar 
rises by one cent U.S., that is about a 1.18% rise in the value of the dollar. 
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The corresponding percentage rise in the value of the speculator’s account 
is 1000/3192 — 31.3396 (with the same potential downside risk). 


Some holders of futures contracts don't intend to hold the contract until 
maturity, but rather hope to gain from a speculative position by selling the 
contract before expiration. In this case, the commodity is not received at 
delivery. It is settled with cash before the expiration. 


The purchaser of a futures contract may be attempting to hedge a 
position. For example, a company may have a substantial investment in 
bonds or other interest-sensitive securities. The risk of adverse interest 
rate changes affecting the value of these securities may be reduced by the 
purchase (or sale) of an appropriately related futures contract. This is 
illustrated in the following example. 


EXAMPLE 9.8 (Futures contract) 


The holder of a 1,000,000 12% bond with a maturity of 25 years wishes to 
create a short-term hedge in potential changes to the bond's value by 
selling an appropriate number of 100,000 15-year 8% Treasury bond 
futures contracts which expire in a short period of time. The bondholder's 
objective is to neutralize the effect of a small change in interest (yield) rate 
on the current value of his bond. Suppose the current yield on the 25-year 
bond is 10% and the current yield on 15-year Treasury bonds is 9.5%, and 
that small changes in yield on the two bonds are numerically equal. Find 
the number of 100,000 T-bond futures contracts that must be sold by the 
bondholder to create the hedge. 


Let P(i'?)) denote the price of the 25-year bond at yield rate i), and let 
j= B. Then 


d p(jQ)- ld 
qa; Pi) = 1,000,000--F-[ vj? +.06-asq, | 


= 500,000[ -50v7! +.06(-v,)(da)sq, |. 


With i 2.10, we have j=.05 and ais PU) = -10,538,299, or an 
approximate decrease in value of 105,383 for an increase of 1% in i‘). 
Since the futures contract expires in a short time, we will value the 15- 
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year bonds as of now. Let Q(i'?) denote the price of a 15-year 8% 
100,000 Treasury bond at yield rate i), and let j =f. Then 


d gi) = Ad [yo 4 94. 
Fav QU?) = 100,000-5 ra, +.04-a5, | 


= 50,000[ 3057! +.04(-v, (Ua)sq, |- 


With #2) =.095 we have j—.0475 and -$ Q(?) =-722,316. In 


order to hedge the bond position, the required number of T-bond 


ie 10,538,299 — 
contracts to sell is 7316 ^ 14.6. 


If interest rates increase, the reduction in the value of the 25-year bond is 
offset by the increase in value of the futures contracts. For instance, 
suppose that the yield on the 25-year bond changes from 10% to 10.1% 
and the yield on the 15-year bonds goes to 9.6%. The price of the 25-year 
bond will change from 1,182,559 to 1,172,100, a drop of 10,459. The 
price of one 15-year bond will change from 88,135 to 87,417, a drop of 
718. The drop in value of 14.6 15-year bonds is 10,483. The change in 
value of a short position on the futures contract in the 15-year bonds is an 
increase of 10,483, which approximately matches the drop in value of the 
25-year bond actually being held. a 


As another example of a hedge consider a bondholder, whose bonds will 
mature in six months, who plans to reinvest the proceeds in a new bond 
issue at that time. The price of the new purchase can be locked in now by 
purchasing a six-month futures contract on a bond similar to that which 
will be purchased. The locked-in price is the one reflected in the value of 
the futures contract when it is purchased. Any changes in yield over the 
six months will change the ultimate cost of the bonds to be purchased in 
six months, but if the futures contract is equivalent to the bonds to be 
bought, then the changes in the value of the futures contract will cancel 
those in the actual bond price. 


Financial practice is always evolving, and new types of financial instruments 
appear from time to time (with some types occasionally disappearing). A 
futures contract is an example of a derivative investment. 
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In the case of a futures contract, the value of the contract is related to the 
value of the underlying commodity. By the mid-1990s investment 
derivatives, particularly sophisticated types of options, had attained a certain 
glamour and notoriety. 


As a result of highly risky investing in derivatives, a few companies 
(centuries old Baring's Investment Bank of England for example) and at 
least one local government (Orange County in California) have faced serious 
losses or even bankruptcy. 


Futures Trading Disaster 


The French bank Société Générale experienced a loss of about 4.9 
billion euros in early 2008 as a result of unauthorized trading in stock 
index futures by one of its employees. The trader is alleged by the bank 


to have fraudulently taken very large positions in European stock index 
futures contracts. The positions, which may have been in the tens of 
billions of euros in value, were discovered early in 2008 when equity 
markets experienced a significant drop. Closing the positions resulted in 
massive losses for the bank. 


Empirically, future and forward prices tend to be very similar. Some 
differences can occur due to random fluctuation in the interest rate 
earned on a margin account. Interest rates may be correlated with futures 
prices, for instance for interest rate futures which are based on bond 
prices. A strong positive correlation between interest rates and asset price 
implies that futures prices are higher than forward prices and vice-versa. 


There are various theories that try to explain the relationship between a 
forward price for an asset and what the price of the asset will be in the 
future. Students often ask if the forward price is the expected value of the 
asset at expiry. Even for a non-dividend paying stock, this would not be 
correct, since the no-arbitrage forward price is based on the risk-free rate 
of interest, whereas an investor in a stock would expect some risk 
premium as an expected return above the risk-free rate. Thus, on a non- 
dividend stock, the forward price will be less than the expected price 
(which goes up at the expected rate of return, which is larger than the 
risk-free rate). 
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9.7 COMMODITY SWAPS 


In Chapter 6 we considered interest rate swaps. In that context, we saw 
how to find a level interest rate for all maturities (called the swap rate) 
for which the present value of a series of payments over time using the 
term structure is equal to the present value using the swap rate. 


In general, a swap is an agreement to exchange one set of payments for 
another set of payments over some period of time. An underlying 
principle in a swap arrangement is that at the time that the swap is first 
arranged, the values should be the same for the two sets of payments that 
are being exchanged. For instance, at an annual effective interest rate of 
10%, a single payment of 2 to be made at the end of one year has the 
same value as a payment of | now combined with a payment of .99 at the 
end of 2 years. This can be described by the equation 2v, =1+ 99y^. If 
the interest rate environment is defined by a term structure, the “same 
value" principle still applies. 


(Swap) 


The term structure of interest rates has the following annual effective 
rates of interest for zero-coupon bonds. 


Annual Effective Yield 

Maturity on Zero-Coupon Bond 
l year .0500 
2 years .0525 
3 years .0550 


Payments of 1050.00, 1107.76 and 1174.24 are due at the end of years 1, 
2 and 3. Find the level payment at the end of each year that has the same 
value as these payments. 


The present value of the payments is 


1050.00 , 1107.76 , 1174.24 _ 3000.00, 
1.05 (10525) (1.055) 
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The present value of level payments of x each is 


—M— —— H 2706727x 
1.05 (1.0525) (1.055 


Solving for x results in. x 2 1108.35. g 


In this example, we see that based on the given interest rates, we can 
swap the original set of payments for the set of level payments of 
1108.35. We also see that a single payment of 3000 made at time 0 can 
be swapped for the original (or level) set of payments. 


The original set of payments may represent the forward cost of some 
commodity or asset that will be bought at those payment times. If the 
commodity is paid for with a single payment at time 0, the situation is 
referred to as a prepaid swap. If the future payments are exchanged for 
level payments to be made over the same time frame, the amount of the 
level payment (1108.35) is referred to as the swap price. In the example 
above, the payments might represent forward prices at time 0 for an 
ounce of platinum to be delivered in 1, 2, and 3 years. 


These are the no-arbitrage forward prices based on the current term 
structure, /,, =1000(1.05)=1050, Fy. —1000(1.0525)? =1107.76, and 
Fy3 =1000(1.055)° = 1174.24. 


Continuing with the platinum example, the platinum buyer has a few 
ways of arranging to buy the platinum at the end of years 1, 2, and 3: 


(i) pay the spot price of platinum at times 1, 2 and 3; 

(ii) arrange forward contracts to pay 1050.00, 1107.76 and 1174.24 at 
times 1, 2 and 3; 

(iii) pay 1108.35 at the end of each year for 3 years; 

(iv) make a single payment of 3000.00 at time 0. 


The example above showed that (ii), (iii) and (iv) had the same present 
value at time 0 based on the term structure of interest rates as of time 0. 
They are all equivalent to paying for an ounce of platinum to be 
delivered at times 1, 2, and 3, so they are also equivalent to (i), even 
though we do not know at time 0 what the spot prices will be at times 1, 
2, and 3. 
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A typical swap would be based on the platinum buyer wanting to lock in 
payment stream (iii), the level payments of 1108.35 each. Rather than an 
arrangement being made directly between the platinum buyer and seller, a 
financial intermediary, called the swap counterparty, may be willing to 
take a position "between" the platinum buyer and a platinum seller. The 
counterparty agrees to pay the platinum buyer an amount equal to that 
year's spot price minus 1108.35 at the end of each year. The net effect to 
the platinum buyer is that he was willing to pay 1108.35 at the end of each 
year, but under this arrangement, he receives from the counterparty an 
additional amount equal to the spot price minus 1108.35. With the 
1108.35 he was willing to pay, this adds up to the spot price at the end of 
each year, and the platinum buyer can buy the platinum on the spot 
market. The counterparty has taken the risk of fluctuations in the price of 
platinum. For instance, suppose that the spot prices of platinum at times 1, 
2, and 3 are 1020, 1200 and 1150. Then the counterparty pays the platinum 
buyer — 88.35, 91.65, and 42.6 (— means that the platinum buyer pays the 
counterparty) at times 1, 2, and 3. The net cost to the platinum buyer is 
1020+88.35=1108.35 at time 1, 1200—91.65 — 1108.35 at time 2, and 
1150-41.65 —1108.35 at time 3. The counterparty receives (from the 
platinum buyer) 88.35 at time 1, pays (to the platinum buyer) 91.65 at 
time 2, and pays 42.65 at time 3. If spot platinum prices had been higher, 
there would have been a greater loss to the counterparty. 


We can also consider an amortization relationship associated with the 
platinum buyer who will pay a net amount of 1108.35 each year. There is 
an overpayment compared to the forward price at the end of the first and 
second year, but there is an underpayment at the end of the third year. 
These should balance out. This can be seen as follows. 


The overpayment (compared to the forward price) at the end of the first 
year is 1108.35-1050 = 58.35. This grows (in the amortization) from 


time 1 to time 2 at the forward rate of 5.5% to 58.35(1.055) 2 61.56 at 
time 2. Also at time 2 there is an overpayment of 1108.35-1107.76 2.59 


for an accumulated overpayment at time 2 of 62.15. This grows from 
time 2 to time 3 at the forward rate of 6% to 62.15(1.06) 265.88. Then 


at time 3 there is an underpayment of 1174.24—1108.35 —65.89 that 
cancels out the accumulated overpayment. 


The counterparty can hedge his platinum price risk by making a swap 
arrangement with a platinum seller who wants to lock in a price of 
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1108.35 at the end of each year in return for selling an ounce at times 1, 
2, and 3. The counterparty would agree to pay the platinum seller an 
amount equal to 1108.35 minus the spot price at the end of each year. If 
the platinum seller sells the platinum on the spot market at times 1, 2, 
and 3, the net amount received by the platinum seller will be 


spot price + (1108.35-spot price) = 1108.35 


at each of those times. The counterparty now has a perfectly hedged 
position, paying (spot price — 1108.35) to the platinum buyer, and paying 
(1108.35 — spot price) to the platinum seller, for a net payment of 0 at 
times 1, 2 and 3. Under this arrangement, the counterparty has brought 
the platinum buyer and seller together to create payment stream (iii) 
described earlier. In practice, the counterparty would charge some fee for 
this service. 


We now consider an extension of this platinum example. No-arbitrage 
forward prices are set based on the current asset price and the risk free 
rate of interest in the current term structure. As time goes on, spot prices 
of an asset may change due to market fluctuations and interest rates may 
change as well. Suppose that at time 1, just after the first swap payment 
has been made, the spot price of platinum is still 1000, and the one-year 
zero-coupon bond yield is still 5% and the two-year zero-coupon bond 
yield is still 5.25%. Suppose that we now consider a platinum buyer at 
time 1 who would like to arrange to buy an ounce of platinum at times 2 
and 3. The no-arbitrage forward prices, as of time 1, for delivery of an 
ounce of platinum at times 2 and 3 are 1050.00 and 1107.76. The swap 
price, as of time 1, for a two-year swap with swap payments at times 2 
and 3, would be the level payment at times 2 and 3 that is equivalent to 
payments of 1050 at time 2 and 1107.76 at time 3. Using the term 
structure as of time 1, the swap payment is x, where 


x x — _ 1050, 1107.76... 4999 


rs 1 
1.05 (10525? 1.05 (1.0525) 


so that x =1078.11. 


The following time line identifies the counterparty's swap payments at 
times 2 and 3 under the original swap, and the swap payments under a 
new swap arranged at time 1. 
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Time 2 3 
Old swap payment Spot-1108.35 | Spot- 1108.35 
New Swap arrangement 
Forward Price as of time 1. | 1050.00 1107.76 
Swap price as of time 1 1078.11 1078.11 
New swap payment Spot—1078.11 | Spot- 1078.11 


The counterparty has different swap payments under the two arrangements. 
The continuation of the original swap has payments of (spot — 1108.35) at 
times 2 and 3, but a newly arranged swap would have payments of (spot 
— 1078.11). Under the assumption of no arbitrage, a newly arranged swap 
has value (and cost) O at the time it is arranged. The total value to either the 
platinum buyer or the counterparty at time 1 of the two new swap payments 
is 0. Therefore, the value to the counterparty at time 1 of the remaining 
original swap payments can be formulated as the present value of payments 
(spot— 1078.11) — (spot-1108.35) = 30.24 at times 2 and 3. Based on 


the term structure as of time 1, that present value is 


3024, 3024 


1.05 "(Lososy — ME 


The value to the platinum purchaser at time 1 of the remaining two 
original swap payments to take place at times 2 and 3 is — 56.10. This 
would be the market value of the swap to the platinum purchaser. We can 
also interpret this from the point of view of the counterparty. The 
original swap called for continuing payments at times 2 and 3 that are 
smaller than those that would be required under a new swap. The present 
value of the amount by which the original swap payments are below the 
payments required under a new swap is the value of the swap. From the 
point of view of the platinum buyer, under the swap, the platinum buyer 
receives smaller swap payments from the counterparty under the original 
arrangement than under a newly arranged swap. If the platinum buyer 
wanted to cancel the swap at time 1 after the first swap payment was 
made, the fair amount that the platinum buyer should pay the 
counterparty is 56.10. This would be the market value of the swap to the 
counterparty. Note that different values of the spot price and term 
structure at time 1 could result in a negative value for the swap at that 
time. Also, note that the actual amounts at risk under a swap arrangement 
are the swap payments, not the actual value of the underlying asset. 
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It is possible to arrange today for a swap to begin sometime later. This is 
a deferred swap. Using the platinum example, the platinum purchaser 
may wish, at time 0, to arrange to purchase platinum at the end of years 2 
and 3. The purchaser can arrange a swap that begins one year from now, 
with swap payments occurring at times 2 and 3. The swap price y, would 
be the solution of the equation 


» y 107.76 | 117424 
z4 z = 1107.16, 4 = 2000 
(1.05257? (1.055)? (1.0525)° (1.055) 


so y=1140.03. 
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9.8 DEFINITIONS AND FORMULAS 


Dividend Discount Model for valuing stocks 


By d (9.12) 
t) 
Capital Asset Pricing Model 
Rs = Ry + Bo(Rm Ry). (9.5) 


Definition 9.1 — Derivative Investment 


A financial derivative is an instrument that is related to some other asset 
and whose value is derived from that asset. 


Definition 9.2 — Forward Contract 


A forward contract is an agreement to buy or sell a certain asset at a 
specific future date called the delivery date, for a specific price called 
the delivery price. Both parties of the forward contract are bound by the 
contract terms at the time the contract is made, with the contract being 
settled on the delivery date. 


Forward Contract Value at Time 0 


Sy = hype" a FS (9.6) 


9.9 NOTES AND REFERENCES 


Practical information on the nature of forward contracts, and futures is 
available from trading exchanges such as the Chicago Board Options 
Exchange and the Chicago Board of Trade. 
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9.10 EXERCISES 


SECTION 9.1 


9.1.1 


Stock of the XYZ Corporation is expected to pay annual dividends 
in the years to come. The next dividend will be of amount 1.00 and 
is due one year from now. Dividends are expected to grow at the 
rate of 5% per year. A prospective purchaser plans to hold the 
stock for 10 years. The purchaser uses an effective annual interest 
rate of 15% for valuation purposes. 


(a) Lf the purchaser anticipates a stock price of 50.00 (excluding 
dividend) when he sells 10 years from now, what value will 
he put on the stock now? 


(b) Suppose the purchaser is willing to pay 20.00 now for the 
stock. What stock price is implied 10 years from now? 


The stock of XYZ Corporation is currently valued at 25 per share. 
An annual dividend has just been paid and the next dividend is 
expected to be 2 with each subsequent dividend 1--7 times the 
previous one. The valuation is based on an annual interest rate of 
12%, What value of r is implied? 


Suppose the dividends are payable quarterly with the next one due 
in exactly one quarter. For the next four quarters the dividend will 
be .50 each quarter. Every year (after every 4 quarters) the 
dividend is increased by a factor of 1+ s. If the stock is now valued 


at 25 based i =.12, what value of s is implied? 


SECTION 9.2 


9.2.1 


An investor sells short 500 shares of ABC Corporation on June 1, 
at a time when the price per share is $120. The position is closed 
out 3 months later, August 31, when the price per share is $100. A 
dividend of $4 per share was paid July 31, one month before the 
short position is closed out. 
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(a) Find the net gain on the transaction, ignoring any effect of 
interest over the 3 months. 


(b) Suppose that the investor must open a margin account at the 
time the short position is taken. The margin required is 50% of 
the value of the stock sold short. The investor also earns 1% 
per month, compounded monthly, on the margin account. 
Find the investor's 3-month rate of return on the investment. 


Today Smith sells short 1000 shares of stock in ABC Corp. 
Today's price per share of ABC Corp stock is 10. Smith is 
required to open a margin account with the investment dealer 
and deposit 50% of the value of the stock sold short. Smith must 
also pay a commission to the investment dealer, the commission 
being 1% of the value of the stock sold short. The margin 
account pays interest at effective annual rate 596. One year after 
the initial short sale, Smith covers the short sale by buying 1000 
shares of the stock. The stock price at the end of the year is X. 
Smith again must pay commission of 1% of the value of the 
stock purchased. After all transactions are complete, Smith's net 
gain for the year is 100. Find X. 


Bill and Jane each sell a different stock short for a price of 1000. For 
both investors, the margin requirement is 50%, and interest on the 
margin is credited at an effective annual rate of 6%. Bill buys back 
his stock one year later at a price of P. At the end of the year, the 
stock paid a dividend of X. Jane also buys back her stock after one 
year, at a price of (P—25). At the end of the year, her stock paid a 
dividend of 2X. Both investors eamed an effective annual yield of 
21% on their short sales. Calculate P. 


Jose and Chris each sell a different stock short for the same price. 
For each investor, the margin requirement is 50% and interest on the 
margin debt is paid at an effective annual rate of 6%. Each investor 
buys back his stock one year later at a price of 760. Jose's stock paid 
a dividend of 32 at the end of the year while Chris’s stock paid no 
dividends. During the 1-year period, Chris’s return on the short sale 
is i, which is twice the return earned by Jose. Calculate i. 
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SECTION 9.5 


9.5.1 


9.5.2 


9.5.3 


The current spot price of platinum is $2000 per ounce. The one 
year continuously compounded risk-free rate of interest is 5%. 


(a) Find the one year forward price of platinum per ounce, 
assuming the price is consistent with the existence of no 
arbitrage opportunities. 


(b) Suppose that someone is willing to enter into a long one year 
forward contract for platinum at $2150 per ounce. Construct 
a strategy from which an investor can obtain a riskless profit. 


(c 


Suppose that an investor takes a long one year forward position 
in one ounce of platinum in which the forward (delivery) price 
is based on no arbitrage. Six months later the price of platinum 
is still $2000. Find the value of the long position of the 
contract at that time (6 months after the contract was entered), 
assuming that the risk-free rate of interest is still 5% (as a 
continuously compounded annual rate). 


The current spot price for one ounce of gold is 900. The continu- 
ously compounded risk-free interest rate is 8% for all maturities. 


(a) Find the delivery price on a forward contract for one ounce 
of gold with delivery date (i) in 1 year, and (ii) in 2 years. 


(b) At time ¢=0 Smith enters a 2-year forward contract to buy an 
ounce of gold (long) and at the same time enters a 3-year 
forward contract to sell an ounce of gold (short), Find the 
combined value of Smith's forward contracts at time ¢=1 as a 
function of S, (the spot price of an ounce of gold at time / = 1). 


(c) Suppose that at time ¢=1 the continuously compounded risk- 
free rate of interest for all maturities is 10%. Repeat part (b). 


An investor takes a short position in a one year forward contract 
on a 30-year Treasury Bond. The Treasury Bond to be delivered 
in one year is assumed to have an 8% coupon rate (payable 
semiannually) and a face (and maturity) amount of 100. Assume 
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a flat term structure, with continuously compounded annual return of 
6% for all terms to maturity. 
(a) Find the one year forward price, assuming no arbitrage. 


(b) Suppose that the one year forward price on the bond is $125. 
Construct a strategy from which an investor can earn a 
riskless profit. 


(c 


Suppose that the annual yield to maturity on 31 year bonds is 
6% compounded semiannually at the time the one year 
forward contract is entered. Suppose also that, the 6-month 
and l-year risk-free rates of interest are 5% compounded 
continuously at the time the forward contract is entered. What 
one year forward yield to maturity for 30 year bonds is implied 
by these conditions under the assumption of no arbitrage? 


A coupon bond has a spot price of $860. The bond will pay 
coupons of $40 in 6 months and in one year. The risk-free rates 
are 8% (per year continuously compounded) for 6 month 
maturity and 10% for one year maturity. Find the delivery price 
for a one year forward contract on the bond, with delivery 
immediately after the coupon payment. 


The term structure is currently flat, with zero coupon bonds 
having nominal annual yield rates of 10% compounded semi- 
annually for all maturities. A long term bond has an 8% coupon 
rate (payable semi-annually) with next coupon six months from 
now. The price of the bond today is 76.00 (per 100 face amount). 


(a) Find the no-arbitrage delivery price (per 100 face amount) 
for a forward contract on the bond with delivery to take 
place one year from today. 


(b) An individual takes a long position in a forward contract on 
the bond today, with delivery to take place in one year, based 
on the delivery price in (a). Six months from the time the 
forward contract in (a) was made, the term structure is still 
flat with zero coupon bonds having nominal annual yield 
rates of 10% compounded semi-annually for all maturities, 
and (after the first coupon has been paid) the bond price is 
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76.50. Find the value of the long position on the forward 
contract six months after the contract was made. 


The spot price of gold today is Sọ per ounce and the risk-free rate 
of interest for a two year maturity is r compounded continuously. 
Smith takes a long position in a 2-year forward contract to purchase 
gold. At the end of one year the spot price of gold is G and the risk- 
free rate of interest for a one year maturity isd compounded 
continuously. Assume that all delivery prices are determined 
assuming no arbitrage opportunities are available. Find the value of 
Smith’s contract at the end of one year. 


The continuously compounded risk-free rate of interest for the 
coming year is 10%. An ounce of gold can be purchased today 
for 900 per ounce. A one-year forward contract in gold entered 
into today has a delivery price of 1000 per ounce. Construct a 
strategy consisting of buying or selling gold in combination with 
going long or short on the one year forward contract, for which 
the strategy requires a net investment of 0 right now, but which 
will result in a risk-free profit one year from now. Find the 
amount of the risk-free profit that results from the strategy. 


SECTION 9.6 


9.6.1 


9.6.2 


In November 2015 an investor opens a long position on one June 
2016 contract in soybeans. The contract size is for 5000 bushels of 
soybeans. The futures price is $4.95 per bushel on the day the 
contract is purchased. Initial margin required on a soybean 
contract is 1200, with maintenance margin of 1000. The day after 
opening the contract, the futures price for the June 2016 contract 
in soybeans has dropped to $4.90 per bushel. Find the amount that 
the investor must add to the margin account to keep the contract 
open, and find the investor’s one day percentage loss. 


A banker’s acceptance is a zero coupon bond issued by a bank, 
with the time from issue to maturity usually being less than one 
year. In November 2015, a corporate treasurer expects that the 
company will be receiving a payment of 1,000,000 in two months 
(January), and plans to invest in a 3-month (4-year) investment at 
that time. The treasurer wishes to hedge the investment rate that can 
be obtained when the investment will be made in two months, and 
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9.6.3 


9.6.4 


takes a long position in one 3-month banker's acceptance futures 
contract (1,000,000 contract amount) with maturity in March 2016. 
When the futures contract is entered today, the futures price is 
quoted at 94.00. In two months (January), when the 1,000,000 is 
received, the treasurer sells the futures contract. For each of the 
following scenarios, find the 3-month net return obtained for the 3 
months following the receipt of the 1,000,000 that will be invested 
in January. 


(a) 2 months from now, the 3-month investment rate is 6.5% 
(convertible quarterly) and the March futures contract price 
is 93.60. 


(b) 2 months from now, the 3-month investment rate is 5.596 
(convertible quarterly) and the March futures contract price 
is 94.40. 


(c) 2 months from now, the 3-month investment rate is i% 
(convertible quarterly) and the March futures contract price 
is 100— &. 


In November 2015, a corporate treasurer expects that the company 
will be receiving a payment of 1,000,000 in two months (January, 
2016), and plans to invest in a 3-month (4-year) investment at that 
time. The treasurer wishes to hedge the investment rate that can be 
obtained when the investment will be made in two months, and 
takes a long position in one 3-month banker's acceptance futures 
contract (1.000,000 contract amount) with maturity in March 2016. 
When the futures contract is entered today, the futures price is 
quoted at 96.00. In two months (January), when the 1,000,000 is 
received, the treasurer sells the futures contract, and the futures 
price at that time is 95.00. Find the 3-month net return obtained for 
the 3 month period following the receipt of the 1,000,000 that will 
be invested in January if the 3-month investment rate in January is 
5.0% (convertible quarterly). Note that an increase of .01 in the 
price of a 1,000,000 3-month banker's acceptance long futures 
contract results in a gain of 25 in the value of the contract. 


A speculator opens a position in a futures contract in a 3-month 
banker's acceptance. At the time that the position is opened, the 
quoted price for a contract is 98.00 (one contract is for 1,000,000 
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9.6.5 


9.6.6 


9.6.7 


9.6.8 


banker's acceptance). The margin required to open the account is 
$500. One week later the quoted price on the futures contract is 
98.10. The speculator closes the account. Find the speculator's 
one-week rate of return on the initial investment of 500. 


The risk-free rate of interest is 8% with continuous compounding 
and the dividend yield on a stock index is 3% per year 
compounded continuously. The current value of the index is 
1000. Find the 3-month futures price of the stock index. 


At the close of trading today, the nominal annual rate of interest on 
a 6-month (assume 14-year) banker's acceptance is 6%, and the 
nominal annual rate of interest on a 3-month (assume 4-year) 
banker’s acceptance is 5.7%. Find the implied quoted price at the 
close of trading today (under the no arbitrage assumption) for a 
futures contract expiring in 3 months on a 3-month banker’s 
acceptance. 


The price today of a futures contract expiring in one year on a 10- 
year Government of Canada bond with 6% coupons payable semi- 
annually is 92.00. The price today of an | 1-year Government of 
Canada bond with 6% coupons payable semiannually is P, and the 
risk-free rate of interest for 6-month and 1 year maturities is r 
compounded continuously. Which of the following combinations 
of P and r result in an arbitrage opportunity? 


(i) P=93.00,r =.06 
(ii) P=92.38, r =.06 


Just at the close of trading on November 16, 2015 a farmer takes 
a short position on a May 2016 futures contract in cotton. The 
contract size is 50,000 pounds. The futures price at the time the 
contract is opened is 0.55 per pound. The contract requires 
maintaining a margin account with a minimum balance of 5% of 
the futures price. Suppose that on Nov. 17, 2015, the closing 
price of May 2016 futures in cotton rises to 0.56 per pound. Find 
the effect on the margin account of the change in the futures 
price, and whether and how much the farmer must add to the 
account to maintain the 5% margin. 
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SECTION 9.7 


9.7.1 


At time 0 the term structure of interest rates and forward prices 
for an ounce of platinum are as follows (yields are annual 
effective rates): 


Time to Maturity lyear | 2 year | 3 year | 4 year 
Zero-coupon bond yield 6.00% | 6.50% | 6.75% | 7.00% 
Platinum forward price 1050 | 1100 | 1150 | 1100 


(a) Find the swap price for platinum for 1, 2, 3, and 4 years. 


(b) A swap counterparty arranges a 4-year swap with a platinum 
buyer for one ounce at times 1, 2, 3 and 4. The counterparty 
enters into a series of long forward contracts for platinum. 
Show that the present value at time 0 of the net annual cash 
flows for the counterparty is 0. 


(c) A swap counterparty arranges a 4-year swap with a platinum 
buyer for one ounce at times 1, 2, 3 and 4. Find the implied 
loan balances at times 1, 2, 3, 4 from the point of view of the 
platinum purchaser. 

(d) At time 0 a platinum purchaser arranges a 2-year deferred 
swap on platinum with swap payments at times 3 and 4. Find 
the swap price. 


(e) A swap counterparty arranges a 4-year swap with a platinum 
buyer. At time 1, just after the first swap payment is made, the 
forward prices for platinum and zero-coupon bond yields are 


————<—<$ 
Time to Maturity (from time 1) |1 year |2 year |3 year 
Zero-coupon bond yield 6.50% | 7.0% | 7.0% 


Platinum forward price 1150 | 1200 | 1300 


Find the value of the swap to the counterparty at time 1 after 
the first swap payment is made. 
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9.7.2 


Assume that the term structure as of time 0 is the same as in 
Problem 9.7.1 You are given the following swap prices for 
platinum for 1, 2, 3, and 4 year swaps. 


Length of swap 


l year 


2 year 


3 year 


4 year 


Swap price 


1100 


1150 


1150 


1200 


Find the forward prices for platinum for delivery in 1, 2, 3 and 4 


years. 


CHAPTER 10 


OPTIONS 


"What's the use of happiness? It can't buy you money. 
-Henny Youngman, American comedian (1906-1998) 


An option, in the financial sense, is a contract conveying a right to buy or 
sell a designated security or commodity at a specified price during a 
stipulated period. The specified price mentioned in this definition is called 
the option's strike price or exercise price. A call option gives the holder 
the right to buy (or call away) a specified amount of the underlying security 
from the option issuer (writer), and a put option gives the holder the right 
to sell (or put) a specified amount of the underlying security to the option 
issuer. An American option allows the right to buy or sell to be exercised 
any time up to the expiration date, and a European option allows the 
option to be exercised only on the expiration date. A Bermudan option is 
an option where the buyer has the right to exercise at a set (always 
discretely spaced) number of times. This is intermediate between a 
European option — which allows exercise at a single time, namely expiry 
— and an American option, which allows exercise at any time (Bermuda 
is between America and Europe). 


As time goes on, existing options contracts on a particular security expire 
and new option contracts are introduced. When new contracts are 
introduced, there are generally several contract types set up with strike 
prices varying from somewhat below to somewhat above the market 
price of the underlying security at the time the option is introduced. The 
contracts are set up with strike prices at increments appropriately related 
to the value of the underlying security. For example, if the underlying 
stock price is $30, options may be issued with strike prices of $25, 
$27.50, $30, $32.50, etc. New options also will be introduced so that 
exercise dates of up to one year or more into the future are always 
available. When option values are quoted in a financial publication, the 
expiration date is given as a particular month, but it is understood that 
there is a specific day in that month when the option expires (usually the 
Saturday following the 3" Friday of the expiration month). 
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10.1 CALL OPTIONS 


There are two parties to an options contract, the purchaser of the option 
and the writer (or issuer or seller) of the option. For a call option, as 
indicated above, the purchaser has the right to buy stock at the strike 
price by a certain date. In exchange for receiving a payment for writing 
the option, the writer of the call option has the obligation to provide to 
the option purchaser the stock at the strike price, if the option purchaser 
exercises the option. The following definition describes the components 
of a call option. 


Definition 10.1 — Call Option 


The components of a call option are 


(i) the underlying security on which the option is written, 

(ii) the strike price K, 

(iii) the expiry time T, or expiration date, 

(iv) the option type, American or European (other variations exist) 


For a European call option, the purchaser (or owner) of the call option 
has the right (but not the obligation) to buy the security for the strike 
price K at the time of expiry 7. For an American call option, the 
purchaser has the right to buy the security for the strike price K anytime 
up to (and including) the time of expiry 7. The owner of the call option is 
said to have a long position on the call option. If the owner of the call 
option chooses to purchase the stock under the conditions of the option, 
the owner is said to exercise the option. 


In order for a call option to exist, there must be a party willing to take a 
short position in the call option. This party is said to write the option 
and has the obligation to sell the security at the strike price K to the 
owner of the long position if the option is exercised. 


The Chicago Board Options Exchange (CBOE) is one of the main 
market exchanges through which options on U.S. based securities are 
traded. Table 10.1 was excerpted from the website of the CBOE after the 
close of trading on June 2, 2015. It shows that the AMZN (Amazon.com 
Inc.) share price closed at $430.99 on the NASDAQ stock exchange. It 
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also shows the most recent prices of several different call options on 
AMZN stock (not all existing options are included in Table 10.1). The 
options traded on U.S. exchanges are American options unless indicated 
otherwise. An option contract generally is for 100 shares of the 
underlying security. 


The entries under the “Calls” column indicate the year and month of 
expiry and the strike price for that option. The “Open Int” column 
indicates the open interest, which is the number of contracts currently in 
the market. If the owner of a long call exercises the option, the market 
facilitates the exercise with someone having a short position in the call 
option, and that contract ceases to exist, and the open interest is reduced 
by the number of contracts that were exercised. The exchange also 
facilitates the creation of new contracts by bringing together parties who 
wish to take long and short positions on additional call option contracts. 


Using the data in Table 10.1 for illustration purposes, suppose that on 
June 2, 2015 an investor purchases a long position in the “17 Jan 420” 
call option contract. The “last sale” price of $75.50 indicates the option 
price (also referred to as the “call premium”) per share as of the last 
option sale. The option can be exercised on or before the expiry date in 
January, 2017, which is the close of business on January 20, 2017 (the 
third Friday of January). Exercising the option means that the long call 
holder will purchase the stock for $420. An investor holding such an 
option would exercise it only if the share price goes above 420, since the 
investor could then exercise the option and buy the stock at 420 and 
immediately sell the stock at the higher current price. If the share price is 
below 420, the long call holder will not exercise. 
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AMZN 430.99 
Last Open 
Calls Sale Bid | Ask | Vol Int 


15 Jun 420.00 | 14.75 | 14.90 | 15.30 | 61 2892 
15Jun430.00 | 8.86 | 8.70 | 9.05 | 324| 1274 
15 Jun 435.00 | 6.50 | 6.35 | 6.65 |517| 1166 
15Jun437.50 | 5.55 | 5.40 | 5.65 | 122 226 
15 Jun 440.00 | 4.59 | 4.50 | 4.75 | 271 1638 
15 Jun 475.00 |0.29 | 0.26 | 0.31 | 36 1507 
15 Jul 420.00 | 20.57 | 19.80 | 20.45 41 495 
15Jul435.00 | 11.90 | 11.75 | 1220 | 3 538 
15 Jul 440.00 | 9.95 | 9.55 | 10.00 | 117 721 
15 Jul 475.00 |2.72 | 1.76 | 2.01 | 68 510 
15 Jul 500.00 | 0.50 | 0.43 | 0.50 | 34 1443 
15 Aug 420.00 | 29.70 | 29.85 | 30.35 | 64 133 
15 Aug 435.00 | 22.10 | 22.05 | 22.50 | 27 146 


15 Aug 440.00 | 20.25 | 19.85 | 20.25 | 36 35 
15 Aug 475.00 | 8.95 | 8.60 | 8.85 | 2 49 
15 Aug 500.00 | 4.82. | 4.35 | 4.65 | 2 768 
15 Aug 550.00 | 1.10 | 1.01 | 1.15 | 15 15 
15 Oct 435.00 | 28.60 | 27.55 | 28.10 | 1 109 
15 Oct 440.00 | 26.09 | 25.30 | 25.85 | 30 1242 
15 Oct 475.00 | 13.14 | 12.95 | 13.60 | 0 91 
15 Oct 500.00 | 740 | 7.65 | 8.15 | 1 185 


16 Jan 440.00 | 36.19 | 35.00 | 36.10 | 1 853 
16Jan 500.00 | 15.80 | 15.35 | 15.75 | 40 2383 
17 Jan 400.00 | 85.35 | 85.20 | 87.70 | 11 352 


17 Jan 420.00 | 75.50 | 75.20 | 76.70 | 75 153 
17 Jan 440.00 | 67.62 | 65.70 | 68.10 | 4 90 
17 Jan 500.00 | 43.50 | 43.50 | 45.00 | 0 358 
17 Jan 560.00 | 28.70 | 28.05 | 29.25 | 1 88 


www.cboe.com 


TABLE 10.1 


If we consider the payoff or value of the option at the time of expiry, we 
see that the payoff at that time is Max{S,,,2017 —420,0), where 
Syun2017. i$ the stock price at expiry on Jan. 20, 2017. This is true 
because the option will not be exercised if the stock price is below 420, 
and therefore the option will have no value. If the stock price is above 
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420, as mentioned above, the option will be exercised and the stock 
bought for 420 and can then immediately be resold for S,,,5947. 
showing that the option payoff is S5, 4), —420 in this case. 


If the long call is closed out on the expiry date, the overall profit on the 
transaction would be the payoff minus the accumulated cost of 
purchasing the option. Since the option was purchased on June 2, 2015 
and it is being closed out on January 20, 2017, the original $75.50 cost 
of purchasing the call option should be adjusted by accumulating at an 
appropriate rate of interest. For this period of one year and 227 days, 
the continuously compounded annual risk-free rate was about .5%, so 
the risk-free growth from June 2, 2015 to January 15, 2016 is about 


1+232)¢005 
c 365909 _1 0082. The profit would be 


Max{S jan.2917 — 420, 0} —75.50(1.0082) = Max{S jan 20/17 — 420,0) — 76.12. 


In general, if a call option has a strike price of K, the payoff on the long 
position on the expiry date is Max{S;—K,0}, where S; denotes the price 
of the underlying stock at expiry time T. The profit on the transaction would 


be the payoff minus the call premium accumulated to the time the option is 
exercised, If the option had an initial purchase price of Cy and it is 


exercised at time T, the profit at that time is Max{S;—K,0}— Ce, where 
ris the risk-free rate of interest from time 0 to time 7. 


Figure 10.la illustrates the option payoff at expiry for the AMZN 
option example as a function of S; (not counting the actual cost to 
purchase the option at time 0) and also illustrates the profit on the 
transaction. The payoff of the short position at expiry is the negative of 
the value of the long position and the profit is the negative of the long 
position profit; this graph is in Figure 10.1b. Note that the long position 
has an unbounded potential payoff and unbounded potential profit since 
there is no upper limit on the possible price of the stock. In a similar 
way, the short position has an unbounded potential loss and a limited 
potential profit. The long position will have a profit if the stock is 
above 496.12 on the expiry date and the short position will have a 
profit only if the stock is below 496.12 on the expiry date. In the graph, 
Sr =Syjan2017 is the horizontal axis. 
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420 


76.12 


Long Call Max{S Jan.20/17 — 420,0} 


Payoff 


Max{S jan2017 — 420,0] — 76.12 
Long Call 
Profit 


496.12 SJan2017 


FIGURE 10.1a 


Short Call Profit 
76.12 - MaxtS jan.20/17 — 420,0} 


-40[- 


420 


496.12 Sun 201 


Short Call Payoff 
—Max{S Jan.20/17 — 420, 0} 


FIGURE 10.1b 


The following equations summarize the payoff and profit at expiry of a 
long European call option with strike price K expiring at time T (initial 
premium is C ). 
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0 SZK 
Payoff = 10.1 
ial M Sr>K voy 
-Ce Sp SK 
Profit = is (10.2) 
Sp-K-Cye™ Sp>K 


Since AMZN has a share price of 430.99 on June 2, 2015, the value on June 
2, 2015 of the January 2017 call option with a strike price of 420 is at least 
10.99, since the option can be exercised immediately and the stock bought 
for 420 and immediately sold for 430.99 for a gain of 10.99. This amount 
of 10.99 is the intrinsic value of the call option on June 2, 2017. The 
intrinsic value of an option is the gain that will be made if the option is 
exercised right now (transaction costs such as commissions are being 
excluded). 


There is also a possibility that the stock price will increase above 420 
before January 20, 2017. This suggests that the value of the option should 
be at least as large as the intrinsic value of 10.99. The value of the option 
above the intrinsic value is the time value or time premium, which takes 
into account the possible increase in the price of the underlying security 
before the option expiration date. 


A call option whose strike price is less than the current market price of the 
underlying security is said to be in-the-money. In Table 10.1 we see that all 
call options with a strike price of less than 430.99 are in-the-money, and all 
those with strike price over 430.99 are out-of-the-money. An out of the 
money option has no intrinsic value. An option is at-the-money if the 
current stock price is the option strike price. The “15 Jun 435" option in 
Table 10.1 (for example) is out-of-the-money. In spite of it having no 
intrinsic value, it is still priced at 6.50. The market anticipates that between 
June 2, 2015 and June 19, 2015 (the expiry date of this option) the 
underlying stock price of AMZN may rise above 435 (to at least 441.50 to 
provide a positive profit) according to the option price). It is possible that 
the option will stay out-of-the-money until the expiration date, in which 
case it will expire without having been exercised. In fact, two days later, on 
June 4, 2015, AMZN stock price closed at 430.78, which is 21 cents lower 
than the closing price two days earlier, but the option price for the 15 Jun 
435 option closed at 6.00. This is a drop of 0.50 in the option value in 2 
days. That represents a 7.7% loss in value in two days. This highlights one 
of the very important features of many options which is high volatility 
(risk). 
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The actual price paid for an option depends on the perceptions of investors 
regarding the behavior of the underlying stock’s price prior to the option’s 
expiration date. There are some fairly obvious factors that affect the value 
of a call option. If the stock price rises, it becomes more likely to be in the 
money and the value of the long call will rise. In comparing two long call 
options on a stock, the call with the lower strike price will have a higher 
value since the underlying stock can be purchased at a lower price. This is 
clearly illustrated in Table 10.1. Also, the longer the time to expiry, the 
more time a stock has to rise in value, and this increases the value of the 
call. This is also clearly illustrated in Table 10.1. If we compare call options 
with a strike price of 440, we see that the January 2017 expiry option has 
the highest price. 


A call option can also be used as insurance against a short position in an 
asset. The following example illustrates this. 


EXAMPLE 10.1 (Call option as insurance for a short position) 


Suppose that a short position in 100 shares of AMZN is taken just at the 
close of trading on June 2, 2015, when the price is 430.99. At the same 
time, one long call option contract (for 100 shares) is purchased with a 
strike price of K and expiry in January, 2017. Suppose that the risk-free 
rate is .5% and that the option is held to the expiry date of January 20, 
2017. Express the net profit on this transaction as of the expiry date as a 
function of the original option premium C, , the expiry date stock price 
Sp and the strike price K. Assume that there are no transaction costs. 


SOLUTION 


The profit on the short sale is 100x[430.99(1.0082) — S;] and the profit 
on the call option is 100x[{Max{S;—K,0}—C (1.0082)] where 


(1+332)c005) y " 
1.008222 79 The overall profit on the transaction is 


100x[430.99(1.0082) -Sy + Max{Sr — K,0) — Cg (1.0082)]. If the expiry 

date stock price is below XK, the overall profit is 
100 x[430.99(1.0082)-S;—C, (1.0082)] and if the expiry date stock price 
is above K, the overall profit is 


100 x [430.99(1.0082)—K —C, (1.0082)]. 
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Without the option, the profit on the transaction would be the profit on the 
short sale only, which is 100 x [430.99(1.0082) — Sz] , which is unbounded 
below; and bounded above by 43,452 (this occurs if the stock is worthless 
when the short position is closed). There is no limit to the possible loss. 
With the option, the maximum possible loss is 


—100x [430.99(1.0082) — K — C,(1.0082)]. [m] 


The call option in Example 10.1 hedges the short position in the stock. 
An investment is hedged by taking an offsetting position in a related 
investment (often an option), which reduces the risk of the original 
investment. Creating a hedge is one of the important uses of options. 


Options are also used as speculative investments. The relatively small 
option price of $1.10 for the August 2015 AMZN call option with a 
strike price of $550 can result in a large percentage gain if the stock goes 
much above the $550 strike price. For instance, if the stock price has 
risen to $560 in August 2015, the profit will be close to $9 (not counting 
transaction costs), or about 900% return. Of course, the potential for a 
100% loss may be quite large. 
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10.2 PuT OPTIONS 


For a put option, the purchaser (long position in a put) has the right to sell 
stock at the strike price by a certain date. In exchange for receiving a 
payment for writing the option, the writer (seller or short position) of the 
put option has the obligation to buy the stock from the purchaser of the put 
option at the strike price, if the option purchaser exercises the option. The 
following definition describes the components of a put option. 


Definition 10.2 — Put Option 


The components of a put option are 


(i) the underlying security on which the option is written, 
(i) the strike price K, 

(iii) the expiry time T, 

(iv) the option type, American or European (other variations exist) 
For a European put option, the purchaser (or owner or long position) 
of the put option has the right (but not the obligation) to sell the 
security for the strike price K at the time of expiry 7. For an American 
put option, the purchaser has the right to sell the security for the strike 
price K anytime up to (and including) the time of expiry 7. The owner 
of the put option is said to have a long position on the put option. If 
the owner of the put option chooses to sell the stock under the 
conditions of the option, the owner is said to exercise the option. 


As in the case of a call option, in order for a put option to exist, there must 
be a party willing to take a short position in the put option. This party is 
said to write the option and has the obligation to buy the security at the 
strike price K from the owner of the long position if the option is exercised. 
Table 10.2 is an excerpt from the CBOE website illustrating the put option 
market data for AMZN at the close of trading on June 2, 2015 for the same 
option exercise prices that are illustrated in Table 10.1. 
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AMZN 430.99 
Puts Fe Bid | Ask | Vol Open 
15 Jun 420.00 | 3.87 | 380 | 400 | 91 | 1981 
15 Jun 430.00 | 7.50 | 755 | 7.85 |474| 1331 
15 Jun 435.00 | 1027 | 10.10 | 10.50 | 98 | 523 
15 Jun 437.50 | 12.05 | 11.60 | 12.00 | 69 96 
15 Jun 440.00 | 1345 | 13.20 | 13.65 | 55 | 524 
15 Jun 475.00 |4245 | 4230 | 45.80 | 0 25 
15 Jul 420.00 |890 | 8.55 | 9.10 | 76 | 366 
15 Jul 435,00 | 15.90 | 15.30 | 15.90 | 30 | 225 
15 Jul 440.00 |1890 | 1820 | 18.65 | 21 | 363 
15 Jul 475.00 |45.15 | 44.80 | 4635 | 0 26 

5 Jul 500.00 | 64.10 | 6740 | 70.90 | 0 9 
15 Aug 420.00 | 18.55 | 1835 | 18.65 | 7 | 145 
15 Aug 435.00 | 25.30 | 25.50 | 26.00 | 21 | 124 
15 Aug 440.00 | 28.70 | 2830 | 28.70 | 4 | 425 
15 Aug 475.00 | 53.05 | 51.80 | 52.65 | 0 9 

5 Aug 500.00 | 72.00 | 72.60 | 7345 | 0 7 
15 Aug 550.00 | 0 117.75 | 12135 | 0 0 
15 Oct 435.00 [30.60 [3055 | 31.15 | 3 | 104 
15 Oct 440.00 | 32.85 | 33.30 | 33.80 | 33 88 

5 Oct 475.00 | 58.05 | 56.00 | 56.75 | O 4l 
15 Oct 500.00 | 7625 | 7560 | 7635 | 0 | 253 

6 Jan 440.00 |43.30 | 4295 | 4345 | 0 | 308 
16 Jan 500.00 |87.35 | 82.30 | 83.20 | 0 | 253 
17 Jan 400.00 | 50.14 | 48.65 | 49.80 | 0 | 134 
17 Jan 420.00 [58.75 | 58.10 | 59.35 | 75 86 
17 Jan 440.00 |68.62 | 68.70 | 70.65 | 4 45 

7 Jan 500.00 | 112.30 | 105.80 | 10745 | 0 5 
17 Jan 560.00 | 155.85 | 150.35 | 15335 | 0 2 


www.cboe.com 


TABLE 10.2 


Using the data in Table 10.2 for illustration purposes, suppose ti 


hat on 


June 2, 2015 an investor purchases a January 2017 420 put option. The 
“last sale" price of $58.75 indicates the option price (also called the “put 
premium") per share as of the last option sale. The option can be 
exercised on or before the expiry date in January 20, 2017. Exercising 
the option means that the long put holder will sell the stock for $420. An 
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investor holding such an option would exercise it only if the share price 
goes below 420, since the investor could buy the stock at the lower 
price and then exercise the option and sell the stock at $420. If the 
share price is above 420, the long put holder will not exercise. 


If we consider the payoff or value of the option at the time of expiry, we 
see that the payoff on the option at that time is Max{420-S jun2917,0}, 
where $,,,5947 is the stock price at expiry on January 20, 2017. This is 
true because the option will not be exercised if the stock price is above 
420, and therefore the option will have no value. If the stock price is 
below 420, the stock can be purchased for $;,, 5,4; and then the option 
exercised and the stock sold for $420, showing that the option payoff is 
420- SJan20717 in this case. 


If the long put is closed out on the expiry date, the overall profit on the 
transaction would be the payoff minus the cost of purchasing the option. 
Since the option was purchased on June 2, 2015 and it is being closed out 
on January 20, 2017, the original $58.75 cost of purchasing the put 
option should be adjusted by accumulating at the risk-free rate of 
interest, which was about .5%. The profit would be 


Max{420-S jo, 20/170} ~ 58.75(1.0082) = Max(420 — S, 347,0] — 59.23. 


In general, if a put option has a strike price of K, the payoff on the long 
position on the expiry date is Max{K-S;,0}, where S; denotes the 
price of the underlying stock at expiry time 7. The profit on the 
transaction would be the payoff minus the accumulated put premium to 
the time the option is exercised. If the option had an initial purchase 
price of Pj and it is exercised at time T, the profit at that time is 


Max(K -S5,0) — Bye", where r is the continuously compounded risk- 
free rate of interest from time 0 to time T. 


Figure 10.2a illustrates the option payoff at expiry for the AMZN 
option example as a function of S; (not counting the actual cost to 
purchase the option at time 0). It also illustrates the profit on the 
transaction. The payoff of the short position at expiry is the negative of 
the value of the long position and the profit is the negative of the long 
position profit; this graph is in Figure 10.2b. 
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360.77 
-59.23 Y Long Put Profit 
Max(420 — Sjan.20/17,0} — 59.23 
FIGURE 10.2a 
59.23 — Max(420 — Sjan.20/17,0} 
Short Put Profit 
59.23 T 
0 360.77 
420 Sjan201 
—Max(420 — S,,4,2017.0] 
—360.77 Short Put Payoff 
—420 


FIGURE 10.2b 


The following equations summarize the payoff and profit at expiry of a 
long European put option with strike price K expiring at time 7 (initial 
premium is A). 
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Note that the long position has a bounded potential payoff and bounded 
potential profit as does the short position. The long position will have a 
profit if the stock is below 360.77 on the expiry date and the short 
position will have a profit only if the stock is above 360.77 on the 
expiry date. This put option had an intrinsic value of 0 on June 2, 2015 
and was, therefore, out-of-the-money. 


An example analogous to Example 10.1 would show how a put option 
can be used as insurance against a long position in an asset. If the asset 
value declines, the profit on the put option rises to compensate for the 
loss in asset value. If the asset value rises, the profit is reduced by the 
cost of the put option. 


10.3 EQUITY LINKED PAYMENTS AND INSURANCE 


An investment that has gained prominence in recent years is the equity- 
linked CD (certificate of deposit) also called an equity-linked annuity. 


Certificates of deposit were briefly discussed in Chapter 4. An investor in 
a conventional CD is guaranteed (up to the creditworthiness of the 
financial institution issuing the CD) a specified interest rate for the time 
until maturity of the CD. An equity-linked CD has the return, or interest 
paid, linked to the performance of some equity (or market index). 
Equity-linked CDs (ECDs) can be complicated with a variety of features, 
but we will discuss the basic form and see how it relates to an option. 


The main ingredients of an ECD are 


(i) the equity to which the CD is linked, 
(ii) the minimum guaranteed payment at maturity, and 
(iii) participation rate. 
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Let us consider an ECD that is linked to the performance of the AMZN 
stock referred to earlier in this chapter. Suppose that the ECD investor 
will receive a minimum of $P at maturity for each $1 invested. This is 
the minimum guaranteed payment at maturity. The participation rate is 
the fraction of the growth in the equity that is paid to the ECD holder. 
For instance, if the participation rate is F%, then the ECD holder gets a 
return equal to F% of the growth in the equity, but receives the minimum 
guarantee if this is less than P. 


Suppose that an investor purchases an ECD on June 2, 2015 with maturity 

to occur on January 20, 2017. For each dollar invested, the payoff to the 

ECD holder will be the maximum of 1.001 (the minimum guarantee P) and 
BI 

431 rather than 430.99), where S7. is the AMZN share price on January 20, 

2017 (1.64 years later) This can be described algebraically as 


1+ Max 00 1,.02x (& - }}. This can be written in the following way: 


1+.02x(5-1) (participation rate 2% and we will use a share price of 


Sr T 
IT. 5 2 Sr 
ELE 31 i} 1001+ Mas o 02x 3l an) 


02 Max 
1001 2x Max (0, Sp 453] 


1.001--.000046 x Max (0, S} — 453]. 


Put into this formulation, we see that the ECD holder's payoff is equal to 
the minimum guarantee plus a fraction of the payoff on a call option on 
AMZN expiring January 20, 2017 with a strike price of about 453. 


The AMZN option price for a call expiring in January 2017 with strike 
price 450 was 63.10 on June 2, 2015, and for a strike price of 460 the call 
option price was 58.70. Doing a linear interpolation gives us an option 
price of 61.85 for a strike price of 453. If we assume a continuously 
compounded risk-free interest rate of .5% until maturity, the cost on June 
2, 2015 of creating the ECD payoff at maturity is 


1.00167 4-5) + 000046 x 61.85 = .99567 . 


When the issuer of the ECD receives $1 from the investor on June 2, 
2015, an investment of 1.001e71 54999 = 99283 can be made in a risk- 
free zero coupon bond maturing for 1.001 on January 20, 2017, and also 
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purchase .000046 options on AMZN with strike price 453 expiring on 
January 20, 2017 for a cost of .000046 x61.85 =.00285.The total cost for 
the issuer to create this hedge on June 2, 2015 
is.99283 +.00284 =.99567. The remaining .00433 of the $1 received will 
be a profit to the ECD issuer. 


This amount of .00433 is not an arbitrage profit, because there is no 
guarantee that there will be a willing buyer for this ECD. An investor 


could get a risk-free return of e! 6405) _ 1 0082 for the period from June 
2, 2015 to January 20, 2017. An investor in the ECD would be giving up 
this risk-free return in exchange for the possibility that the AMZN share 
price will rise enough to provide a greater return. In order for that to 
occur, the AMZN share price on January 20, 2017 must satisfy the 


relationship .02 (à- 1) 7.0082, or equivalently Sy > 608. 


If the investor believes that the AMZN share price will be that high on 
January 20, 2017, she could use the $1 to buy .016 options with strike 
price of 453. If the share price is 453 or higher at expiry, the payoff will 
be at least .016x(516— 453) —1. If the share price is below 516, the 
option expires worthless. 


The cost of the hedge is quite sensitive to changes in both the level of the 
minimum guarantee and the participation rate. If the minimum guarantee 
is increased to 1.0075 in the example above (just under the risk-free 
growth for the period), the cost of the hedge is about 1.0004 per $1 
invested, which is just below a break even situation. If the minimum 
guarantee is kept at 1.001 but the participation is increased to 10%, the 
cost of the hedge becomes about 1.01 per $1 invested. 


As seen in the previous example, an option can be used to hedge a 
position. It can serve as a form of insurance. It is also the case that some 
types of insurance behave in the same way as a put option. 


Most people who own a car will purchase insurance. The insurance 
would likely include a component that will pay for damage to the vehicle 
if it is involved in an accident. There would also likely be a liability 
insurance component that covers the cost of damage experienced by 
others as a result of you being found responsible for causing damage 
while driving the car. We will focus on the part of insurance that covers 
damage to your own car. 
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Suppose that you purchase an automobile at a cost of $50,000. You also 
purchase collision insurance which will pay for the cost of repairing or 
replacing the car in the event it is involved in a collision. Collision 
insurance policies generally include a deductible amount. If a collision 
occurs and damage is below the deductible, the insurer will not pay, and 
if damage is above the deductible, the insurer will pay the amount by 
which the damage is above the deductible. Suppose that the insurance 
policy has a deductible of $1000 and has a one year insurance premium 
of $500. We will make the simple assumption that the only change in the 
value of the car will be due to a possible collision and will be paid at the 
time the collision occurs. We will also assume that there will be at most 
one collision in the year. 


Suppose that the value of the car after a collision is X. The insurance will 
pay you the larger of 49,000 — X and 0. Your insurance policy is a long 
put option with a strike price of 49,000. It will be exercised if a collision 
occurs with damage of more than 1000 (bringing the value of the car 
below 49,000). We are assuming that this *option" can only be exercised 
in the event of a collision occurring. 


10.4 OPTION STRATEGIES 


There are a wide variety of combinations of long or short asset positions 
and long or short option positions. These varying trading strategies 
provide a diversity of payoff and profit outcomes. In this section we will 
review some of the more commonly used option strategies. 


10.4.1 FLOORS, Caps, AND COVERED POSITIONS 


Floor 

An investor owning shares may have some unrealized gains from the 
increase in share value since they have been purchased. To protect against 
loss of the gains while still continuing to own the shares, an investor may 
take a protective put position by purchasing a put. The combination of 
having a long position in an asset along with a long position in a put option 
on the asset is a protective put or floor position. 
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Definition 10.3 — Protective Put or Floor 
The payoff on a floor position is the sum of the payoffs that result from 
owning the asset and having a long position in a put option on the asset. 

K if Sp<K 


- 10. 
£O Hosar ES] 005) 


Sr +max {K - 55,0) = | 


We note that 
max {K,S;} = K +max{S;—K,0}. (10.6) 

Since max (S; — K,0} is the payoff on a long call, we see that a floor has 
the same payoff as a long zero coupon bond maturing for amount K 
combined with a long call, and therefore, the same profit as a long call. 
This follows from the fact that there is no profit on zero coupon bond 
investments under the assumption of no-arbitrage, and therefore, if two 
positions have payoffs that differ by a constant at a specific point in time 
then those two positions must result in the same profit. 


The payoff and profit graphs for the floor position are shown in Figure 
10.3. Recall that A, is the put option premium. The potential loss is limited 
and the potential gain is unbounded with a protective put position. The 
profit at time 7 will be the payoff minus the accumulated cost at time T of 
establishing the position at time 0. The cost of establishing the position at 
time 0 is the cost of purchasing the asset plus the cost of purchasing the put. 
This is S, +P, , so that the profit at time T is 


S, +max{K —S;,0}-(S,+ Pe" 
=K +max{S;-K,0}-(S)+R)e” 
- max (K,5,] - (So +R )eT 
max {K,S;} 


Time T payoff l 
on floor position 


mex(K,S;] - (5 +R)" 
Time 7 profit l 


on floor position 


0 
K -(Sy& Re" 


FIGURE 10.3 
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When a put is purchased at the same time as the stock, the position may be 
referred to as a married put position. 


Cap 

A short position in an asset has no limit on the loss that can occur. Since 
the payoff is —S, at time T, the potential loss is as great as the potential 
value of the asset. A combination called a cap limits the potential loss 
that can occur with a short position in an asset. The cap is created by 
combining a long position in a call option on the asset with the short 
position in the asset. The cap is created by combining a long position in a 
call option on the asset with the short position in the asset. 


Definition 10.4 — Cap Position 


A cap is created by combining a long position in a call option on an asset 
with a short position in the asset. The payoff on a cap at time T will be 


the sum of the payoffs of the short position and the call option. 
Sp + max {Sp-K,0} “Sr SESE spas t-K,-S;}.(10.7) 
- max{S,—K,0} = = -K.,;- 873. (10. 
i #max {Sy iK Pee 5 r} 


We note that 
max{-K,-Sr} = — K + max{K-Sr,0}. (10.8) 


Since max{K 5,0] is the payoff on a long put, we see that a cap has 


the same payoff as a short zero coupon bond maturing for amount -K 
combined with a long put, and therefore, the same profit as a long put. 
The cost to establish the cap at time 0 is —S, + C, so the profit at time T 


is 
- Sp max {S;—K,0}—(-Sy +Cy)e™ 
= max{-K,—S;}—(—Sp + Cy ye? 
=- K +max{K-S;,0} —(-Sp +Cy)e” 
(Sr AT — K +max{K—S;,0} 


T 


The payoff and profit graphs for the cap position are in Figure 10.4. 
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Time 7 profit 
on cap position 


(SoCo) 4 | 


K Sr 
(So-Co)e'" -K + 
-K + 


Time 7 payoff 4 
on cap position 


FIGURE 10.4 


A cap position limits the potential loss that can occur with a short 
position in an asset. 


Covered Calls and Covered Puts 
The combination of a long position in an asset with a written call option 
on the asset is a covered call. The payoff at time 7 is 


Sr —max {S;—K,0} = -max {-K,-S;}. (10.9) 


The profit at time T would be the payoff minus (Sy —Cy)e’”. This is the 
same as the payoff on a short cap position. 


If the call is written at the same time as the shares are purchased, the 
covered call might also be referred to as a “buy-write,” and if the call is 
written after the shares have been purchased it is an “overwrite.” 


The covered call might be used by a bullish investor who believes the 
share price will experience little movement during the lifetime of the call 
and will gain from the income generated by writing the call. 


The combination of a short position in an asset with a written put option 
on the asset is called a covered put. The payoff at expiry on a covered 
put will be 

- S, - max(K -57,0) = —max{K,S;}. (10.10) 
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This is the same payoff as a short protective put position. The profit at 
time 7 would be the payoff plus (Sy - Be. 


Keep in mind that if two positions have the same payoff at time T, they 
have the same value at time 0 and they have the same profit at time T 
(under the assumption that no arbitrage opportunities exist). 


The payoff and profit graphs for a covered call and a covered put are 
shown in Figures 10.5a and 10.5b. 


Time T payoff 
on covered call | 
K T 
K -(S-Co)e™ 
K RY 
= (So-Co)e™ t d 
t Time T profit on 
covered call 
FIGURE 10.5a 
Time T profit 
On covered put 
-K (Sy Rye" " 
Sr 
-K 
Time T payoff 


on covered put 


FIGURE 10.5b 
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A call option that is written by someone who does not own the asset is 
referred to as a naked call. 


10.4.2 SYNTHETIC FORWARD CONTRACTS 


We have seen that it was possible to replicate the payoff on a long forward 
contract on an asset by purchasing the asset and going short on a zero 
coupon bond (recall that “going short on a zero coupon bond" means that 
we are borrowing). This replicated a long position on a forward contract 
with the no-arbitrage forward price. We can replicate a long forward 
contract with any forward price by combining call and put options. 


Suppose that at time 0 we combine the following positions on an asset 


(i) purchased call with strike price K expiring at time 7, and 
(ii) written put with strike price K expiring at time 7. 
The payoff at time T of this combination is 


purchased call payoff + written put payoff 
= max {S;—K,0}-max{K-S,,0} = S; -K (10.11) 


This is the same as the payoff on a long forward contract expiring at time T 
with delivery price K. This combination of a purchased call and written put 
is a synthetic forward. The cost at time 0 to create this synthetic forward is 
Cy(K)—F)(K) (difference of call and put with strike price K). 


A short synthetic forward contract can be created by reversing the long 
synthetic forward. This is done by combining a purchased put with a 
written call. With strike price K on both the purchased put and written 
call, the payoff at time T is 


max {K-S,,0}—max{S;-K,0} = K- Sp. (10.12) 
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10.5 PUT CALL PARITY 


The assumption that no arbitrage opportunities can exist implies that two 
positions with the same payoff at time T must have the same cost at time 
0. In fact, if the payoffs of two positions differ by a constant at time 7, 
then they have the same cost at time 0 and the same profit at time 7. We 
have seen that it is possible to create a synthetic forward contract with a 
combination of call and put options. The synthetic forward can be 
created with any delivery price. Earlier we saw that the no-arbitrage 
delivery price for a forward contract is the accumulated value of the asset 
at time 7 (actually the accumulated value of the prepaid forward price). 
For a non-dividend paying asset with price S; at time 0, the no-arbitrage 


forward price for delivery at time Tis F} r = Suet 
If we combine a purchased call with a written put with strike price F) y, 


we have the synthetic long forward contract with forward delivery price 
Fyr- Since the cost at time 0 for the forward contract is 0, it must also 


be true that the cost at time 0 for the synthetic forward contract is 0. 


The cost at time 0 for the synthetic forward is 
call premium — put premium = Cy(K)—#)(K).. 


This should be 0 if the strike price is K = Fy r- 


Now suppose we consider a forward contract which has a delivery price 
of K (not necessarily the no-arbitrage forward price of Fy; ). Since the 


price is 0 at time 0 for a forward contract with delivery price Fy, it 
follows that the value at time 0 of a forward contract with delivery price 
Kis (For -K)e" (this is the present value of the difference between a 
delivery price of Fy and K to be paid at time 7). The synthetic forward 


made up of a purchased call and written put, but with strike price K, has 
a cost at time 0 of. C,(K) — F,(K). It follows that 


Cy(K)- R(K) = (s -K)e. (10.13) 
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This relationship is referred to as put-call parity. Note that as K gets 
larger, the premium for a call gets smaller and the premium for a put gets 
larger, so the left hand side of the equation gets smaller (eventually 
becoming negative). It is obvious that the right hand side gets smaller as 
K increases. An important point to note is that F) pe”? = Sy under the 


no-arbitrage assumption (when there are no dividends). 


As an example from Tables 10.1 and 10.2 for options on AMZN stock, 
consider the July 17, 2015 options with strike price 435. The call price is 
11.90 and the put price is 15.90. The stock price on June 2, 2015 was 431 
(rounding off 430.99). The time to expiry is 4 weeks. Very short term 
risk-free interest rates at that time were close to 0. The forward price of 
the stock (AMZN is a non-dividend paying stock) would be the very 
close to the same as the stock price of 431. Using a risk-free rate of 0, the 
put-call parity relationship in Equation 10.13 for a strike price of 435 has 
a left-hand side of 11.90—15.90 — —4 and the right hand side is 
431—435- —4 . Not all of the option values in the tables give as close 
a fit to the theoretical put-call relationship. 


10.6 MORE OPTION COMBINATIONS 


There are a number of combinations of options that can be made. The 
choice of combination depends on the stock price behavior that the 
investor believes will occur. 


Bull and Bear Spreads 

If an investor believes the underlying asset will have a moderate increase 
in the near term, then a bull spread is a way to profit from that scenario. 
A bear spread would be a short bull spread and would be chosen if the 
investor believes the asset will have a moderate decrease in the near 
term. 


A bull spread based on call options is the combination of 


(i) a purchased call with strike price K, and 
(ii) a written call with strike price K,, where K, < &5. 
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A bull spread based on put options is the combination of 
(i) a purchased put with strike price K, and 


(ii) a written put with strike price K,, where K, < K;. 


Suppose that we consider a bull spread made up of call options. The 
payoff at time T is 


0 if S, «K, 
max($;-K,,0] -max(S;-K,,0) = 4S; — K, if Ki «S; € K; " 
K-K i yk (10.14) 


If we create a bull spread with put options at the same strike prices, the 
payoff function at time T is 


“K=R) 62K, 
max {K,—S;,0}—max{K,-S;,0} = 4S;-K, if K,<Sp<Kj. 


0 if S;>K, 
(10.15) 
The payoff and profit diagrams of a bull spread are shown in Figure 10.6. 
Time 7 payoff on bull J 
spread with call options 
Ki-Ki + 
Time T profit on 
n bull spread 
$k S —> 
Time T payoff on bull 
-(K;-Ki) spread with put options 


FIGURE 10.6 


Under put-call parity, the profit at time T on a bull spread made up of call 
options should be the same as the profit on the bull spread made up of 
put options because the payoffs differ by a constant. 
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A very bullish investor might choose to purchase the call with strike K, 


only to take advantage of a potential large increase in the stock price. An 
investor who is moderately bullish on the stock price might engage in a 
bull spread, earning income on selling the call at strike K;. 


A bear spread is the opposite of a bull spread. If K, < K,, then a bear 
spread can be constructed by combining a written call with strike price 
K, and a purchased call with strike price K,. The payoff would be the 
negative of that of a bull spread. 


Box Spreads 
A box spread is a combination of 


(i) a synthetic long forward with forward price K,, and 
(ii) a synthetic short forward with forward price K,. 


The synthetic long forward with delivery price K, is constructed with a 
purchased call and written put, both with strike prices of K}. Similarly, a 
written call and purchased put with strike prices of K, is a synthetic 
short forward with delivery price K;. If K, < K,, the payoff at time Tis 


max 5; - K,,0) - max {K,—Sp,0} 
—max [$7 -K5,0] - max {K,—S;,0} = K, —K, forany Sp. 


This box spread has the same payoff as a long zero coupon bond 
maturing for amount K, — K,; there is no risk from the stock price. The 
cost at time 0 should be the same as the present value of this certain 
payoff. Reversing the position creates a short box spread that has the 
same payoff as a short zero coupon bond. 


Collars 


It was seen earlier that the combination of a purchased put and a written 
call, both at the same strike price K and both expiring at the same time T is 
a synthetic short forward position with delivery price K at time ¢. If the 
written call option has a higher strike price than the purchased put option, 
the combination is referred to as a collar, and the difference between the 
call strike price and the put strike price is the collar width. If the stock is 
owned, the position is referred to as a collared stock. 
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For a general collar consisting of purchased put with strike K, and a 
written call with price K,, and with K, < K;, the payoff on the collar is 


Ki-Sp if SSK, 
0 if Ky «Sp € K, (10.15) 
K,-Sp if Sp>K, 


The profit will be the payoff minus the accumulated cost of the collar. 
Depending on the premiums for the two options, the accumulated cost of 
the collar might be positive or negative. If the stock is held along with 
the collar, the payoff of the collared stock will be 


K if SEE, 
Ss E gess. (10.16) 
Ky if Sp»K, 


The graph of the payoff on the collar and the payoff on the collared stock 
are in Figure 10.7. 


t 


Time T payoff on 
collared stock 


Sr 


Ki f Ket 


Time T payoff 
on collar 


FIGURE 10.7 


The profit diagrams would have the same shape as the payoffs, but 
would be shifted vertically up or down depending upon the accumulated 
value of the cost of establishing the collar or collared stock. It would 
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usually be the case that when the collar is established, the put and call 
options chosen would be out of the money. 


A collared stock is a protective put combined with a written call. An 
investor who has unrealized gains on a stock can protect them with the 
purchase of the put, and if he is only moderately bullish on the stock, he 
can offset the cost of the put with the out of the money written call. 


A combination of a written put option with strike K, and a purchased call 
option with strike K, will provide a collar for a short position in the asset. 


It is worth noting a more general relationship linking payoff and profit 
functions and diagrams. If two payoff functions differ by a constant, then 
this would be represented in the payoff graphs as one payoff graph being 
the other graph shifted either vertically up or vertically down. This 
corresponds to the two payoffs differing by the value of a zero coupon 
bond. Since a zero coupon treasury bond always has zero profit (with 
respect to the risk free rate), it follows that the profit function is the same 
for the two payoffs. This general relationship is true if no arbitrage 
opportunities exist. 


Straddle 


An investor would use a long straddle when the investor's perception is 
that the underlying asset will be volatile in the near term. A straddle is a 
combination of a purchased call and purchased put with the same expiry 
and strike price. A written straddle would be the combination of a written 
call and a written put with the same strike price. The payoff and profit 
graphs are shown in Figure 10.8. 


FIGURE 10.8 
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Strangle 


An investor believing there will be significant volatility in the stock price 
before the options expire will engage in a long straddle or strangle. A 
purchased strangle is a combination of purchased call and purchased put 
options expiring at the same time but with different strike prices. The 
usual strangle would be a combination of out-of-the-money options, so 
the put strike would be less than the call strike. The payoff and profit 
graphs are shown in Figure 10.9 for a strangle with put strike K, and call 
strike K,, with K, < K}. 


E 


FIGURE 10.9 


If the stock price moves significantly higher or lower from the current 
position, there will be a profit in the position. Reversing the positions 
results in a short straddle or short strangle, which would be chosen if the 
investor believes there won't be significant volatility. 


Butterfly Spread 


An investor will use a butterfly spread if the investor believes that the 
underlying asset has limited volatility in the near term. A butterfly spread 
is a combination of a written straddle with a purchased strangle. The 
written straddle would be at a strike price K near the current stock price 
and the purchased strangle would have put strike K, and call strike K, 
with K,« K «K;. The purchased strangle provides some insurance 
against the written straddle. The result is a profit if the stock price does 
not move far from the current level. The payoff and profit graph of a 
(long) butterfly spread are shown in Figure 10.10. 
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FIGURE 10.10 


10.7 UsiNG FORWARDS AND OPTIONS 
FOR HEDGING AND INSURANCE 


Hedging and Insurance for the Seller of an Asset 


Someone who holds an asset (or a producer of an asset) that will be 
selling the asset at a later time has various ways to limit the risk on the 
price to be received at the later time. Limiting the risk is referred to as 
hedging the risk. 


A short forward contract with forward price Fy, locks in the amount 


that will be received when the asset is sold at time 7. Assuming that the 
forward price is based on no arbitrage opportunities existing, the forward 
contract eliminates the chance for a profit or loss. The no arbitrage 
forward price will be Fy, =se, so the “return” will be the same as 


the risk free rate. There is no cost for this forward contract that 
guarantees a price for the asset. 


Buying a put option with strike price K will limit, on the downside, the 
price that will be received when the asset is sold at time T. Since it is 
assumed that the asset is being held until time T, the payoff at time T is 
max(K — S7,0}+ S, 2 K . We have put in place a minimum payoff, but 
there is the cost of the put option needed to create this insurance hedge. 
The seller can trade off the potential high price for the asset by selling a 
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call at a higher strike and creating a collared asset. The premium 
received from selling the call offsets the cost of the put. 


Selling a call option with strike price K provides income now and 
reduces the minimum payoff that will be received when the asset is sold 
at time T. But the payoff at time T is limited to S, — max (S — K,0] 
which is € K , and which occurs if the asset value at time T is > K (so 
the call will be exercised). We are guaranteed at least the accumulated 
premium on the written call option, but we have an upper limit on the 
payoff that we will receive when the asset is sold. 


A paylater strategy for the seller of an asset consists of buying m puts at 
strike K, and selling n puts at strike K, >), so that the premium at 


time 0 is mR, x, — nf y, — 0. The payoff at time T is 
m max (K,-57.,0) — n max {K, -5;.,0) 


m(K(-S,)-n(K,—S,) if Sp<K, 
= 4-n(K, - Sp) if Ki «Sp EK, 
0 if S >K, 


Since K, < K;, it follows that Rx < P, , and we must have m>n in 
order to have premium 0 at time 0. This arrangement provides no 
hedging for asset price above K,. For asset prices between K, and K; 
there is a negative payoff and for asset price below K, there will be a 
positive payoff. 


Payoff at time T 


FIGURE 10.11 
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Hedging and Insurance for the Purchaser of an Asset 


The strategies that can be employed by a purchaser to hedge the price to 
be paid when the asset is bought are the reverse of the strategies that the 
seller can use. The purchaser can enter a long forward contract, 
guaranteeing a specific price. The purchaser can guarantee a maximum 
price of K by buying a call option with strike price K. 


10.8 OPTION PRICING MODELS 


Since the introduction of “exchange-traded options” in 1973, a considerable 
amount of research has been done into the valuation of options. In order to 
determine the value of an option on an underlying security, a combination 
of selling (or buying) the option and buying (or selling) an appropriate 
amount of the security is made that forms a riskless hedge that provides the 
same return as would be realized over the same period when investing at 
the risk-free rate of return. The way in which such a riskless hedge is 
constructed can best be seen in an elementary illustration in which, on the 
expiration date, the price of the underlying security will be one of two 
possible values. This is called the binomial model. 


Suppose that a stock has a current price of 100, and at the end of the current 
period the stock's price will be either 110 or 90. Suppose that the stock has 
a call option to purchase at a strike price of 105 at the end of the period. 
Suppose investor A writes the call option on one share and investor B 
purchases the call option. If the stock price is 110 at the time the option 
expires, the value of the option at that time will be 110—105 —5. In that 
case, at time | investor B (the holder of the option) can buy the stock from 
investor A for 105 when he exercises the option, and sell the stock at the 
market price for 110. On the other hand, investor B will allow the option to 
expire unexercised if the stock's price is 90, so the value of the option in 
this case is 0 on the expiration date. 


Asset Option 
Time 0 1 Value Value 
110 5 
Asset Value 
100 
90 9 


FIGURE 10.12 
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Suppose that at the same time investor A sells the option on one share, he 
also purchases “4 share of the stock for 1/4(100) = 25. Let us denote by 
C, the value of the option to purchase one share at the start of the 
period. The net amount invested by investor A is 25— C, the amount 
paid for the 1/4-share of stock minus the amount received from the sale of 
the option. At the time of expiration, one of two events will occur; the 
stock price will be either 110 or 90. If the stock price is 110 at the time of 
expiration, then at that time the net value of investor A's combined 
investment is 27.50-5 — 22.50 (the value of the stock investor A holds 
minus the cost of fulfilling the obligation to the option holder). If the stock 
price is 90 at the time of expiration, then the net value of investor A's 
combined investment is 22.50-0 22.50. Thus, the net value of the 
investment at the end of the period is 22.50 no matter what the stock 
price is. This is a riskless hedge for investor A, in the sense that the value 
of the investment at the end of the period will be 22.50 with certainty. 


According to the financial principle that no arbitrage opportunities exist, 
any riskless investment must earn the same return as the risk-free rate of 
interest. In order to determine the price of the option at the start of the 
period, investor B's riskless investment should be equivalent to a riskless 
investment in a government security over the same period. Suppose that 
the continuously compounded risk-free rate of return for the period is 
196. In order for the investment to be equivalent to a risk-free investment 
in the government security, we must have (25- C, e! — 22.50, so that 


Cy =2.72. 


In the general binomial model for stock price movement, suppose the 
current stock price is Sọ, and suppose that at the end of the current 
period the stock price will be either S; or Sp, where Sj > Sj. Suppose 
there is a call option on the stock with a strike price of K. The value of 
the option at the end of the period is either C} or Cy, depending on 
whether the stock price is Sf or Sj. It is possible to create a riskless 
hedge by selling a call option on one share of stock at the same time as 


purchasing / shares of stock, where h= is called the hedge ratio. 


The net amount invested by the writer (seller) of the call option at the start of 
the period is A-S — Co, and the value of the investment at the end of the 
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period is h- Sr -C = h-S; — C; , whether the stock price goes to Sj or 
Sj . If the risk-free rate of return is r for the period, then 


(h-Sy- Cer) = he Si -CF = Sp - Cp (10.17) 
Since h, Sy, Si, S7 , Ct, C7 and r are known, it is possible to solve for Cy. 


This binomial model for stock prices and option valuation can be 
extended to a two-period scenario in which the stock price Sy moves to 
one of two prices S; or S; at the end of the first period. For each price 
at the end of period 1 there are two possible prices to which the stock can 
move at the end of period 2, which may be different for Sj and Sj. This 
generalization can be continued to more than two consecutive periods. 
The period can be shortened and the number of periods, n, can be 
increased, allowing a limiting case in which, as n — co, the stock price 
becomes a continuous stochastic process. 


The limiting case described in the previous paragraph is the Black-Scholes 
option pricing formula. The formula assumes that the stock pays no 
dividends prior to expiry of the option, and that (In[S,]| 0 «7 € n] forms a 
Brownian motion stochastic process with variance c^ per unit time 
period, where S, is the stock price at time /. (It is possible to adjust the 
formulation to account for dividends) Brownian motion is a topic 
beyond the scope of this book. This assumption regarding the behavior of 
the stock's price can be more simply described by saying that the 
continuously compounded annual rate of return on the stock has a normal 
distribution with variance o^; in practice, c^ is estimated as a sample 
variance based on historical data for the stock. The following parameters 
are also required for the valuation formula: 


ô - risk-free force of interest (Finance texts use 7) 
S, - current price of the stock 

K - exercise (strike) price of the option 

T - time (in years) until expiry of the option 


The Black-Scholes formula gives the price of the call option at the current 
time as 
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C = $y:0(dj) -K e"? -d(d,), (10.182) 


where 


(10.18b) 


(10.18c) 


ovn 
and ®(x) is the cumulative distribution function of the standard normal 
distribution. 


EXAMPLE 10.2 M (Black-Scholes option pricing formula) 


The price on January 15 of a share of XYZ stock is 50. Use the Black- 
Scholes option pricing formula to find the value on January 15 of an 
option to buy 1 share of XYZ, with an expiration date of July 20, and 
with an exercise price of (a) 45, (b) 50, and (c) 55. Assume the risk-free 
force of interest is r=.08, and the continuously compounded rate of 
return on the stock has a standard deviation of o =.3. 


.5096, r=.08, o? =.09, e" — 9601. 


(a) K=45 so d, =.79 and d, -.57 so that @(d,) =.7852 
and ®(d,)=.7157 implying an option price of 
50(.7852) - 45(.9601)(.7157) = 8.34. 


(b) K=50 so d, 20.30 and 4, —0.08 implying ®(d,)=.6179 and 
(d,)=.5319 implying an option price of 
50(.6179) — 50(.9601)(.5319) = 5.36. 


(c) K=55 so d, 2—-0.14 and d, =—0.36 implying 
@(d,)=.4443 and (45) —.3594 implying an option price of 
50(.4443) — 55(.9601)(.3594) — 3.24. o 
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Options are available on a variety of financial instruments, including 
government Treasury Bonds (both long and short term) and foreign 
currency contracts. Options provide the investor with a certain amount of 
leverage in the investment. On a call option, the option price (or 
premium) on an in-the-money option will fluctuate in tandem, more or 
less, with the price of the underlying security. Thus the option investor 
can make a similar numerical gain as the holder of the underlying 
security, but the premium paid by the option investor is, typically, 
considerably less than the price of the underlying security. The call 
option buyer's potential loss is limited to the original cost of the option 
(but it could be a 100% loss if the option expires out of the money). 


As mentioned earlier in this chapter, options are one example of the class 
of investments known as derivative investments or derivatives. The value 
of a derivative investment is derived from or tied to the value of some 
underlying investment; the option value is completely dependent upon 
the value of the underlying stock. The previous paragraph indicated that 
the value of an option is generally a fraction of the value of the 
underlying stock but may be subject to similar price changes. From 
Example 10.2 we see that the Black-Scholes price of the call option with 
strike price 50 is 2.01. If the stock price rises to 55 by the expiration date, 
the option value rises to 5, which is 150% increase, while the stock itself 
has risen from 50 to 55, which is a 10% increase. On the other hand, if 
the stock price drops to 45 at the expiration date, the call option has a 
value of 0, which is a 100% loss of the investment in the option, while 
the stock has had a 10% decrease in value. The call option is generally 
considerably more risky than the underlying stock, and this is a feature of 
most derivative investments. A leveraged investment is one for which 
small percentage changes in the underlying investment can result in large 
percentage changes in the related derivative investment. A call option is 
an example of a leveraged investment. 


10.9 FOREIGN CURRENCY EXCHANGE RATES 


Corporations involved in international trade that are scheduled to receive 
delayed payment in various foreign currencies, but whose expenditures are 
mainly in their own country’s currency, are concerned with the fluctuation 
of exchange rates among the currencies. There are a number of ways to 
protect against adverse fluctuations in exchange rates, including the use of 
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foreign currency futures and forward markets for currency exchange as 
discussed in Chapter 9. Forward rate contracts can be established for 
periods as short as one month or as long as 10 years into the future. 


The economic factors that determine the relationships among foreign 
currencies are very complex. One important factor is the relationship 
between interest rates in the various countries. The following example 
gives a simple illustration of the effect of interest rates on the exchange 
rate between currencies of different countries. 


EXAMPLE 10.3 (Exchange and interest rates) 


Assume that today's spot exchange rate between the Canadian and U.S. 
currencies, $1 CDN is equivalent to $.85 U.S.. Suppose interest rates for 
the coming year are 6% in Canada and 3% in the U.S.. Determine the 
one-year forward exchange rate between the values of the two 
currencies, assuming no arbitrage. 


SOLUTION 


One year from now $1.06 CDN will be required to repay a loan of $1 
CDN now. Similarly, one year from now $.85x1.03—$.8755 U.S. will 
be required to repay a loan of $.85 U.S. now. In order for there to be no 
arbitrage, one year from now $1.06 CDN should be equivalent to $.8755 


U.S., or $1 CDN should be equivalent to ME =$.8259 U.S. dollars. O 


The situation in Example 10.3 can be generalized as follows. Suppose the 
spot exchange rate today between currencies A and B is that 1 unit of 
currency A is equivalent to C, units of currency B. Let the annual interest 
rate on currency A (in the country with that currency) be i, and the annual 
interest rate on currency B be ig. In order to balance two one-year loans in 
the respective currencies, the relationship between the currencies one year 
from now should be 1+i, units of currency A equivalent to C, (1/5) units 
of currency B, or one unit of currency A equivalent to 


C sig) 


er 1i, 


" (10.19) 


where C, is the one-year forward rate of exchange. 
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The relationship between the spot and forward rates of exchange can also 
be explained in terms of the inflation rates in the respective currencies. If 
the real (inflation-adjusted) rates of interest over the following year are 


«real _ 


the same in the two currencies, then i; -dg" ili 


a 
imis = Ter? Where f 


and rg are the annual inflation rates in currencies A and B. Then 


EBEN _ ltis 
A +r B ler 
bL len 


80 Thi, 7 Tor, 


, and therefore 


C (+i) _ C,(l+rg) 


= 2 
e l*i, lr, (920) 


This relationship can be explained as follows: if one unit of currency A is 
now worth C, units of currency B, then to maintain the same balance of 


purchasing power between the currencies one year from now, 1--r, units 
of currency A should have the same value as. C, (1-75) units of currency 
B, which is the relationship of Equation 10.20. 


Using the approximation Ex x l+x-y, Equation (9.31) becomes 


C, (I+ip-i4) = Cy, or 


(10.21) 


The relationship in Equation 10.21 is called the interest rate parity 
theorem, which states that the percentage difference between the spot 
and forward exchange rates is approximately equal to the difference 
between the interest rates on the two currencies. 


The relationships in Equations 10.19, 10.20, and 10.21 are quite simplistic, 
and do not account for all of the dynamics affecting exchange rates. For 
instance, a typical way in which a country supports its currency is by 
increasing the rate of interest on government securities. The reasoning 
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behind this is that as the rate of return increases in the country's currency, 
there will be more foreign demand for that currency in order to invest at 
the higher rate, and the demand for the currency will increase its value in 
terms of other currencies. However if we increase i, in Equation 10.21 


s T 5G; s 
while keeping i, unchanged, the ratio T- must decrease. It is not clear 


whether this occurs because of a decrease in C 'y or because of an increase 
in C,. The most likely scenario is that both C, and C, increase, but C, 


increases proportionally more than C, since the increased rate i, may 
change (decrease) before the forward exchange could take place. 


10.10 DEFINITIONS AND FORMULAS 


Profit and Payoff on a Long Call Option 


0 SK 
Pow - | d 


10.1 
S-E SSE n 


eT SSK 
Profit = D T (10.2) 
Sp-K-Cye"" S,»K 


Profit and Payoff on a Long Put Option 


. [K-S, SpsK 
Pi = 10.3 
ayoff | 0 SK (10.3) 
K-Si;-Re" Sp<K 
Profit — Poo Hp (10.4) 
-Re Sr>K 
Protective Put or Floor 
The payoff on a floor position is 
K if S,«K 
Sr +max {K 5,0) = i. a S> K = max{K,S;} (10.5) 
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Cap 


The payoff on a cap at time Tis 


-Sr if Sp<K 
E S,-K,0) = Jj = —K,—-Sp}. (10.7 
r + max {Sr-K,0} k "22 max { 7}. (10.7) 
Covered Call 
The payoff at time T is 
Sp —max{S;—K,0} = —max{-K,-S;}. (10.9) 


Covered Put 
The payoff at expiry on a covered put will be 


- Sp —max{K-S;,0} = —max{K,S;}. (10.10) 


Synthetic Forward 


A synthetic forward is a combination of a long call and short put with the 
same strike price and same expiry. The payoff at expiry time T is 
max {S;—K,0}—max{K-S;,0} = Sp-K (10.11) 


Put-call parity 

This is a relationship linking the price of a put and call with the same 
strike price and same expiry date to the price of a forward contract on the 
same asset. 


Cy(K)— R(K) = (77 K)e T. (10.13) 


Bull and Bear Spread 

A bull spread based on call options is the combination of 
(i) a purchased call with strike price K, and 

(ii) a written call with strike price K,, where K, < K3. 
A bull spread can also be constructed with put options. 

A bear spread is a short bull spread. 
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Box Spread 
A box spread is a combination of 
(i) a synthetic long forward with forward price K,, and 


(ii) a synthetic short forward with forward price K;. 


Collar 

This is a combination of a short call and long put, both with the same expiry 
but for which the call has a higher strike than the put. The difference 
between the call and put strike prices is the collar width. If the stock is 
owned, the position is referred to as a collared stock. 


Straddle 
This is a combination of a long call and long put with the same expiry 
and strike price. 


Strangle 
This is a combination of long call and long put options expiring at the 
same time but with different strike prices. 


Butterfly Spread 

This is a combination of a short straddle and a long strangle. The short 
straddle would be at a strike price K near the current stock price and the 
long strangle would have put strike K, and call strike K; with 


K «K « Ky. 


10.11 NOTES AND REFERENCES 


Practical information on the nature of forward contracts, options, and 
futures is available from trading exchanges such as the Chicago Board 
Options Exchange and the Chicago Board of Trade. 


There are many good references for topics in finance and portfolio analysis. 
A very readable introduction to the binomial pricing model for options can 
be found in Financial Calculus: An Introduction to Derivative Pricing, by 
M. Baxter and A. Rennie, published by Cambridge Publishing. Discussions 
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of the Black-Scholes option pricing model can be found in Modern 
Portfolio Theory and Investment Analysis, by E. Elton and M. Gruber, 
published by John Wiley. The Black-Scholes formula was developed in the 
research paper The Pricing of Options and Corporate Liabilities, by F. 
Black and M. Scholes in the Journal of Political Economy in 1973. 
Groundwork for the Black-Scholes formula was also done by R. Merton. 
Merton and Scholes were awarded the 1997 Nobel Prize in economics for 
their work on investment derivatives (Black had died prior to the award 
being given). The British journal The Telegraph has a list of “The 20 
Biggest Trading Disasters” (www.telegraph.co.uk), of which the Société 
Générale incident is the worst (until now). 


There are many books on options and financial derivatives in general, but 
John Hull’s book Options, Futures and Other Derivatives is an excellent 
reference and introductory book on mathematical finance. 


10.12 EXERCISES 


10.1 — On January 15, the share price of XYZ Corporation stock is 100, 
the value of a July 20 call at 110 is 1, the value of a July 20 call at 
90 is 15, the value of a July 20 put at 110 is 14, and the value of a 
July 20 put at 90 is 1.50. For each of the following strategies, 
determine the profit on the transaction, after exercising the option 
or letting it expire on July 20, whichever is more profitable, as a 
function of the share price (excluding commissions and interest). 


(a) On January 15 buy a call at 110. 

(b) On January 15 buy the stock and sell a call at 110. 
(c) On January 15 buy a call at 110 and sell a call at 90. 
(d) On January 15 buy a call at 90 and sell a call at 110. 
(e) On January 15 buy a put at 90 and buy a call at 110. 
(f) On January 15 buy a put at 110 and buy a call at 90. 
(g) On January 15 sell a put at 90 and sell a call at 90. 


10.2 You own a house with a replacement value of $500,000. A one- 
year insurance policy on the house has a premium of $1500 and 
has a deductible of $2000. Insurance costs for damage to the 
house are paid, if necessary, at the end of the year. Describe the 


10.3 


10.4 


10.5 
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insurance policy as an option with an appropriately defined 
strike price and payoff and profit at the end of the year. Ignore 
any effect of interest and depreciation or appreciation in the 
value of the house over the year. 


Smith enters into a 1-year forward contract to sell an ounce of 
platinum two years from now. Today's price of platinum is 2000 
per ounce and the delivery price is 2100. 


(a) Find the continuously compounded annual risk-free rate of 
interest for a one year maturity, assuming the contract is set 
up with no arbitrage opportunities. 


(b) Suppose that Smith does not own an ounce of platinum right 
now, but plans to purchase it in one year, and then in order to 
complete the forward contract, Smith will immediately sell it 
at that time for 2100. Smith decides to buy a call option today 
with an expiry date of 1 year and a strike price of 2050. The 
price of the call option today is 80. Smith borrows 80 at the 
risk-free rate (found in part (a)) to buy the option. Suppose 
that the price of platinum at the end of the year is P. At the 
end of the year, after the forward contract and options contract 
expire, find Smith's gain for the year as a function of P. 


A stock currently sells for X per share. You buy one share of 
stock, and you se// a one-year European call option with strike 
price X; the call option price is C » 0. If the call option is not 
exercised at the end of the year then you will sell the stock at the 
end of the year. Under what circumstances will you realize a 
positive gain at the end of the year (S, denotes the stock price at 
the end of one year)? (Assume that no margin is necessary on the 
original short sale of stock, and no interest is earned on the 
proceeds of the sale of the call option). 


A long position is taken at time 0 in a forward contract for 
delivery of a stock at time T with delivery price X (delivery price 
is based on the assumption of no arbitrage). Which of the 
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10.6 


following combinations of European options expiring at time T 
has the same value X as the forward contract at time T? 


(a) Sell a put option with strike price X, buy a call option with 
strike price X. 

(b) Buy a put option with strike price X, sell a call option with 
strike price X. 

(c) Sell a put option with strike price X, sell a call option with 
strike price X. 

(d) Buy a put option with strike price X, buy a call option with 
strike price X. 

(e) None of (a), (b), (c) or (d) has the same value at time 7 as the 
forward contract. 


The price of XYZ stock at time 0 is 40. Annual effective interest 
is at rate 5%. Call and put option (European) values for various 
strike prices are: 


Strike Price | Call Price | Put Price 
30 12.92 1.50 
34 10.32 2.79 
| 38 8.12 4.32 
40 7.18 5.28 
43 6.34 6.34 
46 4.90 8.72 
50 3.78 11.40 


It is assumed that XYZ stock pays no dividends. 

(a) Formulate the payoff and profit on a protective put with a 
strike price of 50. 

(b) Verify the put-call parity relationship for the listed option 
prices. 

(c) Describe the payoff and profit at time 1 of a bull spread 
consisting of a purchased call with strike price 42 and a 
written call with strike price 50. 


(d) Formulate the payoff and profit on a collar and a collared 
stock based on strike prices 40 and 50. 
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10.7 


*10.8 


10.9 


*10.10 


In Section 10.3, an example is given of an equity-linked CD with 
a minimum guarantee of 1.001 and a participation rate of 2%. 
The cost of the hedge for this ECD was shown to be .99567 for 
each $1 invested. It is suggested after the example that if the 
participation rate is changed to 10%, the cost of the hedge is 
about 1.01. Show that this is the case. 


The stock price at time 0 is 120. At time 1, the stock price will 
be either 144 or 100. The risk-free effective annual rate of 
interest from time 0 to time | is 10%. 


(i) A put option on the stock with exercise price 110 expires at 
time 1. Find the number of units of risk-free bond in the 
replicating portfolio at time 0. 


(ii) Someone is willing to sell you a call option with expiry at 
time 1, strike price 120. The price they will sell for is 15. 
Which of the following strategies at time 0 will result in 
risk-free arbitrage gain at time 1? 

(a) Borrow 15 at the risk-free rate and buy the call option. 


(b) Sell short .5455 shares of stock, and invest the amount at 
the risk-free rate. 


(c) Sell short .5455 shares of stock, buy the call for 15 and 
invest the remaining amount at the risk-free rate. 


(d) Borrow 80.46, buy the call and buy .5455 shares of stock. 
(e) Borrow 65.46 and buy .5455 shares of stock. 


Repeat Example 10.2: 
(a) if the stock price on January 15 is 45, and 
(b) if the stock price on January 15 is 55. 


Keeping all other parameters fixed, sketch the graph of the call 
option price according to the Black-Scholes formula as a function of 


(a) So, (b) K, (c) n (d) ó,and (e) c. 
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10.11 


10.12 


10.13 


(a) Smith has 10,000 U.S. dollars. He can buy Canadian dollars today 
at the exchange rate of 1 U.S.— 1.38 CDN., or he can sign a 
forward contract guaranteeing him an exchange rate of 1 
U.S.— 1.42 CDN one year from now. If he exchanges his U.S. 
dollars for Canadian dollars today, he can earn interest at 
effective annual rate 9% on his Canadian dollars. Alternatively, 
he can sign the forward exchange rate contract and invest his 
10,000 U.S. at effective annual rate i, exchanging his U.S. dollars 
for Canadian dollars next year. If he ends up with the same 
amount of Canadian funds in one year either way, what is i? 


(b 


Suppose Smith has just signed the forward contract. Later in the 
day the Canadian interest rate increases from 9% to 10%, but the 
USS. interest rate remains at i. What spot rate of exchange would 
Smith now regard as fair, assuming again that he would end up 
in one year with same amount of Canadian funds? 


The Canadian dollar today is worth $.625 U.S. For one-year 
maturity, the continuously compounded risk-free rate of return in 
Canada is 3% and in the U.S. it is 2%. A currency speculator 
believes that the Canadian dollar will increase in value to $.65 
U.S. one year from now. Formulate a strategy in which the 
speculator can receive a gain for a net investment of 0 if the 
speculator's belief turns out to be correct. 


A recent quotation of spot and forward currency rates listed the 
following rates of Canadian (CDN $), United States (U.S. $) and 
British (UK £) currencies. 


Spot rate of exchange: 
U.S. $1 - CDN $1.5997, U.S. $1 - UK £0.7090 


1 year forward rate of exchange: 
U.S. $1 - CDN $1.6100, U.S. $1 - UK £0.7200 


The effective annual risk-free rate of interest in Canada at the time 
of these quotations was 2.00%. According to the no-arbitrage 
assumption, find the corresponding effective annual risk-free 
interest rate in Britain. 
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10.14 The exchange rate between the Canadian and U.S. dollar today is 


10.15 


U.S. $12 CDN $1.545. Canadian continuously compounded 
risk- free interest rate is 6%, 1 year maturity. As of today, the no- 
arbitrage one year forward contract on U.S. dollars has a delivery 
price of CDN $1.540. 


(a) Show that the implied continuously compounded one-year 
risk-free rate in the U.S. is 6.3296. 


(b) Suppose that a foreign currency dealer offers to buy or sell 
(long or short) a one year forward contract on U.S. dollars 
with a delivery price of CDN $1.55. Construct a transaction 
that results in a riskless profit; you may buy or sell the 
forward contract, and you may borrow or invest at the risk 
free rates in Canadian (696 continuously compounded) and 
U.S. (6% continuously compounded) dollars. 


A recent quotation of spot and forward currency rates listed 
the following rates of Canadian (CDN), United States (U.S.) 
and Japanese (JP) currencies. 


Spot rate of exchange: 
U.S. $1=CDN $1.5589, JP ¥1 = CDN $0.014200 


1 year forward rate of exchange: 
U.S. $1 =CDN $1.5495, JP ¥1=CDN $0.014997 


The effective annual risk-free rate of interest in the U.S. at the 
time of these quotations was 6.13%. According to the no-arbitrage 
assumption, find the corresponding effective annual risk-free 
interest rate in Japan. 


ANSWERS TO TEXT EXERCISES 


CHAPTER Í 
SECTION 1.1 


1.1.1 10,400 10,816 11,248.64, 400, 416, 432.64 


1.1.2. (a)3500; (b)3700.61; (c)3714.87; (d)3722.16 


1..3 11,019.70 .0081244 


1.1.48 K =979.93 


1.1.5 (a) 10.25%; (b) j=0.091 and & =.084 


LIS n=23 


LL7 (a) i=107.35%; (b) i2 67.5996; (c) 913.32; (d) 451 days 


1.1.8  i<.4069 


1.1.9 (a) 278.93 


571 


572 > ANSWERS TO TEXT EXERCISES 


1.1.10 (a) 9.694 years; (b) 9.682 years; (c) 110.41 months; 
(d) 11.61%; (e) .919796 


1.1.11 (a) (1.0075) 1.0299 «1.03 
(b) (1.015)? 21.0604 > 1.06 


1.1.12 (a) 12.04%; (b) -21.57% 


SECTION 1.2 AND 1.3 


1 1 1 1 
1.2.1 5000 ++ + + =17,325.53 . 
E (06) (1.06)* zs 


1.228 25,000[v7 + v^ +v'?]+100,000[v° + v5. //5] = 75,686 
123 28 -15416.50v > v = 78779 > i = 2692 

12.4. 1000-vi, vi; vig = 494.62 

125 X-37948 


1.2.68 1-month rate of .01, X —67.98 
3-month rate of .03, X = 67.57 


1.2.78 i=.0351 


ANSWERS TO TEXT EXERCISES € 573 


1.2.8 (a) (20)(2000)[v+v? +v? +---+v48] = 1,607,391 (at .75%) 
(b) 1,607,391+200,000v** = 1,747,114 
(c) X = 1,607,391+.15X08 > X = 1,795,551 
1.2.98 750 = 367.85[1+(1+/)] — j = .0389 is the 2-month rate. 
1240 x(1.4)* -5000[(1.4)'5 +(1.4)°] = X > X = 4997. 
1241 j«k 
1.2.12 1000(1+i)? +1092 = 2000(1+i) 
Solving the quadratic equation for 1+i results in no real roots. 
12.13 (a) fi)" = n(l+i)" (c) oe = (1+i)" In(1+i) 
(b) $v" = -n (à Lv" = v" nti) 
1.2.14 94.767 < Price < 94.771. 
_ 1000000 _ 
1.2.15 (a) P= Il 7 95,250.52 
(b) AP = —4524. 
(c) -23.733.34 
*1.217 12.68 


*1.2.18 (a) 13,150 (b) 13,160.27. (c) 13,150.76 (d) 13,161.12 


574 > ANSWERS TO TEXT EXERCISES 


SECTION 1.4 


1.4.1 m=2,i=.1236; 


127475; 
m=,i=.127497 


1.4.2. (a) 414.64 (b)409.30 (c) 407.94 


143 1%) > 144670 


1.4.48 i=.0946 


14.5. -.78% 


1.4.6 )=.105, f= 116025,  =,159374, = 137.796 


1.4.7 .1365 


*1.4.10 m=4; nominal annual rate of 16% cannot accumulate to an 
effective rate of more that 17.35% 


SECTION 1.5 


1.5.1. (a) 5187.84 (b) 5191.68 (c) 5204.52 (d) 5200 


1.5.4 .1154 


ANSWERS TO TEXT EXERCISES < 575 


15.58 X-389 


1.5.78 d-.0453 (this is the nominal discount rate 
compounded 4 times per year) 


1.5.8 (a) i238 aE - rix as n increases, i increases 
(b)r21,d 2.099099; r=.50, d =.104265; t= ipa =.109001 
1.59.0266 


*1.5.11 1=.0909 


*1.5.12 j 2.0436 


SECTION 1.6 


1.6.1 10,512.71 11,162.78 


1.628 i =.0339 


1.6038 k=102 


1.648 Z-1953 


1.6.58 X-784.6 


576 > ANSWERS TO TEXT EXERCISES 


1.6.68 i-ó = 2395 
1.6.78 .045 


1.6.8 (a) i=.1008 
(b) i, =.091629, i, =.099509, 
i,=.102751, i, =.104532, i, =.105659 
(c) 821.00 


1.6998 1215 
1.610 ;'»2i, d'«2d 


*1.6.12 (a) 1044.73 
(b) For 0 < £ < 4, A(r) = 10001087], 


frlersl, = 1000(.02)1..08(-1 | 
forb<r<3, A) = 100001.02)1[ +.08(-4) | 


frå <1<1, A = 1000(1.02)"[1+.08(¢-) . 


does 
*1.6.13 (a) E 


im) ACH) A) is im AO 
0) dome ED (©) lima = 0, 


ANSWERS TO TEXT EXERCISES < 577 


SECTION 1.7 


1.7.1 


17.9 


iu = 043478 


—.0309 
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2.1.138 X =8.92 


2.1.14 An investment of amount 1 is equal to the present value of the 
return of principal in n years plus the present value of the interest 
generated over the n years. 


2.1.15 2748.40 


2.1.16 109,926 


21.178 X 2575 


2.1.18 i=.0689 


2.1.198 v" =.858 


2.1.20 K =1079.68 


*2.1.23 330.80 


*2.1.26 .6180 
2.1.28 i-.1539 

2 '] 
*2.1.29 (a) vlr (b) (i) TUM (ii) = E 


*2.1.31 X 5573.76, Y — 449.54 


*2.1.32 17" month 
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SECTION 2.2 


2.2.1 (a) X 2447.24 (b) December 31, 2023, 290.30 


2.2.2 Derek 69,788, Anne 65,837, Ira 67,958 


224 Y=9872 


2.2.58 X=6195 


2.2.68 X=3.71 


2.2.78 .088 


2.2.8 $1161.36 can be paid on September 1, 1999 and $2000 can be 
paid every September 1 from 2000 on. 


2.29 April 30, 2013 


2.2.10 26 deposits 


22.11 January 1, 2016 


2.2.12 2.208% 


22.13 i=.076 


2.2.14 i?) =.1680, K =345.02 


2.2.158 X =39.84 
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2.2.16 The 2-month effective rate is j 


(a) 25a, =150a0 =755.83 where j = (1.06) 5 —1 


(b) 25v; az) 250520). -72408 where j = (1.02)? —1 
(c) 25(1+j)szg ; =1092.02 where j = (97) 13-1 


(d) 25(1 ssa; =1144.57 where j= e?! 1 


r-e) Ie") 


72218 2, = p + N) 


*22.19 K's2K 


*2.2.20 (a) July 1, 2006 
(b) January 11, 2007 


*2.2.21 (a)23 (b)22 


*2.2.22 2 terms , n = 24.8; 
3 terms, n= 29.7 or 300.6 (300.6 is an unrealistic answer) 


B-4-1 


*2223 i= —] 


*2226 i = (l+j)” -1 


1 .]1 Gp st i 
12221 (9) dsm = = et 


(m) = (mM) us 
*2.228 (b) a; < an < Tmi € Cg 
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SECTION 2.3 


2.3.1 


2.3.2 


2.3.3 


2.3.48 


2.3.58 


23.7 


2.3.8 


2.3.10S 


2.3.11S 


2.3.128 


2.3.138 


2.3.14S 


419,242 (419,253 based on no roundoff with calculator) 


(i) 30,407 (ii) 59,704 


k=6% 


(a) 27,823 (b) 36,766 (c) 57,639 
i=.0640 

y 

£=2.03 


i=.102 


X =2729 


(iii) 151,906 


(d) 19,974 
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2.3.15 X-44.98 


23.16 25a +3(Da)z 


2.3.17S iz.10 


*2.3.19 (i) PV before de-indexing is 168,620, 
after de-indexing it is 84,310 


(ii) PV before de-indexing is 56,207, 
after de-indexing it is 42,155 


(iii) PV before de-indexing is 166,497, 
after de-indexing it is 83,249 


(iv) PV before de-indexing is 164,354, 
after de-indexing it is 82,177 


*2.3.20 (a) n=505 (b) 5,569,741 


*2.3.21 (a)i-.1014 — (b)i-.1266 


32326 i® =.21, 4 K — 7459.13 (or 74.59 per 1% increase in i) 


2L 
i = 13, po K — 7101.66 (or 71.02 per 1% increase in i?) 

iG 

12327 0000o 


*2.3.28 (a) n=185, X =532.46 
(b) n=99, X =761.19 
(c) n=90, X =93.85 
(d) Total withdrawn: (a) 185,532 (b) 148,271 (c) 144,957. 
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32340 PV = (4-B)a, *Büay; AV = As Bs) — 


SECTION 2.4 
2.4.1 (a) (i) 7469.44 (ii) 6794.19 (iii)3813.44 
(b) (i) 8.3096 (ii) 13.5696 (iii) 8.8196 


2.4.4 (a) 80,898 (b) 18,311 


2.4.7 22250 


2.4.8 (a) 63,920  (b)67,659 (c) r=8, 5, 286,712 


2.4.9 986 


24.10 5000 


2.4.11 36,329 


24.12 2863 
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CHAPTER 3 
SECTION 3.1 


3.1.1 (i) 4,967.68 
(i) 3,301.98 
(ii) 74 =330.20, PR, = 669.80 
(iv) 867.77 


3.1.28 OB, = 6889 


3.1.4 (i) Monthly payment is 445.72, OB, =14,651 


(ii) Monthly payment is 452.61, OB,,, =15,102 


3.1.58 10,857.28 


3.1.8 L=58,490.89, PR, =15.09, 
OB = 46,424, Ig, = 464.24, PR; = 435.76 


3.1.98 97.44 


*3.1.11 (a) K =9.888857, OB, ny = 1000.11, 
OB yy =1000.22,..., OB) mo = 1001.41 
3.1.14 (a) i= .1224 


(b) 1.1168 
(c) 2.1111 
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SECTION 3.2 


3.2.2 Total interest paid is 404.15 


3.23 Year (t) OB, I, PR, 
0 862.00 — — 
1 706.00 43.10 156.00 
2 542.20 35.30 163.80 
3 370.21 27.11 171.99 
4 189.62 18.51 180.59 
5 0 9.48 189.62 


3.24 1=35 is June 1, 2007 


32.5 (a) i) =.0495 (b) i02 2.15 


3.26 (a) 67.50 
(b) Final smaller payment is on February 1, 2016 of amount 109.54 


3.2.78 X =825 
3.2.88 i=.09 
3.29 kS.1326 


3.2.10 (a) Example 3.1: PV of interest is 39.33, PV of principal is 960.67 
Example 3.4: PV of interest is 356.16, PV of principal is 
2643.84 


(b) PV of interest is zji- re |, PV of principal is L- a 
[7 
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32.1 K =349.81 
3.2.12 192,858 


3.2.13 (i) Total interest paid is 24-1 


ni 


(ii) Total interest paid is. Li- 24l 


3.2.44. A: 541,184.58, B: 324,710.75, C: 134,104.67 


*3.2.15 OB) 758.40, smaller payment at time 11 is 58.98 


*3:2:17 


volta 


3.2.18 Principal paid in the first year is 478.74 


*3.2.19 (i) total interest is 161,976 
(ii) final smaller payment is 734.49 on October 1, 2019, total 
interest is 82,139 
(iii) 112,875 


*3220 nz27 


125. 
*3.222 Difference in interest is x[ a 3] 
T2 


*3223 (a) i? =.06, monthly payment is 644.30, total interest is 93,290, 
reduced term is 1087.5 weeks, total interest is 75,170 


*3.2.268 479.74 
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n-t+1 


*3.228 (a) OB, «ta. (1a). I, 2 t-1-nv d, PR, =t-l, 


(b) OB, = (Day.-5. I, 2n-t*l-a—u PR, = a—u 


*32.32 (a) 6902.98 (b) 6699 (c) 6600 

*3234 t OB PR I 
0 10,000.00 = = 
1 9400.00 600.00 | 900.00 
2 8740.00 660.00 | 840.00 
3 8014.00 72600 | 774.00 
4 7215.40 798.60 | 70140 
5 6336.94 87846 | 621.54 
6 5370.63 96631 | 533.69 
7 4307.69 | 1062.94 | 437.06 
8 3152.31 | 115538 | 341.62 
9 1904.49 | 124782 | 252.18 
10 556.85 | 1347.64 | 152.36 
1 0 556.85 44.55 


SECTION 3.3 


3.3.1 . X 213,454.36 


Ks, 
332 (b) L=—— 
ILI 


3.3.3 16,856.67 


3.34 j =.021322 


3.3.5 (a) 100,000 
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3.3.68 213 
337 X=72.00 
*338 i'=.11 
_ ÈK; a's 
53.39 L- ey Fay; than; 
*3.3.11 (a) 14,185.22 
(b) Amount in sinking fund at time loan is sold is 31,656.34 
(i) 87,162.04 
(ii) 75,042.37 
(c) (Gi) i, 2.130206, ig =.135051 
(i) ia =.123749, ig 2.128183 
SECTION 3.4 
3.4.2 (a) 17,795 (b) 16,723 (c) 16,165 
3.44 330,117 
3.46 (a) .1169 (b) .10 (c) .0858 
3.48 (i) taxrate25%: (a) 15,000 (b) 15,000 (c) 15,000 


(ii) tax rate 4096: (a) 13,323 (b) 13,967 (c) 14,301 
(iii) tax rate 6096: (a) 11,087 (b) 12,589 (c) 13,369 
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3.4.9 Merchant’s Rule: X 2211.54, U.S. Rule: X =212.16 


3.4.11 Straight-Line: 41,078.46 each year 
Actuarial: 16,058.78 in 1” year, 82,568.81 in 20" year 


3.4.12 U.S. Rule payment is 328, 
Merchant's Rule payment is 325 


CHAPTER 4 
SECTION 4.1 


4.1.1 (a) 84.5069 (b)84.8501 (c)82.5199 (d) 82.9678 
412 115 


4.1.3 12,229 


4.1.4 214 years 


4.1.5 .0852 
4.1.6 .1264 
4.1.7 109.03 


4.1.9 (b) 102.79 and 102.74 (c) 3.692% and 3.690% 


4.1.10 


4.1.11 


4.1.12 


4.1.13 


4.1.14 


4.1.15 


4.1.17 


4.1.19 


4.1.20 


4.1.21 


*4122 i 


*4.1.23 


*4.1.24 


*4.1.25 
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i? = 0525 


I. False II. True III. False 


Coupon rates are .0225 and .045 every 6 months 


12 years 


908.78 


875.38 


97.896 


860 


r 2.0354 every 6 months for 10 year issue and r —.0417 every 
6 months for 20 year issue 


1055 


(2) _ n -2n 
ETE 


H =.6446 


2000 


X =114.28 
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SECTION 4.2 
423  n-85, j=.025 
EN NUN |" | | 05] 
1 500 279.04 220.96 | 10,940.49 
2 500 273.51 226.49 | 10,714.01 
3 500 267.85 232.15 10,481.86 
4 500 262.05 237.95 | 10,243.90 
5 10,500 256.10 10,243.90 0 
n=5, j=.075 

T K, I, PR, OB, 
1 500 674.14 —174.14. 19,162.67 
2 500 687.20 | —187.20 | 9,349.89 
3 500 701.24 —201.24 | 9,551.10 
4 500 716.33 —216.33 | 9,767.44 
5 10,500 732.56 __| 9,767.44 0 

424 90.47 

4.2.5 13 years or 26 coupon periods 

4.2.6 (a) 8764 

4.2.7 48,739 

*429 (a) P=8117.73, r=.06336 


(b) P=29,039.25, r= 2483 
(c) r=.60, P = 68,821.07 


All values of r are nominal annual rates. 
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SECTION 4.3 
4.3.1 (a) (i) 84.95 (ii) 100.00 (ii) 117.59 
(b) (i) 12.8% (ii) 10.0% (iii) 7.76% 
43.2 (a) (i) 85.93 (ii) 101.42 (ii) 120.55 
(b) (i) 12.996 (ii) 10.16% (ii) 8.0594 
4.3.38 .0924 
4.3.4 (a) (i) 859,061 (ii) 1,116,588 
(b) (i) 10.98% (ii) 8% (iii) 5.5% 
SECTION 4.4 


4.4.1 (a) 722,854,822 
(b) 25.0% 


(c) 786,216,443 and 22.3% 
44. 1,768,084 


4.4.3 92,037.62 


CHAPTER 5 


SECTION 5.1 


5.1.1 (a) no real solution 
(b) i is .10 or .20 
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5.1.3 .049301 


5.1.4 i, 2.253304, i =.253280 


5.1.5 (a) .1203 
(b) .1081 
(c) 1126 
(d) break even in 3n year 
(e) break even in 5" year 


(f) 1.0375 


*5.1.7 (b) Y 2938,800 


5..8 i? =.1528 


*5.1.9 (b) 7.92% 


*5.1.10. (b) r 2.0388 


*5.1.12 (a) .10601 


(b) .10508 
SECTION 5.2 
5.2.1 .0910 


$228 —25 
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5.2.3 .0625 


5.248 23625 


52.5 time weighted rate is 0, dollar-weighted rate is .1667 


5.226 .15 


SECTION 5.3 


5.3.1 (a).1132 (b) (i) 1034 (ii).1081 (iii) .1132 (iv) .1188 (v).125 


*5.3.3 2882 


CHAPTER 6 


SECTIONS 6.1 AND 6.2 


6.1.1 .0556, P=111.98 


6.1.2 78.97 

613 (a) (i) 104.05 (ii) 93.15 (ii) 95.08 
(b) (i) 8.44% (ii) 12.82% Gii) 12.00% 

6.14 (a) .0646 


6.1.5 .05, .10078, .15151, .15234 
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SECTION 6.3 


(50) 


3.1 i(k-Lk) = : 
6 (@) 6-0 (Ls (E - 17 


6.3.2 | K | (i) (ii) 
1 |.0910 | . 0919 
2 |.0930 | . 0953 
3 |.0950 | . 0981 
4 |.0970 | . 1003 
5 |.0990 | . 1019 
6 |.1010 | . 1029 
7 |.1030|.1033 
8 |. 1050 | . 1031 
9 |. 1070 | . 1023 
10 | . 1090 | . 1009 

6.3.3 .0503 


6.3.4 .1204,.1303 

6.3.5 (a) (i) 0801 (ii) 1311 (b) .1001 

6.3.6 .1452 

*6.3.7 (b) (i) 9 (0,1) =.2, i5 (1,2) =.201, ig (2,3) =.2011 


(ii) ig(0,1) =.2, fp(1,2)=.199, ig (2,3) =.1989 


Other examples can be constructed 


SECTION 64 


64. (a) 


643 (d) 


6.4.4 (a)11.09 


6.4.5  i«.09002 


CHAPTER 7 


(b) 10.33 


SECTION 7.1 


n=2 
1.96189 


n=10 
8.50869 


n=20 
14.5725 
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n=40 
22.4642 


1,94491 


8.06690 


13.5336 


20.8770 


1.9291 


7.73080 


12.8493 


19.9706 


*7117 (a) l+} 


(b (fn-1) 
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o Ga 
(d) n 
(e) 1 
0 OD py n 
(5 nr*l 


a -nô dL _ rp , 
*419 (a) L= rie" e^ —r(Iay; - ne 


*7.1.11 —267 and —247 
*7.1.12 (e) 


*7.1.13 (b) 


*7.1.16 (i) Exact price and approximate prices are 69.3254. 
(ii) Exact price is 74.3294. Eq. 7.5 price is 74.1020. 
Eq. 7.6 price is 74.2997 


SECTION 7.2 


7.2. (a) 1.6332 (b) 1.6328 


7.2.2 n PMT EtA Er A 
| el 
5 79,139 843,038 | 2,962,020 
15 39,442 1,883,680 | 16,896,161 
50 30,257 3,171,124 | 60,020,920 
100 30,002 3,297,823 | 69,034,390 


Best match occurs at n 215; no immunization 


ANSWERS TO TEXT EXERCISES € 599 


7.2.4 4g 25,454.55, Ai. — 7,595.00 for the liability at / —1 


72.5 (a) As =.8053, A, =.3105 

(b) (i) t 219.0530, 4, =.8432 
(i) 4, «0 

(c) (i) ty 221.28, A; =.4302 or t; 211.27, A; =.1258 
(ii) £j 231.92, 4, =.5056 
(iii) no solution 

(d) (i) 4-921, 4, - 2213 
(ii) no solution if 4 <10 
(iii) no solution 

(e) t 94.74, t; =20,223 


726 (216.15, 4, «961145 


7.2.7 (a) A-7144, A; - 22941 


(b) conditions for Redington immunization are satisfied 


*7.2.9 (a) (s-t)A v = (t5-5)A, v? 


LI ty io 


g= 


(b) L = A re rz) 


*7.2.10 (a) A(03) = 40,581, A(08) = 2170, 
h(.12) 21595, A(.2) = 23,154 
(b) (03) = -12,596, h(.08) =-690, 
h(.12) 2 —514, h(.2) =-7524 
(c) h(.03) 218,968, A(.08) = 994, 
h(.12) 2 714, h(2) 29738 
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*7.2.12 (a) 3441 (b) (iii) 


CHAPTER 8 


8.1 (a) .1774 (b).2124 (c).3020 


82 (i) 77,400 (ii)(a) 23,233 (ii)(b) -8,428 (ii)(c) -72,726 


8.3 ().1877 (ii) 421,187 (iii) 398,075 


CHAPTER 9 


SECTION 9.1 


9.1.1 (a) 18.33 
(b) 56.74 


9.1.2  r=.04, s =.0418 


SECTION 9.2 


92.1 (a) 8000 
(b) 29.63% 


9.2.2 9.95 


9.23 900 


9.24 1696 
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SECTION 9.5 


9.5.1 (a) 2102.54 
(c) — 50.63 


9.5.2 (a) (i) 974.96 (ii) 1056.16 
(b) 0 
(c) -1892 


9.53 (a) 126.15 
(c) .0607 


9.5.4 867.97 


9.5.5 (a) 75.59 
(b) .70 


9.5.7 3535 


SECTION 9.6 


9.6.1 Additional margin required is 250, one-day loss is 20.83% 


9.62 (a) 1.523% 
(b) 1.476% 
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9.6.3 


9.6.4 


9.6.5 


9.6.6 


9.6.7 


9.6.8 


.996875% 


-50% 


1012. 


.9388 


58 


(i) arbitrage opportunity exists 


(ii) no arbitrage opportunity exists 


Add 525 to margin account 


SECTION 9.7 


9.7.1 


9.7.2 


(a) 
(c) 
(d) 
(e) 


1100. 


P 21050, P, 21074.15, P, =1097.71, P, 1098.22 
48.22,49.82,1,65,0 

1125.93 

— 302.20 


00 , 1203.50 , 1150.00 , 1373.49 


CHAPTER 10 


SECTION 9.2 AND 9.3 


10.1 


P is the stock price on July 20. 


10.2 


10.3 


10.4 


10.5 
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(a) Profitis P—111 if P2110 (option is exercised on July 
20) 
Profit is —1 if P «110 (option is not exercised) 


(b) If P «110 Profit 299 
If P2110 Profit =11 


(c) If P«110 Profit=0 
If P2110 Profit 20 


(d) If P «90 Profit 2—14 
If 90 < P«110 Profit - —104 
If P2110 — Profit-6 


(e) If P «90 Profit 287.5- P 
If 90€ P «110 Profit 2—2.5 
If P2110 Profit = P-112.5 


(f) If P<90 Profit -81- P 
If 90€ P «110 Profit - —9 
IfP2110  Profit- P-119 


Max1498,000 — 5,,0—1000 where S, is house value at the end 
of the year. 


(a) .0488 
(b) 2016- Min(2050, P). 


Positive gain if S; > X-C 


(a) 
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10.6 


*10.8 


10.9 


10.11 


10.13 


10.15 


(a) Payoff= Max(50, 5) 


.. [73.98 if S, «50 
Profit is i 
S, -53.98 if S, >50 
0 if S,<42 
(b) Payoffis 45, 42 if 42«S, «50 
8 if S,>50 


-2.69 if $s4 
Profitis 45,—44.69 if 42« 5 «50 
531 if 5,>50 


40-S, if S,<40 
(d) Payoff on collar is 40 if 40« S, x50 
50-S, if $,250 


3842-5, if S, x40 
Profit on collar is «0 if 40« S, «50 
4842-5, if S,>50 


(i) Sell short .2273 shares of stock, own 29.75 units of bond 
(ii) (c) 


(a) K =45, Cy 24.883; K =S0, Cy 22.75; K =55, Cy 51.45 


(a) .0593 
(b) .3675 


0292 


— .0012 
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